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TWO QUESTIONS ON LEVESQUE'S
~ CYCLOTOMIC UNIT INDEX
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- (Dedicated to the Tenth. Annivirsary of CAM)

Abstract

C. Levesque B raised two questions on the index of his independent cyclotomic unit

~ system in the whole unit group of Z[{,+{,]. In this paper it is shown that tho first

question has affirmative answer for n==p® and n=p%®, the second question has affirmative
answer for n==p% but has negative answer for n=p%g®.

81. Intioduc.tionv

2z
Let >0, =67, n2 (mod 4). For eaoh a, (w n) =1, leb

&=

1— C,. -
The g 19 a unit in real eyolotomic field KF=@((, +{.), and is called (real)

cyolotomm unit. For the cage of n=p*(p is an odd prime number), Kummer hag
known in the lagh century that the cyclotomic unit system

C.={s, [2<w<fn/2,' (@, n) =1}

ig independent, and '

LB, <:i:0,.>] =hz,

where H; and h* denote the unit group and the olass number of K} 1espeot1ve1y.
Hilbert™ has suspected that O, may be dependent if n is notb a power of a prime
number. The first example of such kind n has been given exp&lmltly by Ramachan-
dra'™, who algo congtructed new oyolotomic unis system O, of K which i3 maximal

mdependent for any . Exactly speakmg, let n= [[ pi*. For each proper subset I of
{1, 2, «-, s}, lot S
; ny=T1 p*.
o [ X4
For 2<a<n/2, (a, o) =1, leb

) - I

Manuseript received Apml 17 1989, : -
# Department of Mathematics, Ohina University of Science and Techriology, Hefei, Anbui, China *



94 CHIN. ANN. OF MATH. Vol. 11 Sér. B

where I takes all proper subget of {1, 2, ..., s}. Ramachandra®™ (algo sgee

Waghington [6, Theorem 8.8]) proved that the cyclotomic unit system
O,={£.12<a<n/2, (a, n)=1}

of K3 ig maximal independent for any n>5, n=2 (mod 4) Besides, the index of

<{£0,> in the whole unit group E; is '

(B0 =kt TT I1 (p(pi) +1-2"(p0), )

@
0 F g %

where y takes all non-trivial even characters of mod m, f, is the conductor of x, x*
ig the primitive character corregpendent o x.

Pei Dingyi and Feng Keqin™ (also see Fong™?) presented several necessary and
sufficient conditions for independence of O,, and.then determined all values of n
such that O, is independent. Recently, Levesque'™ congtructed a series of new
maximal indepéndent system of K having smaller index in H;} ‘$than Ramachandra’y
one. That meang that the subgroup generatéd by the Levesque’s gystem ig 'éloser to.
the whole unit group K. Exactly speaking, let 2 be a set of some proper lelSOI'S of
n. For each a, 2<<a<n/2, (@, n) =1, we define the real oyclotomie unib

(D =0 T, b= () 34
0.(D) = {?\, |2<a<n/2, (a, n)=1}.

Then Levesques™ proved that S I .

LB, {£0.(D)>] = h+%(—@), - @

and

whé‘re S L |
W)= 11 1 I:a% gvngr(b??i) :Il;;d (1*96*(})))] | | )

x( 1) =1 fyln/d ‘
Thevefore 0,(9) is a maximal independent unit system iff 4(9) 0. Moreover, let

n—-—-Hp ;S’—{l 2, s} To={3€S| there‘éxists oven character x#1 of mod n

such that x*(pi) 1}, For each -subset 7, TOCTCS let D= Q(T) {m{ICT}
Levesquem proved that - - : .
D=1 [n (p(pt)+1- x*<p,>>,EISIT<1 cE1e. @

x(~1)=1 Pi‘:fz

Therefore 0,(D) is indepependent for sueh 9 .@(T) (Rema,rk is [3] the formula
(4) is proved for only T=T,. But it ig easy to gee that the proof also-works well for
any T guoh that ThyCTC8.) Taking 7"=S§ we get Ramachandra’s system and the.

index formula (1). For smaller gubset 7', 4(2(T))has smaller mdex and the subgroup '

generated by 0,(2(T")) is closer to E}.
Baged on several computing data Levesquefs] ralsed the followmg two questiong
(A). If 9% =9 {d*}with d*|n, d*<n, d*¢ D, 18.6(D) <%(@*)? ‘

(B) If di c ./1, dg c 92 are Su@h that- 91"" {di} @2 {dz} and if di <d2, ig '1!(-/2) .



No. 1 : Feng, K. Q. TWO QUESTIONS ON LEVESQUE’S CYCLOTOMIC 95 -

<6(D)?

In thig paper I will show that

(ID Question (A) hag affirmative angwer for the cases n=p* and n=p*g?

(II) Question (B) has affirmative angwer for n=p% but hag negative answer
for n=p%¢?. The simplest counter-example ig n=3%°% Z;={1, 3, 16}, D= {1,
38, 2b}.

§2. For the Case of n=7p"

Wo agsume that 1€ D for all 9 béing considered since otherwise 3(2) =0, In
thig seotion I will show the following theorem which gays that both Questions (A)
and (B) have affirmative angwer for n= p* except few trivial cages.

Theorem 1. Suppose that n=p"* and p is & prime number, a=1. T hen _

1. The answer of question (A) és affirmative excopt p=2, d*=2%"2 2%7% and p=
8, 4% =381 for which we have i(9) =3 (D).

2. The answer of quest'bon(B) is affirmative except p=2, di=2"2, &2 2% for
which we have 4(Dy) =i(Da). ,

Proof For n=p*, we have x(p) = 0 if x+1. Formula (8) becomes

o—1 1 ’ l
D= 11 Zd=1II > P (2 PN, (5)
D=1t 3_1 e 3("52? ) Vo )

where

=4 {even x (mod n) | f,=p"}.
For odd prime number p, it ig eagy to see that ‘

lp(p*) —p(@*)]1/2, if A>2,
7= { ) —o(p™) s ©)
(p—1)/2—1, if A=1,
For p=2, n=2%(a=>2), we have ‘
. Fy=Fy=0, F,=2"3 (for A>3). 7)

Suppose that _ »
D={1, pP, -, p?}, 1<B1<<B<a—1. .

Lot o5, =p%(1<i<t); =0 for 1<I<a—1, 1 {By, -, B:}. Then we have from

formula (5) that

(D) =G (w1, ++v, Taos) = I'_[(1+w1+ @) Fer - Y]

Form formulas (6) and (7) we know that

7 {p—S A=a—1; or
a0 p=2, A\=a—1, ¢—2,

. which J.mplles by formula (8) that 4(2) = @(9*) for p=8, ¢*=38""'and p=2, d*=

291 92~2 And otherwise 4(2) <i(Z*), so the answer of quesgtion (A) iy affirmative
for n=p%,



96 A CHIN. ANN. OF MATH. Vol. 11 Ser. B

For question (B) we can asgume that dy=p), do=p""' (I<I<a—2) withoub

loosing generality. Then from formula (8) we get _
7)(@1) - G(‘”} tty By, plg O’ Lpeay " 7, Qia...i) '
%(-@2) G({Di, vy Di-d, 0) PHI; Tpvgy, **° ma—-i)
E%’~1 +pl Fo-1 2&—1__{__?! Fa-1-1
=<“2—Z—T_°> (sere) o
o1 ( Zl—1+p +El+3 )Fa-;\
FE AN R Al DY ’

(D)
(%)
Yhat 2ra=0 (I+2<A<a—1) which means xg=++=04.1=0 without loosing
generality. Then we have (let Z=23}) |

where 22 =g, + g1+ + 2 (0o=1). Our aim is 6 show >1, §0 we can assume

@<91) — Z+]’l Fat E"*‘p‘ . Fl'*"Fi"'""*'Fa-l*l . |
(D) < ) St P . : 0 (9):

If p is an odd prime number, then (by formula (6))
% (@1) _ 2+ pl ) 2.2T'l (pa-i-1mpa-3-3) ( S+ pl ) _25_}_ pa-t-a_1
E .

AN ST
Lot |
f(z) = < p—1 poti 1) log (w+p*) — P'z' 1 @m—t—i__pm—z—z)log »
l -1 ns—l 2 151
( == >log (w+p**tt) |
p—1 i . 1 -2 _1\1 pHt
( ot 1)1og 1—* ——) <—-—- P 1>log <1+ i )
Then -

4(Ds) |
HON >16f(2) >0.

Since f(+o0) =0, Z>1, and
oy =20 (P =D o—p i (p—1)2
(@) " 20(o+pY) (w+p"t) <0

for >0, we have £(2)>0, namely 4(9,) <¢(Z;). So the angwer of question (B) is
afivmative for n=p* (p=83). If p=2, n=2% di=2 dy=2"" 1I<I<a—2, from -

formula (7) we know that formula (8) becomes

a1 a—3
(D) = 11( S 2 ) =TI (t+aut ooty o

A=l \ 28c @
B<A

and formula (9) becomes
@(@1) =< E+2l >F’a-/\< E+2l )Fa+Ft+'"+Fa-l-l
| @)\ 3 S+ )
Thus 4 (D) =4(D,) for l=a—2 (namely for dy=2%"2 d,=2%"1) and for I<I<a—3 -
(0>4) the above formula becomes (by (7)) '
(D) _ ( 342 )2““"* ( S+ ')2“"-1
%(9a) ] 2420 ¢

Let -
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f(@) =@ 2-1)log (+2") — 2 Plog »— (2*7"°—1)log (& +2")

= (2° 2~ Dlog (1+2/3) — (2*7* ~log (1+2"**/w).

Then @E_(_{?; >16f(3)>0. Since f(+o0) =0, Z=1, and
, _ — 2‘(17 — 2m+l-—2
, Fo)= o (w2 (x+211) <0 :
for >0, we know that f(3) >0 which implies that the answer of question (B) is
affirmative for n=p* except the case dy=2%"2 d,=2*"1, Thiy completes the proof of

Theorem 1,

§8. For the Case of n—pog8

Theorem 2 Suppose that n=p*gP+2 (inod 4), where p and g are distinet prime
numbers, «, B=1. Then the answer of question(A4) ¢s affirmative; bui the answer of
question (B) és negative in general.

Proof we look ab quesiuon (A) at first, Lebt —=p%" u, v=>0, and
— 9’(‘”‘) %
1@, H =28 I (-1 @),
(D, 0)= 2 f@, 5.
f,,ln/d

Fromformula (8) we know that

0(P°) 1y f(@*, %) £, %) |
o~ B () B B (rgh) W
fx[n/a* fz—Psqt

Smoe d* is a proper divisor of n, at leagt one of u and v i3 not zero. Suppose that v =0
at first. Then u>1 and

0 (D*) f(d ) .
(D) *1%1_‘[«4 x;-—__{;?( 7‘(./ (D, %)) (€hY)
where o )"
n
Soray A= @), it alw/d,
£, )= w
G et

Thus we have from (11)

(D) _ o(1-%"(9))
(D) s xcli—s[ﬂ(” A+B(1-x*(g))’

Where O= ‘?%‘;) >1, 4, B>0. If 2*(¢) = %1, the term of the produst in the right

hand gide of above equation ig=>1. If Z=x’f‘(g)# +1, { i3 a root of 1, x and ite
conjugate character ¥ have the sanme conductor. The contribution of ¥ and ¥ to the
right hand side of above egquation is |
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- 2 7y |2
il - EEER
The following real function
f@=lr+o(1-0) P=r*+re@-{-0)+*(1-L[?
is an extremely inoreasing funotion since 2—{—{>0. Therefore the value of
formula (12) is bigger than 1 gince 0>0. Thus 4(2*)>4(P), and the answer of .
quesﬁon (A) is affirmative for the cage y=0, With the same reason we can prove

this conclusion for the oase u=0. Now we assume that u, v>>1. Then formula ( 10)

becomes 9% )
% fad*, x
(D) 8<sﬂ;u (,,1;11 (1558 70D x)>
' fomrodt :
=11 IT +~ 11 Il + (13)
1<s <y y(—1)=1 1<ty 2(-1D=1 1<s<u x(-—-l)‘-l
1=t <v f,—qu fy=q? f2=p°

If f,=p'¢’, s, #=1, then x*(p)=1*(g)=0. Therefore f(d*, %) and f(2, ¥) are

positive integers. Thus <1+ f gflj ;6)) >>1 and the firgh prdduct in the right hand
side of (13) is >1. The other two products are>1 by using the same argument as we
used in the cage v=0. Thus 4(Z*)>i(P) and the answer of quesfion (4) is
affirmative for n=p*g®.

Now we congider question(B). Let n=p%¢? ¢<p, a>3 and take

g"— {1) g: Pq, P g, *** P“ Sg}
D=9 U‘{d1=p““2g}}, Do=DU {da=p"""} (d1<dp). -
From formula (38) we know that for A=1, 2,
()= 11 ( 2 A+ II A=2"@)A-2%(g)). (13)

x(—-l) 1 fzm/d x( 1) 1
At the end of [1], I presented many (g, p) (=(8, B), (8, 7), (6, 17), (7, 11),
(7, 17), --+) such that | |
g = II A-2*(p))(1~2(9))>0

WEhe
for n=p"g® with arbitrary positive integers & and 8. Let (g, p) be in such cage and
1(9,)=i(2,)/g(n). We are going to show that I (%) <I(Z,) for sufficient large «,
which meang that ¢(2,) <4(2,) and the answer of question (B) is negative for such |
=p®¢* and the above-chogen 91 and Z,.
In fact, let

Fy=dt{even 1 (mod n) [f,=p¢}.

Then we know from formula (13) that
1(D,)= I

1 PrgFED,y,
x(—-l) =1 P"Q“IP“Q’fz

Ay b
= I 2 P4
0<s < Al p"q €D,
0<r<2 y(—1)=1 A<a-—s

fz’—’p’q UK2—r
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— ‘plgllf F’ar°
0<s <a\ po~E€By
0<sr<2\ A<a—s

us2-—7r

Theaefore

1(91)=< 14g-+pg+pig+--+p*2g >F3;+F,.< 1 >F12+F”
I(Ds) \ L+g+pg+p’q+--+p""q L+p*
'< 1+q+pq+~-°+p“"‘q )F01+Fu+'1«'n
1+g+mpg+ - +p*Sg+p*"
_ ( 1-+q(p*t—1)/(p— 1))(1»—1)’«1—_1)/2 ( 1 ),(p—.l)(q—-l)’/2
1+g(p*?=1)/(p—1) 1+pe~
N I 1
1+g(@**=1)/(p—1)+p"*
For suflicient large o we have

I(2s) Np[(p—-l)’(q-1)-(04—1)(11—1)(‘1-1)?]/2.( Pq )("_1)(‘1_1)/2'1
(%0 R =)
—>0(when a—>-+00), '

Therefore I (D)< I(9Ds). Thig completes the proof of Theorem 2.
Remark. The simplest counter—example for question (B) is by taken n =532
(p=5, ¢=8, a=8) and D;={1, 3, 15}, D,={1, 8, 2b}. For this we have from

formula (14)

Koy~ (F5) (3
1

SEINES T
(38 (%) <.
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