Chin., Anm. of Math,
i1 B: 2 (1990), 138~147.

ON ESTIMATIONS OF TRIGONOMETRIC SUMS
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Abstract

In this paper the following result is proved: There isan absolute positive integer ¢
such that for every large odd mteger N the Diophantine equation with prime variables NV
- =py+patps, N/8-U<p,<N/3+U, j=1, 2, 3, is solvable for U=N¥3log° . Moreover,,
an asymptotm formula for the number.of the solutions is glven.

§1. Statement of Res’ults

Through thig paper, ¢, ¢y, s -« ‘s’uand for positive constants, p, Py, ps, -

_primes, ¢(6) =¢*® and I=logw. Let a be a real number, A(n) the Mangoldt

function: A(n) log p, if n=p" k=>1; =0, otherwise, and w>A>2
S(a, , A)—— 2 A(fn)e(na)

In [1] and [2] we pl'OVed the followmg two theorems by some purely analytw
methods . i S

Theorem 1.0 Theorem?l Let & be an arbitrary posat@'ve consmm

Co : : ,b91/96+s< A< o, : :

" Then for any géven positive oy there exist oa and cs such that for any o satésfying

a=a/q+i (@ ¢)=1 - (@
and 1<g<i®, A0 <|A] < (gF™) |
we have S o, 4) <Al

Theorem 2.™ Theoren 31 Tot N be a large odd integer. The Diophantine equation.
with prime variables .
{N—ﬁ+%+%,

”
N/3-U<p<N/3+U, j=1,3 3 @

48 solvable for
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e . U N91/96+s
where s s an m'bfotma'y positive constant. Moreover, the number of the solutwns o
T(N U) 86 (N)U?(log N) 3—I~0(l72(log N4 | €))
where ,
. 1 1 1
) = 21V, 4
- Pl B (gl 2y. @

In the present paper we ghall improve thege two theorems by’ developmg the
methody in [1] and [2] and using a new result of Zhan for Hhe ‘zero ‘density
~estimaté of Dirichlet L-functions in short intervals. In fact, we shall prove
Theorem 3. For any given c., there evist Cs, Cg and 07 such that for

Ve ALz, : ' 3
and o satisfying (1) and | ‘ ' o
I<gkil®, A7 A < (@)Y, . (8)
or o - , ‘ ,
log«ggmi/ﬁy l}hl< <gm1/6) —1’ e } . S (7) .
. we have LT _
S(a, @, A)<<Az-°~». - ' (8)

Theorem 4 There ts an absolute positive integer o such that the Diophantine
equation (2) with prime variables 4s solvable for

: | U=N% log® N

and the asymptotic foq'mulw (3) ds true.

§2;‘A Some Lemmas‘ |

To prove Theorem 3 and Theorem 4 we shall need the following lemmas

Lemmag 1,73, Theorem 18.1.5) Let 2<T <w, % a character modg, and p=p,=B,+i7,
=B-+47 the non-trivial zero of the Dirichlet L—funot@on Then we have

¥ (o, x)—glx(n)/l(n)?lﬂow— §T - =L 4 Ri(a, 1, ), -
By, %, T) <aT*(loggn)?,

‘where Ho=1 @f x 48 pmmwpwl =0, otherwise. o

Lemma, 2,55 Lenmas 21,14, 21291 - et F(u) be @ real functfbon, G(u) @ monotondo
Jungtion satisfying |G )| <M for a<u<b. Then, (1) q,f F'(u) ds monotonw dna-
{F'@W) | =>m>0 for a<u<b, we have o

N a(u)e(F(u»du«m ;.
(n} q,f lF”(u) |>rr>0 j‘oa~ w<u<b we have o

j G‘(u)e(F(u) )07u<<fr"1/2M
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Lemma 3,04 Theorem3l L@t N8, Ty, H4, q)denote the number of 2eTo of [[ Ls x)

¢n the reg@orfs ' _
1/2<9<Res<1, 0<T1<Im'é<T1+H1.
Then for H, =T we have
N, T H; g><<{'<ezH y e (log g )Y, 1/2<0<3/4,
. t(gH )39 (log ¢ H1)™, = 8/4<0<1I.
7 Lemma 4 (3, Theorem 37.8.21 g any gwen §>>0 thers exists 03——03(8) such that for
any Teal. chwmcteq* xmodg and
: ‘ o105,
we hove L (o, x)'%O. _
- Lemma 5.8 Theoren 17.4.51 Let :q>1, s=o+it. Then there is o, Such thag
H L(s,x) has no zeros in the region o - o
o l-a(logg+ (og(ls] +2))79),
exept for the possible exceptional vero modg.

Lemma 6.5 Corollay 30320 Tleing the netatdons of Lemma 8, we huve
N @, o, H1, q) <m1n(qH110g (¢ Hi) (451)5““”/ 2(10859—711) 13)-

§3 Proof of Theorem 3

It is well—known that . . SR
qa . % .
S(a; o, A)~¢(q) xn%p(gx_(h)e(“ ))S(x 0 ;-ou)

<g**¢" 1(@7) 2 180y 1) |+,
where cﬁ(n) is Buler function and '
S B 3 x<n>A<n>e<nx>
From Lemma 1 it is derlved %hat f01 T<w,

Swo Hern@ 3 [ (Zr ponal

+g?¢~ () min (4, -|A} '1) +q"2(1+ 4] A) mT-izz
In what follows we take

and then, if. $he dondition T'<s is true, we have - . = ., |

N A)<<I(7\, g)l-l—g’i/zlm.ln (A l?\,["")+Al“°‘° VoW (10Y
" where : .
I, q) 9‘1/2 >

xmod g 57[ <7

Thus the proof of Theorem 3 is reduced ‘ao the estlmatlon of I (h g) Fars’o We are

going to prove the followmg lemma.

- A'1(1+|?»|A)wqiﬂzm+2 02

f y” 1@(?~y)dy‘ (11)“
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Lemma 6. Let « be a sufficiently large positive number,
4 2< A<w/100. (12)
Then, (i) of
0< m <mA‘2/10, (13)
we have
I, 9 <<g‘1/”Al2 max g 1N(B, Ty, oA, g), (14)
: ' 06711‘3517' o
(1) of = o
' |A| >2472/10, (15)
we have » ' ‘
‘e y=1/3 £42 @ 8-1
16, Qg [ o ey SN Ty 04 ), (16)
0<T1<2T -
where N (6, Ti, H,, ¢) is defined in Lmnma 3, and T s gwen by (9).
Pa'oof Obviously, we may assume A>O By Lemma 2 we have
[ ety dy<ar- imm\A Vi o Daln o)) ()
Settmggy x—+o, for o— A<y<w ‘we have —A<fv<0 henoe
l 2%7\.@].<20v7»A. - (18)
Let H=1be a parameter satlsfymg
I'>H> >10M1 (19)
Noticing (18) and (19),.it follows from (11) and (17) that o
IO, <g™ 3 3 ot mm( )
med:q ]|r4}'2yalr:l<"£<ﬂ' \/I’}’l
. g -
~1/2 S-1_ ¥ .

whére K = [T/ Hl+1, If (13) bolds we tak H =247 and then from (20) and . (9)

we obtain | B S I
I(}, _q) <<g“1/2Al max 2, = A

T,(<2T % mod q T1<7<'I"+.7:A“

from which (14) is derived at once in a standard Way It (15) holds, we take H

=10A4. Now, by (12) we have
— T <y<—6A, f01' |7+2WM[<H
Henoe it follows that, for |y-+2mie| <H, ERE
min (4, w/\/lyl )<<m1n(A Va/h) g/ m/?\.
By use of this and a;/H < Tk, 1§ derived from (20) thaﬁr

L I N g) «g‘i/zAlJ
and then (16) follows 1mmed1ately

max 2 2 oL
MA? irai<er niog Ty =104

On having Lemma 6 we can: apply Lemm3.t6 thé: esbimation of L @ Now,
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wo take

and agsume that -
PP A< 20, . (22)
Lemma 7 Unde'r the condétions (21) and (22) @f (13) holds and g<a'/®, -then
awe have
(7» q) <<Al'°"1

Proof Not losing generallty we can assume A>0. It is eagy fo see thab under |

the conditions (13), (21), (22) and g<a;1/6 we have

T Ka? A-2qu/aotag w3/4
where T' is given by (9), and then va‘1>>fl’1/3 Thus, usmg Lemma 3 we ﬁnd from
(14) that . -
I(?v g) <<g—1/2 _AP { max mﬂ—1<qw A- 1) 4(1—3)/(3—25)19

1/2<8s1
Iyl <37 _ _ Lo
4 max o8 i(gfv A—i)S(i—ﬁ)/Skzzm (24)
- 8/4<8<1 . . . ’
lylasr - - - S ) .

Now we are going to deal with the firsh term in the braoket Lot
9(8) =g o (gad Py ra-mre-m}.
We have R
| o (8) =loga—4(3-28) log (gad ™).
Under the conditions of $he lemma ga;A 1<m1/ 2 Therefore, for 1/2< B<3/4
o g (B)>0.
Thus, we get
q—-1/2 max wB 1<qa; A“‘i)4(1‘3’/‘3“”‘9’«37’"1/%‘1/4(qa: A-i)z/s
1/2<8<8/4

<<q1/6 5/19 A—2/3<<z—438—2o. o . ) _ (25)
The second term in the brackeb of (24) can be estimated as follows. Take ey =218

+¢,. If ¢<I*, by Lemmas 4 and 5 we can conelude that therse is no zero of L(s, x) -

(ymodg) in the region: . .
, : |Ims|<<a;, Res>1 0121‘4/5 o | -

From thls faet and T «w, it follows that under the condltlons of the lemma we
* have ' '

g-l/ﬁ max wb—i(gwA-l) 8(1~ B)/3

3/423;1/2 : , | ‘
<<q1/6 5/12 A—z/a + ( As/s -5/3) -cuz-m «;—438-2« - - '  (26)
It Z"“’ﬂ<g<m"“, 11; is trxwal that . e R n
-1/2 41 =1\ 8(L -8)/3 1/6 5/12 A—s/s -1/2 —m—c. (2
q 3/&133/2@ (gsz ) <<q +q <<Z L ( 7)

. From (24), (25), (26) and. (27), the lemma follows, R A;'_; Cehn

| C5;= 667 + .3047 €100y, | A (21) '
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Lemma 8. Under the coml’btwons (15), (21) and (22), of g<a'/® tmd
Al <(gz")* . : (28)

I ) AL, _
Proof The argument is. similar 1o that of Lemma 7. Assume tha’o A=0. Under

hold, then we huve

the condltlons of this lemma, the parameter T given by (9) satisfies -
T & )\mqi/zzo.—h‘a La®/8oet2) '
and hence AA>>a;A”1>>a;1/31 °6>>T1/3. Now, Wwe can applyLemma 3 o (16), and
obtain

1/2<B< 3/4

I, 9) <<§I'1/ 2472 ‘/ A2{ max @f-L(\gA)4d-0y G369

+ max m"’l(?ng)s(l ‘”’“l""} | _ (29)

1/2<B< 3/4

The first term. in the bracket can be estimated in a similar way as we estimate that
in (24) Noticing thab ' _

~1/2+4(1— ,8)/(3 28) >0 1/2<__B<3/4,
we find from (28) that '

—1/2 J max @1 ;\‘ A)41-8)/3-28)
g MNA? 1/2<p<3/4 (rg4)

<<a;1/12 1/2 A~1 max af- 1(:1; A—:t/ﬁ) 4(1-6)/(3—28)
. 1/2<p<8/4 .

& (,v1/e) ~1/84,1/4 A-i/s «5—219—0. ) . ) - . (30)
Similarly to proving (26) and (27), we can gelb under the condltlons of the lemmac:
@) if g<PPom, i} follows thatb '

g2 ,\/ AT A% o (g Ay

3/4<B<1
<< m1/4 (7\.9') 1/6 A-1/2+ q—i/z (A A2 —1) —1/2((7\4 A) 8/%-—1) cad-us
<K@ (Ng) VB A-Y3 - ( As/sw—S/a) ) <<Z”219 o _ . (31)
by Lemmas 4 and 5; (ii) if ¢> PP, i} is easy t0 see tha ‘ |
g2 £8—1 81-8)/3
e e 0a

lyj<3T

<O A g, | (32)
Summing up (29), (30), (31) and (32), we complete the proof of the lemma,,
Proof of Theorr@m 3. Now we are going t0 1 prove thad; Theorem 3 is true for

e ' U ee=20442, 0r=0u -1, . © (38)
and ¢ glven by (21). A% first; from Lemmas 7 and 8 we can ecasily @onolude that
the theorem is true if "(22) holds. In- fact; when g<a® and Ing| <m‘1/ S, the

parameter T'.given by (9) (ero=04) sabisfies T'«w (see the proofs of Lemmas. 7 ‘and

8) Therefore, from (10); Lemmas 7 and 8, the desn:ed conclus’ on’ follows. a.t onoe,
Secondly, we plove that the- theorem holdgif  -ui-d '
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: 20739 < A< 2 /100,
Let xi§= w, A;=0%2Clogw,)%, and
Djg1 =5— 4;  Apa=a7h (log i)™,

Now, there ex1sts a poswﬁlve integer J Satzsfy ng

Dra<o— A<y
Trivially, o;>xa>-- >£vJ;1>99:v/ 100, and |

, o™ (logz) 2> A > Ay >+ > Ay > (1/2) 2% (log )™

for sufficient large «. Puttmg B=g;—2+ A, we have

8o @, 4) = ES (o @5 A;) + (S(a; z;, B).
Noticing the deﬁnition of 4;and A4 J<B<2AJ, from the above disoussion we obtain

S (. @, .4) <<z-v«< 2 A, +B> Al

g=1
-this is what we need. '

At last, we prove that the theorem 1s also true for a;/lOO <A<:v ObVlously, '

‘we only need to treat the case 4=ua,
Before giviug the proof, it is necessary to give the following remark, In the
above we have proved that the thsorem holds for _
| < A<w/100. (34)
In fact, from the proofs of Leminas 7 and 8 we can assert that under condition (34)
‘the theorem is still true if conditions (6) and (7) are replaced by
I<g«i® A~ il°’<< Al < (g(af () 8) 1, . (35)
“and

< g<(af (@), l7v|'<(q(oJf(w))1’6)‘1» 36

respectively where f(w) is a real funotion satisfying
| ek f @) <io, (37
¢35 and 044 being any given positivé constants.
Leb @y=0, 4;=0,;/100, and -
D1 =@y~ Ay Ajy1=151/100,
'Glearly, xy= (99/100)"“ and hence there ex1sts an integer J such that @y, <al™%
<xy. Thus we have ’ '

(o 0 ) =38 2y 4)HOG). (@)

Now, take f;(a;)a;=w for 1<j<J. Olearly, condition (87) is true for z; and f, and

80 we have .

. S (a, @y, A,) <<A,(loga;,) ~0 :
for 1K€ {;<J if condition (85) or (36) ig true for a',, A, and f,, that means bhe above
oestlmate follows if _ o

1<g<<Zof . A,—l l°’<< |K| qa;ife) -1, ) : o '(39) .
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or .
Tegg<a*ls, |0 < (gat/) 2 N (40)
holds. From this, (88), and the definition of 4;, it iy derived that if.the condition
1<g«l®, ” TIPS (qu*/®) 2

or . | lrgg<avs, |A|<(ga™®)~t
holds, we have : .
S(e; @, @) al™,
This shows that the theorem is true for 4=z when c; —657 + 380y, Cs=204+2 and ¢ =
264+ 1. The proof is completed.

Remark.  Theorem 3 is still tlue if comditions (6) and M are replaced by
(86) and (36) respectlvely

§ 4. Proof of Theorem 4

Lot Nu=N/3-U, No=N/3-+U, and tako cg=3, c5=8, o=4, 0=0;=66. By
Theorem 8 (#=N,, 4=2U), there is h
: S(o; Na, 20) <<U10g‘3N
if (6)or (7) holds ‘From this and S o . ,
| 8(o N5, 2U) =log(N/3) > Nae(pa) +O(N-17?), (41)

‘it follows ’vhat if (6) or (7) holds we have
> o(pa) <Ulog™N.

T Ni<psN: ’ .
Let Q,=1og®N,, Q= N 3% v=Ulog~ ¢ N, and I (g, @) denote ’ohe mterval [a/g T 1,
'ﬁ/g TT—l:]’ v ' -
E:l.= U U I(gr “)r

1<9<@y O<a<q
(e,9)=1

and - By=[- Q™ 1-Q ]\ By, |
By the Well—known Dirichlet's lemrna {8, Lemma 19.8.5], 11; is derlved that for
every aE H, (6) or (7) (=N, A=2U) holds. Henoe, we hvae

' S e(pa) <<U10g“4N aEEa

. N1<p<N,
and then T o
R [ 13 o(pa) |*dascT?Iog™ .
Hs Ni<p<N
Consequently,

| T(N U) fm Niqz;N;e(fa))ae(—Na)da'

= E‘;kjE. j +0(Uﬁlog“4N) . | .(49)

Now we are gomg o oa,lculate the mtegral J By (41) we have
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(N > e(pa) )3 = (log N/3) ‘36’3(04;. N, 2U) +O(N ‘1i7410g‘1N).

1<p<Ny
The measure of E’1 is equal to oo ,
' zqs(g) (2u- 110g4N2)<<U"2Q§log4N<<U‘110g2°N (43

- From the last two formulas we obtain ,
To(N, U) = [, = Cog N/3)™* [, 5%(as Ny, 20)e(~Na)da+O(N-*T°Iog ).
| | - (44)
By Lemma 1 we have -

3 Aot =5, [ oay- 3 (7 oGwytay

" 0B, 5 T,

where T'=N U'i(log N)» ¢4 i8 & positive constant to be choosen: later. When o=
a/q+M\E By, there is |?\.I <U-*log* N, and hence

.jN 6(N’/) dRi (y) X T) <<NT~'—1 ]_0g2 N+ I)‘l UNT—llogzN«U(log N) —ry .
From the last two formulas it follows that if aCa /g+ AC H,, there is
a . A ____-_]__—_— S B ﬂ . .

S(—é-H», Ny, 20 )= (& Z(h)e( : ), 2, xmA@etin)

+0(log? V) |
gggg [, e+ T 0T log Ny 0%,
where /u,(n) is MObl'llS funotion, and | |
B I«L 2 > -1,

¢< ) xmod g [yl<T
By Lemmas 5 and 8 we have, for ¢<@, .- .
I<<Uq‘1/210gN max N#- 1N(B, 0, T, g)

1/2<B8<1.
i<

<<Uq—1/210g24N' ma:X N,B 1<qT)5(1 8y/a |
e

<Ug~2 10g14 N{N 1,2 (gT) 5/4 + (N -1 (gT) 5/2) G1o(loBN)~415 }

<« U exp (—oy(log V) /5y, ,
using T=NU" (log Ny = Ti/ 8 (log N ) oty in the last step. Therefore for a/q + A.G
E, there is .

S( 7 +A; Ny, 2U>—— /.b(g) ( AN \Sm (2”7“17) +0(U (log N) —011+10)

5@) @
- and hence. : ' : S
S (s W 20 )= B s *—'—"—"Sm<(2i§’§”> +O(* log ) =++2),

From this and (43),we-deduoce that -
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[, 8@, 20)o(~Nayia

AL G P )

'Qll

Using

-1/7 . (Wﬂ,)s
-—3U2+0(U2 log‘SN)
and taking 017-—31 from the last formula’ and (44) we have

=80 @ ( & 41004
T.(N, U) = o 2 #(g)( 2 ( - ))+0<U log™* V)

=302 1log~* NG () +0(U2 log=¢ N).
From this and (41) the asymptotio formula (3) iy derlved Smoe (4) lS a- well—-
known result (see [3 (20 2. 11)]), the proof is completed ' o
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