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| - Abstract
The Growth and 1/4-Theorems for the class of normalized biholomorphic starlike

. . . n )
mappings on B?={Z=(Zy, -, Z,) € C"|21|Z,-|°<1}for any p>1 are given.
fo

~ Let B?= {Z= (Zi, oo, Zp) EO"Iii:‘l'lzil’<1}for any p>1, which ig a class of
Reinhardt domaing. When p=2, B?igthe ball in C". In[1], Carl H. FitzGerald,
Gong Sheng and Roger W Barnard have egtablished the Growth and 1/4¥Thedrems
for normalized biholomorphio starlike mappings in 0", which generalized some resulty
of geometrio function theory of one complex variable %o several complex variableés.
The main pufpose of thig paper is to establish the corresponding results for B", p>1.
A holomorphic mapping f from B? fo O" ig normalized if f(0) =0 and its complex

Jacobian at origin ig idenbity matrix, ie {—%—} . =J8y. The normalized holomor-
1 e=

o=
phic mapping ig sbarlike in O* means that it is a biholomorphic mapping with a
starlike image f(B”)with respect 0 the origin in O". A necessary and suflicient
condition for a normalized holomorphic mapping o be starlike wag given by F. 7J.
Suffiridge'®. Here we rewrite the Suffridge’s theorem without proof in terms of
differential geometry ag the following: _

Theorem 1. Lef, BP—>0" be @ normalized holomorphic mapping. Then it s
starlike if and only if : - | ’
<f ™ du dp> | =0 (for any Z € B*\{0}),
where < ,> s the immer product, w is coordinate of f(Z) in O, p is the distance from the

orign im O, u=_§‘__,1 iZilp.
1=

We ocan prove the following
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Then . )
2pu (1 ‘—fﬁ)) <<f-Tdy, dpP>< 2]7“(14‘1“7) ,
1-4+u? - , 1—u?

where 4= Zl?, p=dist 0, w(2)).

Proof By using the Suvffridge’s theorem and noting<drw"“, du’y =23y, we have
0K~ du, dp®> =< f~* (Bu+8u), 9p°+3p% B
- =L f*0u, 0% +<f0u, 9%
=2Re{f1*¥du, Jp*>
12, 22,

=2pRe ';;]1 7. ow, |
. n [r. 3Z . . :
. e. 21 7. ow; w,>0 . (2)

1
Let ¢ be a complex number with || <1 and, for any fixed Z€B?, Z°=Z/[u(Z)]".
Then ’

o SaZ8)7= [3]2<1.
That means $Z° € B?, Thus £Z° can be ingtead of Z in (2), and the inequality (2) is

1428]° 0%:. 1o
Re z,?—d tZO 8@0; ’w;(tZ )ZO,

S IZ?[F o_a__Z_‘_. QUj 0 3

Now we define a new function of one complex Varia,ble .

aw=3 L. @

Tt is clear that A(?) is holomorphio in the unit digo D= {756011 [4] <1} when £ 0

and ReA (1) =>0. Beoause of the normalized condition of f, i. e. gz,u’
17

i G -3  |omB
which implies A (%) is also holomorphio at §=0 and 4(0) =1, 1. e. A(%) is normalized
holomorphie in the unit dise. So an argument of one complex variable can he used
o obtain

. =8y, we have
=0

h_

1-—

b

<Re{A()} <1 + 4] 5
Fsreum<iHi ®
for any t€D. In particular, when t=u(Z)7,
1 1 o
1w ) cpo$y 12012 02, gy <2l (D) ©
1+4? (Z) CaE 9’“” T1-dF(Z)

Théorem 2. Let f, B0 be a normalized biholomarphic starlike mapping.,

cu, o
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WD) A= (D) g, )2, 280, 7y <UD (1+u @ m
%‘ . - Y Z; a’ll)j p
14+u?(Z) 1—wu (Z)
Substituting (1) to (7), we obtam :
2])1,6(1 u ) <<f—1*du d 2>< 2Pu(1+u1’) (8
1+uP 1— u”

Theorem 3. Let p>1 and f, B*—O" be @ normalized biholomarphic starlike

mapping . T hen
2] oo 17]

(1—u?)? .— (l—l—tu”)2

1 _
where | 7| =(§;1|zi|2)2, w=31Z[2, p=dist(0, w(Z)).
Proof By Theorem 2

1 . .
20d f 1 du, dpy<2PulLtu’) )
o 1—-u?
In fact,
{fdn, dpy=<d(uef™), dpp=

_ P
is the directional derivative of u along the direotion do. 8o (9) is
' . 1
gu At 1 (10)
P Pu(l +uby P

for any Z € B?\ {0}. ~

Fixed a Z € B*\ {0} and a positive s, the segment joining the origin O and the poinb
Q@=f(Z) in 0" will be denoted by L and the plane determined by the three points O,
Qand Q;=f(sZ) in O" will be denoted by 3. When the positive nuraber s is small
enough the small circle B(s) ={W = Wy, -, W,) €O |W|=|f(sZ) |} N Z must lies
in the image f(B?) and intersects the segment I at §. Now leb us constract a path I
on the plane Z. It comsists of the short arc on the circle B(s) from R to S and the
segment joining the intersectional point S and @. By the difinition of I, p is inore-
asing on the path 7. Integrating (10) along the path [ from @, o 8, then to @, we get

j" e~ _1..J __u_._-..du. o .(11)
@« P 87 u(l—l—u”)
For the right hand side of (11),
» 1 . 1
-—I olu [lny? — 21n(1+u1’)]§z.
82 u(1+u) »
Therefore

0.p(Q) ~In p(@)2In—Y D) Infi 145 (:2) 1"~ In b (s2).
| [+ (2))°
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Thug L _
p@=—Y A 1144k )1 B (19)
[1+u?(Z)]? u? (sZ)
Note that @ =Q(s) =f(sZ) and the normalized condition of f,
1 1
7 z 3 2
o= ) (o)
1 ‘ 1
n z 7 T
~(Zs122 40 ) =s(F 1Zd+0()
But .
1 n ”117 n %"
Ser-[§ i -e[gi ]
So .
9] 2
PI(Q:L) — (»-2=’1|Z"l > .+01(s) .
u’(sZ) 2y ?
R12d)
Let s—0; then (12)becomes :
. _
7 3 ~ .
o( Q)> U (Z) (ZZ) IZ' | (13

A (D) P D) Q)

Using the leff side inequality in Theorem 2 and the procedure for getting (13),

can prove the inequality of the left hand side of the Theorem 3,

For any ¢=1, 2, «+eee rn,

"aTZTp“ (u— | Z]7) =1~ .(_}_g%y-v

such that
9
o[Z]* (w—|Z|?) =0, for 1<p<3
—a[—%‘—lp—(u—— | Z|9)<0, for p=2.
Hence '

1
w?>|7Z|, when 1<p<2,
1 :
| u'<<|Z|, wpen p=2.
- Using Horder’s inequality, we have
' —-2 1
|2 >0 uP, when 1<p<2,
: - p-2 1
lZ[<n£§'5'u? when p=>2,
Substituting (14) (15) into Theorem 3 we have

(14)

- (@5)

Coxoliary. Suppose that f, B*—>0" is a starlzke and normalfi;zed mapping

Then
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1 1
u? W :
_____>p>Pn3 Y for 2>p>1,
(L—um)? | (i—l—u”)"‘
1 1
-2 7 7 o
B Y>> Y for p>2.

A—u?)?  (l4u?)?

From the corollary above we immediately obtain the Koebe-type 1/4 Theorem

for fhe class of normalized biholomorphic starlike mappings on B? in O* for any

p>1. . ' _ .

Theorem 4. Let f B* 0" is @ mormalized biholomorphic starlike mapping.

T'hen the image of f contains a ball centelred at the omgfm in O with redius 1/4K,
where ' ~

K={n1/”“1/2, Sfor 1<p<2,
1, - for p=2,
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