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Abstract

Tt is.observed in practice that the numerical accuracy of the two unconventional
plate elements, i. e., the nine pa,la,meter quam-—conmrmmg and genera,hzed conformmg
elements, is better than that of the usual Zienkiewicz in comp&tlble cubic element and of
a new eclement proposed rpcently by Specht, although all these elements have the same
asymptotical rate of convergence O(h) in the energy norm. In the paper a careful error
a,na,lysm for the quagi-conforming and genera.hzed conforming elements is given, It is
shown that the cousistency error due to nonconformlty of the two unconventlona,l
elements is of order O(A?), one order h:gh than tha,t of other conventlona,l nonconformmg
elements with nine parameters,

§1. Introduction

There are two kinds of unconventional plate bending elements introduced by
Chinese goholars during last years, namely, the quasi-conforming™ and the
generalized conforming™ elements. Numerical caloulations show good results of

these elements. By use of the so-called two set parameter method a theoretical

analysis for both elements mentioned above is given in[3], [4]. It ig proved the
two elementy satisfy the F-E-M-Test’™ whioh ensures convergence of the

elements. An error estimate ig algo derived for the nine parameber generalized

conforming element which indicates that the differencs between the true solution
and itg finite element approximation ig of ‘order O(%) in the energy norm, like
Zienkiewioz's incompatible cubic olement. However, numerical experiments’ give
evidence of a better convergence performance for the nine parameter quasi-
é.onforming and geﬁerah’zed conforming elementy than that for Zienkiewioz's

element and Specht's element™. How to explain the disorepancy between the

theoretica,l analysis and numerical computations of these two wunconventional
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elements‘? The pregent paper intends to find an answer to this issue,

Through a careful analysis we have found that the both elements under
congideration posigesy a very specific convergenoce p:roperty, i. e. the consistency
error due to nonconformity of the elements has an order O(A?), one order higher
than that of Zienkiewioz's element and Specht's element. Ay we know, according
to the gecond Strang lemma té’, ~ the error of every nonconforming element
ocongists of wo parts, one arises from-the interpolation error and the other is a
congistency error due to nonconformity of the element, In most cages the order of

' the congigtency error ig lower than or equal to ‘that of the inferpolation error.
Since every element with nine parameters may contain.only a full quadratio

polynomial, but not a ful mublo one, 11;s m’oerpolatlon error then permits at most -

of order O(h). Now the conslstenoy error of the two unoonventlonal elementy is of
order O(A?), hlgher than ity inferpolation error O(h). This particular property
geems 40 be never sven. beforefor usdal nonconforming elements. It may be a
good réason to explain nioe converganoe behaviours of these two nine parameter
elements,

§2. QuaSi~Comforming Element:

Let »* be the golution of the élamped plate bendihg problem and «, €V, be a
finite element approximation of u*, According to the well known Strang lemma,
the following error estimate in the energy norm for noneonformmg approximations
holds: | R
. Iu*—uhlz,h<0( 'inf Iu*—-q);,lg,,,-+'9up | B (u*, wy) l’/lfwh[g,h), €))

where h= max hx, hx ig the dlame’uer of element K, the gemi-norm lfu,,l 2, 18 defined

by | vn |3, —-E] l"l)hlz - and the congistency error functional is

F,.(u W)= El(u w) +E2(u w)+E3(u w) (é)

with o
| | .‘EKM*"?'&}:;F;E@KJ- [Au —<1 vo.) 4 ]gw d ' (3)
R T
By, w) = gpcax [F a(g:’f) ds, | : )

O<<r<1/2 i the Poigyon ratio. R :

' Now we analyse carefully the oonsustency error funo’alonal Hy (u fw,.) related
“to the nine parameter quasi-conforming element. Given 'a triangular element K
with vertice P;(m, ¢), 4=1, 2, 8, we denote by A, the. area -coordinates for the
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triangle K and put
E1=Wa— @3, Ea=ws— Wy, Ea=101— Dy,
M=Ys—~Ys3, N=Ys~Y1, N3=Y1— Y
Ca=E34m, =148, =& +3,
Ad=the area of K. . ,
As desoribed in [3], the nine parameter quasi~conforming element ig identical
with a special 'nonoonforming element. The shape function % on each triangle K of
this new eloment is a nine dimengional subgpace of & fuld ouhic polynomial space
(gee [3]). It takes

dyi=uy, dy=u, ds—us, dr—&j uds,

d5=-i-1—- " wds, de= 1[ wds, d7—f a“ds

238 /P2 Z"1
. .dg-.-— CZ dg J ds dm— )41 gu ds
ag fen degrees of freedom ’l‘he-nme nodal pa.rameters g1, ga'**, go are then deﬁned

: through the degreey of freedom dy, -+, dyo ag follows:

d1=u1—q1, dz—uz—q4, da—us—q7

@-——-—J uds——(q1+g4' 5 (92 q:s)"‘ (Qs 96);

dg= [Cuds=L (q4+q7)‘--———1—(qs—qs;)-—-'—"%(‘qs—-%),.f
v 123 pz ) 12 ) . .
” ‘Zé’— Tor J d (97‘*‘01) ('?Zs é@(gsqu),
(e
di= —aa-%-dS— (92+95)+ 5 ({Zs’*‘%):
‘vpl i .
(D
| ds;——: B Zu ds= — - "71 (Q5+9'8)+ (96’*‘99):
Y .
do= gu ds= ~ 772 (Qs+92)+~§i(99+93)',
v s (i ¥ .
(Pa .. : .
dao= mxl—g%ds— b - (227 g5) +42 <293+96) ©)

The components g, ¢, gs are presombed to the nodal pomt Py 9y 95 s tO the

nodal point p, and ¢z, ¢s, s t0 the point pg. . | :
It hag been shown in [3] that for every cubie polynon:ual u€ Pg(K) after a
rather oomphcated mampula,’ﬁlon we have -

ql"ulr q;"u% gv=1uUs, :
da= g et 5] 2 [} G2 as fzJ DU s )k € Crtiza )
'~§2(7)3u2m—§3u2g)} i | | |
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1 1 7 Py »
gs =<5 g+ A{ ('173 ., —%—ds—m ” ——'d3>+773<'774u3a fﬂsy).

'-972("")3%2@“#53“@)}
=My+0(hﬁlulsm,x), | |
1 _
5 =5 Yt {(1 P L ds— fsJ —:ﬁ—ciS)wL"gH(ngum—-fsuay)_
~§3<ﬁ1u3m*§1u3y>}
=u2a?+0(h2|u|3,oo,K)1 . _
de= u2y+ { ( j o ——ds~— J gz 638>+771(?73wm-§3u1,,)
"'773(7717453«:“51“32/)}
=g, + O (h* lulsm,x), S '
_ qs ; u3m+ { <§2f Ou —— ds— §1J’ ﬂds)*‘gz(?huzw“‘fluzu)

- g 1 ("7_2%;«: —¢£ 2?‘111)'}
: .=’M3¢+O(h2lul3poo,lf)y

1 1 1 . - o , . -' .
ot ol [ Bt [ 2 oo
i/} (772u1a; — f ‘u1y> } |

: =u3v+0<h Iul-?noo,K)r
where w;, ¢=1, 2, 8, are the functmn Values and Uigy Uiyy =1, 2, 3, the two ﬁrst
derivatives of the shape funotion 4 ab the vertices p, of K. It is evident that if « ig
a quadratio polynomial, the nodal parameters gs, gs, g5, 96, ¢s, ¢o coincide with the
usual nodal values uy,, -tui,,, Usgy Usy, Usay Usy, respec’oivel'y In general, g, ¢s, **+, s,
9> represent some perturbations of the values wi, i, *++, Uss Us,.
It iy easily verified that for every cubic polynomial u€ Py(K ); the equality.

n, Qu 1 (* oy (au _ag,_> |
| o = 3 5 On d_+6[ 8n) (arn, 3] 2
holds By usmg the formulas of dg and ¢, rb follows that

o . S
L Palee Gt fGare. o
Similarly,

’ (D1 ) .
7 26 2t 2 <2q8+gz>+—5-2-<2qg+qa> ®

From (), (8) and (9) it 19 seen tha,t the mtegrals

| (", 20 j g
j}u-——-ds N ‘an-ds, Mands.
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are dependent only upon the nodal parameters ¢;, rolated to the side D1Ps, PaPs, PsPa,
regpectively. In view of the formulas of d;, ds, dy and thé vanigshing of nodal
parameters ¢; related to boundary points of the problem, we may conclude that for

~every linear polynomials f on F the integralj F(® Q%_ ds.ig -continuous a¥%

interelement sides F and furns to zoro when F are %ree sndes of elements,
On the other hand, we have /

= -'91+d4 =5 (“’91"'94)-'—— (9'2 05) ——= ; (qs—ge), _

J 7\:2'?—"‘53 94“d4~°—( 91+Q4)+§3 (92—95)+ (93 QG);

xg-iay—ds———gﬁ- -l—J uds
e 3 123 P

=— ¢4+ 75 =—- (—get97) —%- ({Z{‘;—QS);IT'&(QG*QQ),

D3
I Kagﬂds g7 — d5~— (~ 94‘*'97)‘*‘ <95‘98)+ (96 gs);
ou 1™ A |

,,,’“3 S ds=—g7+-i;1—J ae;.ds_ |
= ~grtdy =5 (g e) —55 @ - 22 (g9~ gs),

s -
«[ M—gﬁds ql_dﬁ——__( 97+91)+§~ @8‘"92)’*’”"‘& 7o —9s).

13
Therefore for every hnear polynomial f on F, the 1ntegra1 j | f (s>'_%zsa_ ds ig also

-continuoug at interelement sides ¥ and turng $o- zer0 when - F are free sides of
elements. ' : A "

Now we congider the first two termsg El(u wy)  and Hy(u*, w,) of the
consistenoy error functional Hj;(w*, w,). For.every o & L2(F) let-

- Prp—_1 J ~{ 1a
Pop= [ £ F(pcls_, IFI J-FIdS

be the mean value of p over F. The remainder term is
' Rap =@— P ' .
Fu ther, let P1<p be the plOOGWlSe linear mternolatlon at the vertices of trlangles '
The remainder tsrm then iy
o Ryp=9— Pip.
Then apphcamon of mterpolatlon theory ylelds

e <p)2ds<0hxlq)|1 . j (Rl¢)2d¢<0h l¢|”.' o)
Bet , : '
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(), - 0‘)

the piecewige linear J.nterpolatlons P.p and P, are continuous functions over all

“‘@2(3),

elements K. As mentioned above, for every‘l‘i_near polynomijal f on F the integrals:

o B [ e B

are continuous at interelement Sudes F and vinish when F are free sides of
elements, Therefore, '

fPlcpaawhds 0, 3 JPﬂpa'wds 0,

K FCoK 3

)2 2 IF¢1P§<8;:b’”>ds=O, 2 JF¢2P€<agZh,>ds=O,

K Pc oK

‘ i FcakK K FcokK
and g0 R |
| E’1<u* wn) J @1 8wh ds= 2 2 J ngviéﬁ'(a}wh )ds
’ . 2K T Fcer JF on /" _ |
¥ Bfwh : J F( awh > I
By, ) =30 3 [y 200 o =3 3 | RugpaRE( 2 ), |

Applymg Sohwarz 8 mequahty and the 1nequahtles of (10). gives o ’

o, 013 3, (] o) (| () )

<O¥leslslwnla<OBlw s (1)
ma, w1<3 3], e (], (me (%) u)
SOB? | @as|wn| 2, <OR?|0* | ws 3. (12)

As for the third term Hslu”, w,) of B, (u", wy,), Since the shape function wj ig
continuous, at the vertices of triangles, the piecewise hnear interpolation Pjuw, ig
continuoug funotion over all elements and then '

J §03P 1'w;,, ds 0

) K PcoK . ) ]
with Pg= _8_(%%)_ Moreover, the contmulty of J wyds on mterelement sndes;
gives _ |
T @mrmao
and so ' o L
B e -3, [eend=3 3 [ R <P1fwh>ds

Using the mequahtles of (10) we have
: 1

1B ) <3 ( j (Ro%)ﬂds) (. (Prany? ds>% ‘
<_‘ohzl¢slllw»lz.;.\ahzlu]4lwh12,b, sy
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which in eonjunction with (11) and (12) yields that
IEh(u*, ’w;‘;) l <Oh2!u*{4|fwh|z,h.
Therefore ’
sup 1Bt wn) | <Oh?

W Va Wh{2/n _
It means that the consistency error of the nine parameter quasi-conforming
element i of order O(A?), one order higher fthan that of other nine parameter

conventlonal elements, being of order O(h).

"]

§ 8. Generalized Comforming Element

According to [4], the nine parameter generalized conforming element nday‘ :
also be identical with a nonconformmg ocubio one, having a special get of nine -

| degrees of freedom ag follows:
Ps au ds

ou : :
&= f _
t ds d2 D2 3

om0 1 ["u{ra- D)o .g; o Laer L [ ofna- L)),

dy, ds, -+, dg are the same ag those for the quasi-conforming olement. The nine
‘parameters, denoted again by ¢, 6=1,2, -+, 9, are defined through dy, =1, 2+, 9,
in the following way ' ‘

: ([ L (s P
d1=f Q——ds =g~ ql, dz=f.-—‘?“.—ds=q7~q@
_ n 08 o O
. dg= ———(5192'1"77143'*‘5295+?7296+§398+ng9),
-the formulatlons of dy, «++, dy by i gs++*, g are the sgame ag those for the quasi~

tconforrmng element X

It ig seen that the definition of the ﬁrst three degrees of freedom dy, dy and ds
in the quagi~conforming and in the generalized _conforming elements is quite
different and there is an additional degree of freedom dy, in the quasi-conforming
olement. In spite of all these diff'erenees, howerer, if ig proved in [4] that the
relationship between the nodal parameters ¢;, ¢=1, 2, -+, 9, of the.generalized
conforming element and its shape function « is exactly the same ag that for the
quagi-conforming element (gsee section 2). | '

Suppose u i the shape funotion of the generalized conforming element, being an
mcomplete oubio polynomlal Wl‘hh nine ferms on the trlangle K Let us, eonsnder

-i;he mtegralf A % ds, corre9pond1ng to the tenﬁh degree of freedom of ‘uhe quasu—-

conforming element. ‘As menmoned above, for every oubic polynozmal uEPs (K)

the equahty
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hold, Subsmtutmg d7— J —— ds and ¢, ag formulated in Seotion 2 mto the right—

‘hand gide, after some ca,lculatlons we ﬁnd thaﬁ

%1%48=_-~i (2QB+95)+‘§i<293+96)’

which hag exactly the same form ag the tenth degree of freedom clm of the quagi—
conforming element, dlseretlzed by the nodal parameters 4.

Simdlarly, the mtegrals Az 3@ ds, ?»3-% ds as well as the integraly
. . s
Ba D
7&1—2—“—- ds, f M,— ds : ?»sl—gu—-ds

may also be formulated through the nodal parameters ¢; in the same fashlon as'
those for the quaszL—conformmg element . A
In view of the discusgion in Section 2 the conSLb ency error functlonal of the
generalized eonforr.mng element oan be estimated ag follows
| Ea(u?, ws) | <OR|u*[4] ws] 3.
Therefore, the 'consistency errors of both .the generalized conforming and the
qua91—conform1ng elementg have the same order O(h?), '
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