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UNIQUENESS OF VISCOSITY SOLUTIONS
OF FULLY NONLINEAR SECOND ORDER
PARABOLIC PDE'S
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Abstract

. This paper investigates the maximum principle for viscosity solutions of fully
: 'nbn]inear, second order parabolic, possibly degenerate partial differential equations.
Using this maximum principle the author prove that v:scos1ty solutlons of initial a,nd
bo unoary value problem for para,bohc equations are unique, '

§ 1. Introduction

In thijs paper, we are concerned with ‘vigcosity golutions of the following
parabolic type, fully nonlinear equations . ' |

—F (, t, u, Du, D) =0 in Q, d.1

where Q= {(w; t) ]wE.Q;, tE (O Ty for some T=0, Q; are open sets in R®, F s a

real valued continuoug function on I'=@x B X R"x §" and §* denotes the gpace of

nXn real symmetric matrices. Dy and D% denote respectively the gradlent of u .

and the Hesgian of ¢ with respect to the ooordmates

Let 0,Q denote gt (Qox {t=0}) U{(z,¢) (€ oQ,, t€ [0, T]} Wae sha.ll froat in

‘$h18 paper vlscosﬂsy solutlons of the following initial and boundary value problem
S el @oeQ @)
for parabolio equation (1.1). :
Throughout this paper, we suppoge that (1.1) is degenerate paraboho i. e. for
all (2, t, 2, p, X) €T, Y €S, the following, 1nequah‘sy holds N
F (@t 2 p, 0)<F (@8 2 p, X+Y) if Y>0 S G E-))

‘where we endow §" with the usual partial ordermg Notice that this agsumption

©covers in parmoular the completely degenerate case when ¥ does not depend on X,.

i. o. the particular cage of firgt order H~J eqations of the followmg form
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ut-F(a;,t 4, Du) =0, B (1.4)

Beeause of this possible degeneracy and the highly nonlinear form of the equationg
“congidered here, classical solutions eannot be expected 10 exigh.

Umqueness of ‘the elliptic- equations, based .on the maximum pr1n01ple wag
studied in [1, 2, 8]. In [3] parabolic equations was studied as a special oagse of

elliptic equations, but hig idea did not reflects the essentlal feature of parabolio

type equations and the usual regult cannot be expeoted to be obtained.

Our goal here are. 1o develop maximum principle for vigeosity solutiong- of
parabolic equation (1.1), and to prove unigueness of visoosity solutlons of initial
and bounda,ry value problem 1.1)— (1 2) ’

§ 2 Viscosity. solutions |

We first recall the definition of Vlseosuty solutions of equatlon (1.1).
Definition 2. 1. Let u be an upper-semicontinuous (f)‘esp lower semicontinuous)
~ funetion on Q. u gs swid to be a wscos'z;ty subsolutwn of (1.1) (fresp supersolution) if for
all p € 0**(Q) the followfmg tmequality ho_lds at eaoh local magimum (resp. minimum)
;pomt (wo, to) €EQ of u—¢ '
o @i (@, bo) — F (%v to, u(wo, to), -DQ’(%; to)y D”(p(wo, to))<0 2.1)
(resp. '
‘Pt(“’o; to) = F (o, to, u(wo to), Do @y, ty), D?p(a, to))>0) (2.2)
Then w€OQ) is said to be a msooszty solut'bon of (1 1) if v s @ wscos@ty subsolutrwn
and wpersolutfbon of (1.1). . ’
Remark. Ifis posswble to replace Tocal by global, or local sirict or globwl sérict.
In order to proceed we need to define the superdlﬁ‘erenmal and subdifferential
to a function «. ‘ '
. . Definition2. 2, Lot ube a freasl valued function on Q. The superd@ﬁerentml
Diu(a, t), ds defined as the set

’ . 1 |
Dtu(w, t) = {(p, g, M) ER"XR%S l%s&gm[u(z+z, t+8).
—u(a;, t) —Pez—g-8 -—(l;—! 2, 2 )] <0} o ' (2.3)

The'su‘bdéﬁerential Du(a, 1), 4s deﬁned as the sob
Dy~ (w, ‘t)’ {{(p, q, M) ER"X RXS

lim inf ——J—-I——T[u( o4+, t453)

20 -0 lz[“
—~u(w, t)—-p Z—ges— <%lz, )]>O} - (2.4

The followmg sumlar 0 Lemma 2. 15 of [1] can be proved by an analogous
argument, ' : ‘
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Proposition 2. 3. Let u€ 0(Q). The following areé equivalent.

(i) u ds & viscosity subsolutton (resp. supersolutéon) of (1.1).

(1) ¢—F(a, ¢, ulw, 1), p, M)<O (resp. g—F(z, ¢, u(w, ), p, M)>0) for all
(v, t) €Q and all (p, q, M) ED*u(w', t) (resp. (p, g, M) €EDu (g, t)).

In order to obtain the maximum principle we will try to compare an u. s, o.,
left continuous for ¢, bounded viscosity subsolution » of (1.1) and an 1. s. e.; left:
continuous for ¢, bounded viscosity supersolution v of (1.1). At first let us construoct.
the appropriate regulariza.tioné of w and v. We set for s& (0, 1]

we, = sup {ule, 5 -2 l.m%ylﬂ-{—tl—;;’q)'} @ G'Qa en
-”s<w7 t) = y}'rr)lfet {'U(yr 7) +-}-(|m—y]-2+t—'v) } (m t) EQB (2'6)

where @;=QN {z<¢} and @°'= {(a; ) €Q|d,((a, %), 8,Q) >s}.
Lemma. 2.4 The appropo iate regularizations u', v, satisfy the fouofwmy

. pfropefrtws v
(a), The (g/, 7)'s in (2 5) (2 6) may be a'estmcted by Qm,s(m, t)

where . Qa(m D)= {(gj, w)EQtHa; y|2+t— 'v<8’} for >0 and_
- 6o= [max (2sup|ul, 2sup|o])]¥2,
~ (b) sup v |<sup|u|, sup|ve| <sup|v|.
(o) u® and v, are L@pschwtz cont@nuous 'w'?/th frespeot to @,

(d) wt = (|w|”+t) is convew b w and monotone fmwfreas@ng in t; v, ,———(Icvl”+t)s

és coricave n » wnd monotone deofrews'mg on t
| (e) hm u (w, t) =u(a, t) hm rus(m )= fv(:v, t), V(m, t) EQ

' (f) v® and v, are cont@nfwous fw@th rrespvct to 4.
Proof The properties (a), (b) (o) and (d) can be proved easﬂy

-By. the deﬁn:dslon of regularlzatlon w we have u(w, ) <u’(w, t) < sup u(y,
: (y.v)eeaw"(:v )

'rf), 90 u (:v, ?) <hm1nfu (w, t)<11msupu (w, t) <lim sup. u(y, 'z') lim sup u(a;,nv):

e->0 Qoo 5 (@) W)@, D)
<u(s, t). Property (e) i9 ostablished by these inequalities, -
~ In order to prove property .(f) set f (v, t) =u’(a, t)+a"t and g(w, [ 7) =
u(y, 'v‘)+s v— & | y—w|% then f(=, t)—— sup 9, 9, 'n') We prove that f(a;, R
is a continuous function of ¢, Using contmmty from the left of g we “conclude that
for eaoh fixed (@ t) EQS and for all >0, there emsts (¥, fv.;) EQ,, 7 <1,. guch that
f @, ) <g(a, ys v5) +8. Applymg the monotonicity of funtion f (, t) we obtain
Tim £ (5, %) <f (@ )<f @ %) +3<1m f(s, 7) +3.
Letting 8—>0 we obtain the continuity from the left for f(a, ). In an aﬂalogow ’
manner we conclude that f(&, +) is right continuous,
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The results for v, can.bé proved in an analogous manﬁer ' _

We are now ready to relate the regularizations «° and », with viscosity
‘subsolutlons and supersolu tions, regpectively.

Lemma 2. 5 Assume that F is degenerate pwmbol@c and saits ﬁes the followmg
condition - :
F(x, U P 4) <F(a; 4 v, p, A), V (m, t, U, P, A)EF U (2.7

Then v is a fvfz,soos@ty subsolution of o
() y— F,(, t u?, Du?, D"‘ u) = 0 in Q" L (28

where Fo(a, t, 2, p, A) ’_SMP{FQ% T, % D A) l (o, 7) EQeM/s (o, t)}
Similarly, v, 6s @ viscosity supefrsolut'bon of '

(fvs)t——F (w, t, v, .D/vs, e fvs) 0 in @ (29
where  F°(o 4z, p, A)=int{F(y, , 2 p, 4)| @, v)EQc,«s(w )}
' Pfroof Let :pe 0”'1(Q’) and (w,, £)) €Q° such that (w— go) (o, to) = sup (u —q))
We take pomt (% t;) EQW.,(wo, to) ‘vatisfying S :

o ° (wo, to) = u(wl, t) ——(lmo @] +to—t1)
Define | | | o
(5, 1) =@ (& —a;+0, t-—t1+to)+%—([wg—x1|9+to~t;)EO”i(Q).
‘Then we have S L
| (- .) (5, )< (w~9) (a; m1+wo, t—t+4,)
- < (=) (@0, to) = (u— @)(% t),
80 (@, t1) i9 a local maximum pomt of u~®,, Since w is a viscosity subsolution of
(1. 1), we have . : '
v (D)= F (e, », u, DD, D“a@s)](a,ts)<0 : =
Since F ig nonmoreasmg and (ml, t1) S (wo, to) ) We conclude by the deﬁmtlon of
D, thafs ‘ ' ‘
l‘Pt"F (o5 o, W, Dé”; -D ‘P)](w..to)<0

‘Thls implies that «® i§ a viscosity subsolution of equation (2.8).

The regult for v, can of course be proved in an-analogous manner,.

§8. The Maximuip Pi’inciple and V'Uniqﬁeness»

" We begin our development with an estimation for the size of the geb of - pointg
W1th small derivatives for a semi-convex funotion having an interior maximum,

Lemma 8. 1. Let Q be @ bounded open sot in R" and T 4s o positive constant, Q—

2% (0, T] Assume uw€ 0(Q), Dy € L°° @, u € Li(Q) and |

~ Du>—KI inQ (inthe sense of d@stfr@but@ons), - (3 1)

«wheoe K >0, If (2o, I') €Q isa glcbwl siriot mawimursgoint of U, then there are «
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posits e constant 3 independent of K and a positive function &(8) with 1-31% 8(t) =0 such.

that - . .
mes (4,) >0  for all 3<5, : (3.2)
where S _ ' |
As={(z, 1) €Qs (o, T) | | Du(z, t) | <&(8),
u(y, s)<u(w, t) +Du(x, £) (y—wa) for all (y, s) EQs(m, ¢)}.
Pfroof Let ug take a positive congtant &, such that Qa, (@, T) CQ Deﬁne a new
funotion % in §=0'% 0, T+8,] by : '
o i )ﬂ{u(a;, £), - te, T,
’ u(e, 2T —¢), t€ (T,T+3,].
It ig obvmns that u hag global gtriot maximuin a.t poinb (z, T) € Q. Now set

U (o, 1) =me(rz/, s)%(w-_—_ny, 'tv—ns)‘o_l,yds_, @ned,. - (6.3

where @,=80,% [n, T+8—1n], p is a mollifier in R, . =

Let us suppose that U, takes on itg maximum ab (a, ¢,) €Q,. It follows that
there exists a subsequence of (z,, #,) (denoted also by (w, £,)) such that (=, ¢,)—>
(wo, T'), 90 there exists 7y>0 guch that Qs (@, ¢,) <@ for all n<ne.

In order to complete the proof of thig lemma, We set ‘

5(3) = o [ii T)—' sup 4],
S O 7 0,05@a D) |

60(8) =2 [u(an, T) = gup, @] (@) (10),

| - =By (@) X (=% ).
" Denote upper contact set of v,=1u,— . Qs(upf ! u, on Q" by @F then we have (?ee . [4,
98 @nsln) - .
Ohatpter 1)
| (&0)™<O®) [ Gn)s dot (D) dadt. - 3.4
o mes (Q;‘n\Ag) =0, A (3.5}
On the other hand, by (3.1) and since u, i3 concave down ab every point (=, ¥) €

7 we obtain
| Idet (D) 1<K" in A3.
Combining this inequadity with (3.4), (3.5) we conolude that

- (8,(8)) <0 (n) K" g (@)s dxdt, for all < and all 5<3  (8.6)

. wheré A7 is defined analogously. to 4;, We olaim that for. any seqﬁehoe 7)) 0
o mes [(lim sup AP\ 4,] =0. o 8.7)

Indeed for a. e. (o, H) € lun sup A”‘ we, have

@ t) >, )5 Diin@ ) DA, . °
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We can assume w. 1, 0. g. that (w, ) € AY for all i, By ‘the deﬁmiuon of A¥ we

know
U, (y, s)<un, (2, t)+Dum(w, £) (@/ ) for all (y, S)EQa(w t),
lDum(w, t)|<e(d).

We may also asgume W 1 o. g. that u,,,(m, t)—>u(m 1)) and D, (x, t)>Du(w, t).

Lettmg 4—>co we conclude that (s, e A, Thus our ela,z_m i9 verified.,
By (8. 6) we have for M=1, 2 ereres

(5, (8)]"1< O () K" j MICANLE dt

<O(n)KnJ ;u,;+f Iutl+J|(unm),—utl] | (3.8

Letting m — o0, by (3.7) and gince u,E L1 (Q) we obtam
L6 (9)1"<0 () & j |y | dus, for all 3<8O

Clearly mes (A,,) >O for all ‘o‘<80 and thig completes the proof of this lemma, -
Corolla,ry 3. 2. I f u has o global magimum at pomt (o T)EQ, then 4; is
replaced by : - T
As={(a, 9 €Q, (mo, T) l lDu(w DY <s(8> +20%, u(y, s)
<u(z, ¥) +Du(a, t) (y— w)+8(|y o+ [¢-s]), (g/, $) EQa(a;, t)}

3.9

We have mes (4})>0 also, :
Remark. Ifuhas o global mammum wt pomt (o, to) € Q, to<T then tk@
assertion of the above corollary holds also. - K
The next lemma deals with superdlﬂ'erentzals and subdlﬁ'erentlals o
Lemma 8..8. ILet Q o a bounded. open set in B, Q=Qx (—1, 1).. S’uppose that.
v€O @), Duc L Q) and there exists o pos'z/*@w cornstamf K such that function u=u-+
K (|o|?+t) s comes in o, monotone irioreasing in §. Then there ewists a Sunction
M (@, t) € L*(Q, S”) for a. e. (z, t) €Q
u(wo-i—w to+1) = u(a:o, to) + D (a,, to)ow—l-lut(wo, to)t

+5 (M(a;o, to) ®, w)+o(|a;12+]t]) N (3 10)

Proof This is a famous theorem its proof can be found in [5 Appendlx 2].
We give a proof which is an extension of that in [1]. - ,

By the monotonicity of % in t we conclude that u ig dlﬁerenmable in ¢ at a. e.
(w t) €Q and y, € I* (Q) On the other hand we have '

SR ' D=—2KT1inQ (in the sense of dlstrlbutlons), (3. 11)
50 there is a function M € L*(Q, 8™ and a matrlx Valued measure Ire M (Q, S")
€ [5 Chapter 3]) such that : o »

Du=M~+T (m the gense of dlstrlbumons), - (8.12)
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M>-2KI a.e. (& HEQ, . . (3.13)
" where I' is singular with respech to Lebesgue measure and aecordmg to the Radon-
Nikodyn theorem we see that '

d dt
Let (a:o, to) € Q be a Lebesgue pomt of «; and M a Whmh Du(a:) oxists and
(8.14) holds. We claim that (3.10) holds ab (a‘o, to) W. 1, 0. g Wwe ocan assume
u(@o, to) =0, % (g, to) =0, Du(aoy ta) =0, M (wo, to)=0 and (o, to) =0.
Let u, be as defined in the proof of Lemma 8.1. For any BEcQ leb -

—I3(H) = s-"-'*jm o, )t o, t)dwdty (3.15)

where Q(0, &) ={(a, t)||m|<s, —e?<t<e?}. We have |
= p—n—4¢ i
R xz{[uﬂe, D —une, 01+, [P (o 13 0)

— D, 0, ())]-I-—I do-+, 0, 0)+Du,,(0 O)-w}dmdt

Tt is obvious that Is, I,= o(l) as n——>0 Nomng (O 0) is Lebesgue pomt of U We

obtain

hmsup |11| <8g-? hmsup JQ( - |(u,,)t(m, %) |dwdv

=88‘”‘2 j Iu;(;v, %) |dwdv=0(1) (8-50).

) ’ J @(0128) _
"We change coordinates and integrate by parts o obtain

450

e [ ar [ ] o a0 [Tt s
1,2»—.—8 L d/r wdt |w|—1dw do | za(roe, t)fr e

4 0 (11 ) P 0 e

“r2e 2 I
where Jg(p, o, t) =r J rr"'ixE(frco, ) drrda USmg (3 .14) and the definition of Uy
I} L

Un (PC'), O) dp

we geb . _
3 ...,‘,...4 _ﬂ_ -+l M

lim gup Tr<e [y To(lol, £ t)lal (] ldwdt+dll“|)

=0(1) as &—0. '

So we have 11m I;(B)=o(1) as s—>0
5 On the other hand

@(0,28)

11mI"(E)-s""'4J . xele, Hula, t)d:zvdt. B o | (317) N

and §0 We oonclude that L _ _ _
I(H) %L-( 0.0 1 (2, t)u(z, t)dodt=o0("*), _(3,.18)

S t) ~0 a.e. (o )EQ. (3.14)
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Now let m,= max{0, qup w} and let (s, ) Do a pomt in Q(O s) such that

U (@, 1) =M. ‘Funotion %(w, t) is convex in & and nondeoreasmg in ¢, Let p.€ B" be
a vector such that '

u(w t) >u(w’ s) >u(ms’ s) +P3(£U we) VwGQ =1,
We have for all £=0

w2, tyt) >met (p,—2Km) o K (|o|*+1).
Le’a.H,——-{(ws.—l—w, tsH1) | [wl2+t<min< ) ‘2K> #>0and (ps— 2Kx,)w>0} We _see

that

(2]

: , I.(H) >0 min {fmee“"“’“ +'}
OOmblnmg this mequahty with (3. 18) We conclude that °
' —o(s”)
ulo, ) <o(lal*+¢]). T (19
We now consider §,=min{0, inf d}'. Let B, be the seb =

This proves that

{(w, £ eQ(o 26) ie, < }
An argument similar to a previous one usung mequallty (8.18) shows
. || mes (H,) =o0(e™*?). o

.We now prove by contradlctlon that ls=0(e®). Indeed, if I,%0(e?), then. there is &
Sequence s,-—>0 such ‘that, for some 0050 Z,,,\ - Co8? for all ¢€ Z * Now this 1mphes

' " meg (E'g,) =o(&p*?). ' :
Let (2, &) bo & po:tnt such that u(w, #) =1, and (=, t) € Q0 &,). Smce mes (Es‘) =
o(s"‘“), it follows thab there is a sequence of pomts (yi, S) EQ(O 26,), s‘<t, suohs
‘tha ‘ < '

Z : :

u('yn sw)> y@-milz—,f‘"t;-—&‘l.=0<sf),' -

Applying the monotonicity we have

nx]w

. 1
w(yy t)=uly, s) +K (s+1) ) e, +/0(8 )

From this it follows that there are points z,€ gy, such that
| Du(z, 1) |>(o(e)™ [l a8 G>o0

8,0 ‘

~and | D, t Jl !Du(zn t¢)|~—2K|z;[> lgzl a8 —>00,

| Slnceulsconvexmw”m R R
‘ u(a:, t)>u(z,, t;) +Du(z,, t,) (m z;) for all z€ Q,

: Therefdre : o ‘
e w(w, t) >ul®, t;)+Du (e, 6) (o—2) —!Kla;l’. '
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Du(z; t,)
|Du(zﬁr i)l

- ] _ | oo
u(m;, t;)?lw 4K8g+ (1) (1) = 0(1) .

This contradicts (3.19) and 50 proves

| O uGmpm—oleltH ).
_ This and (8.19) show that (3.10) holds for all Lebesgue points of ; and M a
-which Du exists and (3.14) holds. The set of such points includes a. e. points in @
and so this proves our lemma. | ‘

Taking Ty=2;+ 8 - we find that ('.55, t) €Q(0, 2¢;) and

We are now ready to prove our main theorem. ,

Theorem 3, 4. Lot Q be a bcundad cpen set im B" and T be a posfbtwve constamt Q
=0Qx (0, T]. Let (pE02’1<-QXQX 0, T, set w(a, y, t) =u(w, 1) —vy, ©) for
(z, t), (y, t) € Q® and assums that w— [ achives s mazimum over QyxQ.% [e, T at
@ point (%, Y, T) €EQxQ,X (s, T}, Then, wf (1.8) and (2.7) hold, there ea:@st matrices
;X ¥ € 8" such that

@@, 9, t)—Fo(a, 1, u(a:, t>, »«p(w, 9 t), X) +Fe(y, &y va(y, t),

: —Dﬂ‘(p(% Y t)r “Y)<O’ . (3'20)
2, (X0 ' - . :
Ig,,<<0 v <D%(a, ¥, t) . (8.21)

Pfroof We know from Lemma 2.4 that w*€0 @, Du‘ e (Q“) and w+

- --(I |”+t) is convex in @ and nondeereasmg in £, Acoordmg to Lemma 3.3 there
oxists a funotion M 1€L1 @, 8, My> —_—-é- I such that for a.e. (z,8) €Q° |
v’ (:v+Am,v‘t+At) =d° (=, tl) -l;Du“ (o, 1) s dov+ul (o, .t) o 4t
+-= (Ml(zv, £) dow, 4z) +o (| dw |2+ | 4b}). (3 22)
Furthermore A L" (Q") Slmllarly, there is a funotion M,cL' (Q’, S, Ma>
I such that for a. e. (2, £) €Q°,
-'ve(y+4% H‘At) = — (¥, £) — Duy(y, ) dy— (09):(y, ) 4t
+5 (Mzﬁy, A?/) +o(ldy|*+{4]). (8.28)
From these we conolude that for a. e, (@, ¥, %)

w(w—l—Aw, y -+ 4y, t—l—At) fw(zv, o, t) +D'w(fv, Yy t) < y>+wtdt

L, o y)+o(ldw!”+léyl’+ldtl),
(3.24)
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0
My
By (3.22), (8.23) we now obtain from Proposition 2.3 for a. e. (a, ¢, )
w(@, §) —Fe(, t, v (@, t), Dt (a, £), My (2, ) <0, _ A
()39 ) = F*(y, 1, vs(y, ©); Due(y, 1), — Ma(y, 1)) >0. (3.25)
Using Lemma 8.1 for function w—g we can then choose a pogitive constant ¢
‘such that mes (83)>0 for all 5<8y where the sot 8, is defined by '
So={(2, y, ) €QZ, 9, 1) | | D(w=g) | <s(d) +20%
(w— @) (o+ 4w, y-+ 4y, A< (w—o) (2, y, t) -

M
~Where M=< 01 >>-—%Izn for a. e. (, y, #).

+ D(fw—gv) <AZ> +8([A:v|2‘+'| Ay[”-i— lAt[) %foz" At<'0;' .

and (3.24), (8. 25) hold at (z, v, t)}

Take a sequence 3,<d, dy—>0 (h->c0). Let = (an, Yn t) be a point in ;5’537

and set :
Xk=M1<wky Yry ik)y" ~Y-k.=M2(0?ki Yo )
By the deﬁnltlon of S, we obtain :
| Dw—p) () [<e Gy +20% | (8.26)

(w—@)+(2) >y, : . (8.27)
X, 0 | |
-2 I2n\< g ><257a,+172¢ (1), , (3.28),
8 Y,

[wi—Fs (e, o, u, D, Xk)j(a:mtp)_<0’ | . _ '

 [@)e=Fo(e, », v Dvy —Y )l igrin=0. (3. 29),
By (8.28) we conclude that {X;} and {¥;} are bounded sequences of matrix;;
therefore (extracting subsequence if necessary) X and ¥ converge respectlvely fo
. matrices X and Y. Olearly '
| —%—Im<<f §><D <p(w 9, t)
Finally, combining (3.26), (3 27) and (8. 29) and lefting 4—>oc0 ‘we obtaim
mequahty (8.20). This proves our theorem.

- Remark, I is possible to replace the domain Q= Qx (0 T] bg

Q={(m, t) Iwe‘gtr tE (Oy" T]}~
Next we will describe and prove our'compa,rison and uniqueness results, More

.premsely, we want t0 compare visoogity subgolution and viscosity supersolutlon paar
(w, v) with propertles 1nd10ated above, We will denote

M= sup (u—0)*(a, ?)

and the assertlon we Wanf; to prove is

ey ) — o, §) <M for all (o, 1) €Q. e 48.80)
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- .

We will use the: following assumptlons :
~ VR<oo, V> =00, F(s, t, u, p, A)<F (s, ¢, v, p, A) —yp(u— 'v) (8.81)
for all (o, £) €Q, RB>u=>v>—R, pE R, AcS
| F (@, %, 4, P A)=F(y, 5 v p, A)I<wze(lw yl (1+lp|))+co(|t sk
P (3.32)
if (a, 1), (y, s)EQ, [.ul<R,p€R“, A€, for all R<co; or I
|F (o, 4, u, p, A)~F(y, 5, v, p, )| <oz(lo—y|+|t—3]¥3), . (3.38)
if (z, 1), (y, ) €Q, |u|<R, |p|<R, ACS, for all R<os, where wr(c)—0, (o)
—>0aso—>0 and @ is indépendent of 4. A : ‘
Remark. By taking a ehange of dependent vamable u-—>e"”u we can agsume’
that (8.81) holds for some ’)’R>O '
 Theorem 3. 5. Assume (1.3) and (3.81). If, in addition, (3. 02) holds or of
{(3.83) holds and u or v is bocally Lipschitz with. respaot to X in Q, then . '
(u—v)? (2, D<M, inQ.
Proof We can agsume w. 1. o, g. that. ?’R>0 and we will prove assertlon \
(8.80). _ ’
. This will be a proof by contradioction, Assume the theorem is false, then
Sun (w—0v)*t> sup (u—ov)*=M. : (3.35)

'Smoe u—wig upper~sezmcontmuous it follows thab u— v aohlves ity maximum over
* § at a point (wg, ) €Q. w. 1. o. g. we can assume that (u—0) (w0, £) <(u—2) (@, to)
for all (o, t) €QN {O<t<t‘o} and to—-T‘ '

We choose ¢ = cp(a; y, b)= @6(50 Y, t) "o‘l I.w—y|2+8(’l’~t) and assumé ‘tha
w—@ aehlves its maximum at a point (@, ¥, ) = (@e,8, Yo, ti,0) With (2, %), (y, 5).6
Q°—Q. Letting & go t0 zero, we see (exiracting subsequences if necegsary) that
(@, 3, T) converges t0 a peint (zs, ys, ) With (s &), (¥s 1) EQ By the inequalby

(w—9) (@, 9, )< (w—9) @ 9, ) forall (s, t) (v t) € (8.36)
we obtain from the upper-gemicontinuity of u, <o . ‘ -
u(a, t) v(y, ) —o (@, y, £) <ulay, t) —v(ys, )~ ‘P(%, Ysy ta)

o fopall (s 9), (v, ) €Q: S @)
Prom this and the deﬁnition of @ we deduce easily o
1]“’6*?/,s|2<u(-’va1 &) — ’v((l/a, &) + (v—w) (w T, Ve, . (8.38)

So ]wa——yal —O(‘o‘) Oonsequently (extracting . subsequenoes if neoeSSary) we may
agsume that (@, ya, {;) converges to a pomt (%o, @ a;o, to) with (g, 7o) €Q. Clearly
point (@, Zo) i9a mammum pomt of u—w over Q, so (a;o, %) €EQ and to="T. In
conclugion, we deduce that, for s and 3 gmall enough w—g admits a maximum poing.
edenoted by (a:, 9, 1) which satisfies (s, 7), (¥, D) EQ e

! “We may now apply: Theorem 3.4 and deduoe 'the exlsbenoe of X and YGS"

)
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guch that

¢#(5; 5‘/—) 5)—F3(E: E’ us(5y Z)r Dw@-(-’z'; ?;: E)) X) E
+Fs<?;7 ‘5) ’08(5) Z)’ _'qup(iy g" Z); "'Y><O, ., ' (3.39)}
X 0\ . - 1 I —I> . .
<D%p(z, 3, §) =~ . 3.403
(0 Y>\ P@ 9 1) 8<-.I- I - (340

Notice that (3.40) implies in p’arti@ular that X 4 ¥ <0: indeed, in this case any poing
of the form *(§, £) for € R" ig in kernel of D%, so that by (3.40) (XE, 8+

¢, €)<<0, which proves thus our claim. Therefore, we. deduce from (1:3), (8. 31) :

and (3.32) that for some 7>0 " :
Y (z, 1) ~vs(g, 1)) <ws(200 «/s)+ ]gvt(w 9, £)| R
o .. - +o [ @0 s +|a~g[)(L+|DO)],  (3.41)
whore @,(0); w(a)—0 as 0—>0. o | 3
Since u (v) is upper—semicontinuouy '(lower—semlcontmuous), we have wu(w;, ¢;)
<u(zo,T) +0(1) and u(ys, &) >0 (%, T) +o0(1), and conclude easuly from (3 38) that
Ia'a—y,sl”—-o(b‘) From (3.36) and (8.41), wé get '

V(U= 05) * (7o, T)<wa(200~/8)+8+w[(200~/—+|w yl)(l—l— NE yl)]
Lettlng 8 go to zero we find thaﬁ ‘ o |

V{uw—o)? (a:o, T)<8+co<lma—ya]+———|w5—-ya|2>

ThlS clea,rly contradiots (3. 35) if 8 ig:sufficiently gmall;.
As it ig standard in the theory of Vlsoos:dsy solutions, 1f uory is Llpschltz, one
" ean replace in the proof of (3.32) by the weaker oondlmon (3 33) observmg thate
DPs(z—y, t) 13 bounded mdependently of & and 3, T
We next give angiher. example.of a,pphoatlon of Theorém 3.4 above; we will
explain briefly how Theorem 3. 4 yields the umqueness for parabohc type Isaaos~
" Bellman equa.tlons, 1. e. we take

Fwt, 2, p, A) = mf gup {Tl‘f%.e(w; t)e Twaﬁ(w, t) A] +(baa<w t>, p)

+o“(a: t)s'+fa,g(w, t)}, o o (3 42)
where 4, B are two glven sets, Gag 18 (for all (5, ©) €Q, aE A ,BEB) an element of’
§mm gnd gmm w111 denote the spaoe of mXm real matrlces ww, b,,,g, Casy f,,;, are:
" bounded uwniformly oontmuous on Q umformly in ae A ,86 B Here we oonsuder the
following parabohc Isaa.cs—Bellman equation v '

u,—«F(a: t, u, Du, D%) 0 1nQ © . (8.43)

We will use the followmg oond_ltlons

Fep>> — 60, Cas (a, t)< co for all o€ 4, BEB T (3.44)

:fora,ll (a;, t)EQ, e - S
-n%ﬁ(‘v; t) m(.e/, t) <0Iw yl" V(w, £), <y, t)eQ T (3.46)
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Vo€ A, BE B, for some 00, H€ (0, 1];
: bt ) =baalt, 0| <Ola=y| Y@ ), 1 HEQG - (B46)
_ Ya€ 4, BE B, for some U0, :
Remark. By taking a change of dependent fvwrwble u—>¢", we ocan assume
that (3.44) holds for some 0> 0. ‘ '
Theorem 3. 6. Assume that F is given by (8. 42) cmcl that (8.44) holds. If, in
addition, (3.48) and (8.46) hold with 0=1 or ¢f w or v 4s locally L@psch@tz in Q and
(8.45) holds with 6>>1/2, then
, (u=—v)*(@, t) <ot ‘M, inQ. .
Sketch of proof We can assume w. 1. o. g. that ¢,>>0. The main idea of the proof ig

]

the following congequence of (8.40). Ohoose ¢ (z, .y,,t) _=—2];6- lay—y [2+8(T —1) s0 tha."s.
‘2'—"—;1' I -I
: D(p(w,y,t) 8<'—'I . I ’
and then observing that if @1, @y € S™™ the matrix |
| (e
az-%l A wg‘*Twz
is nonnegative, we may multrply (3 40) by this matrix and take the trace. In this
way, we obtain : :

" Tr (@y+Tae X)) +TT (G2 %05+ Y) <--Tr[(a1—a,2) (Twl—ws)] (8.47)

'J.‘hen, the rest of the proof is quite similar to the proof of Theorem 3.5 with the
same notations, one obtains, using (8.44), (3.45), (3.46) and (3.47),

Go(u )* (%o, T)<5+-— lwe-yal”+w(~/—)

hors o
w(R)—_sup sup {10ua(®, ) —0us(y, t)l+lfaa(w, t) fa,e(?/; DI}

B -
‘We deduce easily our assertion since [a;a—ya[ =0(9).

The case when  or v ig Llpschltz i a standard ada,ptatlon
) It is obwous that continuous VlSOOS.Lﬁy golutions of problem (1. 1) -(1.2) or
'(3 43) (1 2) are umque by Theorem 3. 5 and Theorem 3.6 under the a,ssumptlons
'on F in 'I‘heorem 3. 5 or Theorem 3.6 respectlvely ‘
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