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EXTRAPOLATION OF BILINEAR FINITE
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For the less smooth solution caused by the reentrant domain it is shown that one step
. of extrapolation increases the order of bilinear finite element solution from 2 to 3 when
the rectangular mesh-satisfies eertain local refinement condition.

§L Introduction

.

“Extrapolaﬁon techniques for finite element method” ig a new topic developed

in recent years. At the beginning it -was tested with two point boundary value

problem and shown that the order of linear finite element solution on an a.rbltrary
mesh dan be increaged from 2 to 4 by one step of extrapolation, Subsequently, a

finite element proof for the extrapolation was given for Pmsson equation defined on

a triangular domain, Then, an extrapolation teohnlque wag ‘given for Poisson
equation defined on the quadralateral domain. Afier 1983, Chinese and German
»groﬁps were ablé to establish a systematio theory for extrapolation techniquey of
finite element method to elliptic problem defined on the polygonal domain and the
curved domain. See Rannacher’s survey for details. All of thege works, except for
thé one dimenstonal case, ‘are limited on the triangular elements and require that
the triangulation satisfies the uniform condition or piecewise uniform condition

even in the sense of certain transformed variant. These geometrical restriotions are A

contrary to the local refinement mesh used widely for the reentrant domain.
Ig it possible to aveid thege uniform conditiongy This question did not have a
positive answer since we had fallen into-the restriotion of triangular elements. We
found only recently thab"ﬁhe ‘extrapolation fechniqué.can work with certain non-
" uniform partition when the finite element golution is defined on the quadralateral
mesh instead of defining on a friangular mesh, We will prove in this paper that one
step of extrapolatlon 1noreases the order of blhnear ﬁnlte element solumon from 2. o
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3 when the rectangular mesh gatisfies certain local refinément condition,

§2 Expansion fori-Integralb, of - Interpolation

In order to discuss the expansion for finite element solution we need the
expansion for integral of interpolation. Suppose that © is the union of geveral
rectangles and each edge of Q parallels to the coordinate axig, Oonsuder ’ohe bilinear
‘form '

a(u, @)=f (Oa (@0, -+ asady) +0,u a0+ asdy0) o 2.1)

where the functions a;; are approprlately smooth, We will use the followmg notations;
Li=a,,0,+ @120y,
L = 03105+ a940,,
L= (0utt11) s+ (05019) 9,
L= (0ya91) 05+ (Oy122) 0y
and, for DcQ, ~

ap(u, v) = f (OuLiv +ouLilv) de dy.

Let " be a reotangular partition, eGT" an arbitrary rectangular element
with a center (, ye) and the length of 2h,/and 2k, along & and. y direction
respectively, d,=max (he, loe) h= ma,x(de) and S H} the bilinear finite element
space over T%, - A

For u€0(Q) N H}, let 'u’ €8" be the bilinear interpolant of wu. We' Want 10
expand the integrals , ' , o

' ‘ a(W'—u v), YoESY . ' (2.2)
a,(u'—u, v), VoES, ' - (2.8)
- In order o expand u! we introduoce the functions ' '

E(@)=(R— (@—2)% /2 Vaoc [o:e k., we+ke],
F(y)=(F— y~92/2, YYE [Ye—hu vo+hl;
A(@) = (E(2))*/6; B(y)=(F(y))?/6.
It is eagy to check '
B, F, 4, B, A, B co@),
E, A, A'EO ([@o—hey @o+he)), Vo€ T,
F, B, B’EOI([@/a ke g/,—l—lae]), VsET"
By the standard argument we can prove o
Lemma 1, If uEO“’(e), then

_ u' (@, y) - u(w, y) = B (2)d%u(w, y)+F(z/)9 u (@, z/)+Ru
If u€ H (o), thsn '
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u' (@, y)— u(w, y) = B(x)oju(a, y)+F () du(w, y)+2A’(w)33u(w, v)
+ZB'(3/>8 w(a, y) + Ry,

where .
’ "Rl"S)oo;¢<0d63—s-"u"3toove) S=07 1 (2'4)

| Rall1,0,e<6d3 [ ] 4, .6- _ (2.5)
In order to expand the integrals (2.2) and (2 3) we need to egtimate each term
appeared in the expangions in Lemma 1, ,
Lemma 8, For v€8" and an auwiliary funatm WE want fws have
(1) If u€0%(@) then
|a (B, v)l<0h"’llullsm(llw W|I1.1+h||Wllz.1),
(i) Ifu€ H4(e) then : _
, I“e(Rz.v v) | <cd} ||u||4,.2.e"’”||1.'2,e.
~Proof By (2.4), ' ‘
' la(Ry,v) | <|a(By, v-W)|+|a(Ry, W)I
: | <0h”llullsm||'v W12+ I“(Rb
Integratmg by parts we obtain '

J’ 6, RIIW = J R;L§W(m-n§ds— j R0, LW,

|a(BRy, W) |<0||R||0,»(||W||2»1+ llWHl,ma)
- <eh®|ufse|Wa
and (i) follows. The.conclusion (ii) follows from (2.5).
Lemma 8. For ¢ € H(e) and vES* we have -

| @ (4" (@), v) I<cd3"¢ul.2,c"”"La.ao

Proof Since
’ ' 4 (ot he) = A(w,ih.,) 0,
we have, by integral by parts, -

J o @z JA’(w)¢6¢L%v

- j A (@)8,(cb, Liv)

' =0(d;§)nqsul,z.euvllz,z.«
Note that

' | 12:0,0]l0,2,e<d:*[ V] 1,200 YOES"
- Weobtain ' : . o
| [, 2u @) to=0at sl
On the other hand ‘ :
- Jawea- j L@oplio
=0@) Il elols.me
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Lemma 3 follows. . _ S
Lemma 4. For v€8" and W € W** we have

a(B(0)8% o)=L 52 [ (oo, Liv—0,0%Tiv) +r,
e 3 4

| | 11 <oh®uls,es (o =W J1,2+ 5[ W |,1).
Proof Since ) S R

. B@h)=0, B@)=1h-4"(a),
we have, by integral by parts,
j 00 (B (2)8%) Liv = — f B (2) 028, Liv"
[} Je

— — 54 | oIt |, 4" @) ouTv
and ‘ C
[, 4" e, | <ttlul walolons
llq)llz.z,e\ lo— W’Hz,l o+ W a,10
o - sody 1-“_’0 W’”l.lge'*‘ |[»W"2-,1.ef .

On the other hand
| J 6,,(E(a:)3§u)1'4 -—J- E(a:)a 6;,uL

3.
Integrating by parts we have, for the second term

j A" () 8,2%uLo— f A”(w)@6§uLéW+0(h2)llu||3mHv Wﬂ1,1

‘ —-—-k2 J' ) 'zuL IA" (w)a,,awuL%v.

= ~J A’(w)a 23uL} W+0(h2) Ilulls,oo(ﬂv ~Wls, 1+h||W||z,1),
~ [ a'@opmLim, - |
o j o (w)‘a;uay LW — j o A/ @ BULEW (ney) ds.

Lemma 4 fol_lpw_s
Lemma 5. Foruc H“(e) and v € S"' we have

.7l ((@)02u, v) = — 5 ke h2 I (82u6 Liv— 3,,3wuL§fv) +0 (d3) Ilull4, 2e vaﬂ 1,200,
Proof Similar fo Lemma 4 wo need only the followi_ng estimadtes,
j A" (w)@f,u@ Iiv ——f 4(0)02(3uBuiv)

_-0<d4) "u"4 209"10"2,2,9 o
: ’=O(dg)‘"u“«i;z.eﬂ'0“1,2,3, |
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L A" (m)a,,agumv - -J 4 (@) (02T + 8,000, Tiw)
- —I A’ (0)0,03uLbv-+ oA (5)24 (8,00, Lv)

' “O(ds) e "4»2»e||’l’“1,2.e+0(d4) ||u||4.2.ell”“2»2.s
. =0(d@)1u] e ol v]1 1.6
The above lemmasg lead to the main regult of thig section,
Theorem 1. For v€8" and WE W we hwve
(1) IquOS(.Q) then
aG(ul—w, v) .

--3ln f (Od. Lo~ 0, 2uTie) + 3 L z%j (0:85uLio— o, Liv)

+O0(?) |ull g, (o~ W"1.1+k”W”2,1)
() If u€ H*(e), #hen
@, (W —u, v)

= -1 | (duo.liv—a,22uL}o) + i L (3¢_8§uL v 220 sz)
+0(d3) ] 42 el 9] 1,200

§3. ExfrapOlation for Smooth Solution |

We assume in thig seotion that is a rectangular domam Cansuier the
boundary value problem find u€ H such that _ :
a(u, ¢) (.f’ ﬁé)r V¢€H1°. . A ' (31)
For simplicity we agsume ' '
wm—-wm, i. e. a(u, rv) a(fv, u)
The rectangular partlon ig further assumed fo satisfy the following GOndltlons
Al, There exists some constant y=>1 guch that-
' he<<¢h?, ke=ch", Ye&T™
" A2, For any two abjacent elements ¢ and e, ,
C1he < hy << Cohe, C1F,<Eky<<Cok,.
We need the Green funotion G, € W§?(p<2), for 2€Q,
“(Gz: $) = (2) V¢E Oo 0
' Let G"’ be the finite element projection of G,
| (@ v) =0(z) . Yoe S
Smce G ig smgular ab pomt % we need also the regulanzed Green funotion o For
ze Q there exists ¢ € T guch tha,t zE . One can congtruct a regularized & funo’mon
8€ 05 (e) such that o
| .f . Somole) Voeh, -
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18lw<ep7*?, =0, 1, 2, -,
diam (supps)_ <20,
with pe=min (h, k). We define g, as follows, g, Hj satisfies
(g0 $) =g $), Vo€ Hi.
Then G is also the finite element projection of ,g,. One can prove (e. £. [3])
|62~ G la+ 62— 9z||1»1+h”9z”2,1<0hllnhl
Let u*€ 8* boe the finite element pro;eotlon of u. Taking v=G7 and W=g,in Theorem

1 We obtain
(u —u") (@) = a(u’ u?, G‘") a(u! —% G"')

--SLH f (O2ud LA — 0, 2%uTAGY)
+§§kg f (0u02uLiG — 020, LAG)

~ 0G| mA)). | G
Note”ohat ' '

0,136 = L’G"—%—amaﬁy | (3.3)

In order o egtimats a,ayG” we need : '
Lemma 8. For We H and vE S we have

| ] j Wadp= -3 hzj 2,0,

Proof Set Q= UQ. If ec&; then ho=c and 6,/06 H? (.Q;) Integraﬁmg by parts

we have

S 2 f Wop=H f ) Wa;,a,,@g—;'- % f,,, a,Wa,v.
. : el A 8

Lemma 6 follows.
(3.2), (3.3) and Lemma 6 lead to

(W u”) OEES R hzj (@i~ 2,00 TAG") +2 k‘«’j (0u2uLAGE — DuLAGY)

+3+n f 0 (amagu)a R R j 00 ()0,
+0(h"llnhl>lluﬂsm, S | N C X))
or, by using the abbrevmtlon D, : '
(=) @) =Fh | Dsupauzsz DG -+0 (| 1nh)).

We now lelde each element in I™ into four equal rectangular elements and
form a mew partion T™2, Let "2 be the correSpondlng bilinear finite element
projections of w and G, respeotlvely Note that e ET"/z, ecT™ and ¢ c:e imply

he»-—-—- ha and that

’(z) =u'/?(2) = u(?«')
for 2 belng the nodal points of T” We have
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GUBIOES ) hﬂj DD+ +0 (¥ In )

=_2 py h?f bauDG;:+--.-F0(h“llth3

=?2hfj DuDG + - +0(k* | 1nk)),

and hence, _ '
| |4(u—2) (&) = (u—u?) (2) |

<O |G ~ G2 | 1,1 uls, -+ O (A | Inh[) ull3m

<ch®|1nh] Ju fs,
which leads to

Theorem 2. Assumé that u€ O (@) and T" satisfies condition A1 and A2. Then,
fo'r 2 betng the nedal points of T™, _ :
| (4?2 — ) (z) /3—u(2) | <ch3llnh|

§ 4. Extrapolatlon for Less Smooth Solutlon

We digouss in this gection the polygonal domam with reetreent conners which
cause certain smgularltles for the solution. In order to counteract the singularity
and achieve the high acouracy estimate from extrapolatmn we will a.dopt certain
local refinement partition,

.Oonsider for simplicity the model’ problem .

—~du=fin Q, u—-OonaQ ‘ : _ (4 1)
with the domakn .Q consnstmg of geveral rec’aanges (for example an L-shap domain),
We assume that each edge of Q is parallel to the coodinate axig. .

In order to desoribe the smoothness of the solution we need some notations. Let,
{V ;}7-4 be the conners of Q, g; the cooreSpondmg 1nter10r angles and B;=w/a;. For
o= (w1, a:z) €2 define the function ’ '

I (’U) ER le
I'" (@) "=H(I' (@))%, = (’75'1; Ty % Tm))

and tihe weight function space

Ht= {(‘b/,v.»r—kﬂalamqse 12 VI“I <k}
with §he norm

I¢ mk.v"" (Z e =ong]i) e,
By [11, 'for v>k~1~8 and k=2 if f E H’“'” ‘then there existy uGH"‘ sabigfying:
i (4. 1) and

u ke, »<0 ﬂlf lle-2,+- , . | (4.2)

We now come 4o desoribe the rectangular partition T" Denote - o
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d =max{d,, e € T", V;E e},

{e crm/ mm ri(w) <d;},
Th\u ™,
Qo= 0= o, ri=minr*(z).
eG’I'" eGT} . 2Ee

Besides the @Ondltlons Al and A2 in seotlon 4, T" satigfies the following
conditions, '} ‘
A3. d,<orlh Ve€Tw o
A4. For any two adjacent elements g, ¢’ € T?%, we have
L he—he | <ch®ri®-3,
”"' ke'l <c/z2 20-1
AbB. d;<oh1/(1""4>
where o= (03, Ty, **+, G,) i called the rehnement index. ‘
Let us explain above conditions by an example, Suppose » | ‘ ‘ f
‘ Q= {(@y, w5) [ — 1<a;1<1 0<a,<1},
Qo= { (w3, @3)/0 <a:1<1 - 1<m2<1}

R and Q Ql U&s. For ¢=>1 we congtruct

- T'= {[S;, 8] X [SJ, Sial}y

‘where
f_ 2n—9¢
2n o .
h_€%.<£ﬁ%§;i)q, <3< 2n,

1 ( —2n ) ) 2m<i<3n,

, 0<i<n,

- Si=1.

. S ~L@;f”, Sn<i<dn.

Set Vo= (0 0), dl=1—1/q, o“,-==0(j>0). Then T™ satisfies conditions A1-AB for
o= (O"lr Oy, **, o'm) ' )
One can prove (e. f. [3]) the aumhary Green funetlons g. and’ G" satlsfy
| gelua+ 1G22, 5O | Ink | ¥/,
To derive our main result we need some lemmas.
Lemma 7. For v€8" and W € H},_, we have
3 1 [ Wontdo=— S0 [ 207 +0G) 1 W |sss0-al V.
. eeTd - ' eerh
- Proof Consider the interior element ¢E€T4. Leét Sy and 8} be the edge« of e
parallel 130 @y axes. By 1n’aegra1 by parts,
> hﬁj Waa,awy.. -=n J 0oV + 3 I ( f J Wouvds. (4.9
81 . )

aeT N eeT eeT
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For two elements ¢ and ¢’ with the common side $1, O, v i8S cONbinUOUS in ¢ J &', hy=rhy

and : _
0,0 {2) =0V s € 5,00,

“Hence; all the line integrals in (4.3) over the interior. of .Qo are canceled and the

boundary integralg remain,

Eh‘“’q J)Wa,,,@ds—“’:z hﬁf Wounds, &= +1.

eeTh s;cauo\aa

For s; 800\6(2 there. exist elements. e €Ty and eQET’” such that 31“32=31 and

_ henee by Ab, '

L R e

Congider S :

| T {GET /‘ve“men i?/e ?/e:l<hsx}y
D)

’ €ETy,
For any ¢CT,, we have hy=h,=h, and D is a rectange Wlth one edge of length of P,
‘and another edge of length of : ' » ‘
b=gup{|wg—ab|; 2, & ED}>ch
and v
| a’,,fo eﬂi (D)‘.

Note that S

_ ’f.‘e>CZj \4 eETe,CIT%.
A trace theorem leads 10 ' AT

[ Waas ‘ | <6ba [ Wouo] +an, [ 1vorau)|

<chs [ |Wouol+ant, [ [VW||2u] +ond, [, Ivel
<ch§j3",ff 7372 | W Qv | + R399 ! fr"‘ilVWl I |-

. '+ohs,h3_'36jj ,r.,a,-a[W, Ivz,ul

<Ch3, il W llo,30-2, 0] v]|1,2,0+€AET 12 Al 1&30--—1.D“.’p 1,20
+ehianhiT 3 | W llo,30-2.0] 2] 2,9,0 .- !
<0h§1 84 "l W “, 1, 30‘—19D" v ”10291)} .

where we have used the inverge estimate gince h,=Fq,, Hence
» ki, j Wam'v dsl <07b3 me 1.30-1”’0"1.2-
Sgcgﬂu\gg ) .
Lemma 8. For ¢ € Hi and WE H L, we have

= j waw,ga]<oh2mW,m@,s,,auqbluo,;_,+m|¢ul,a>;

: eET

Proof Fore€ To,_ Sz, Sz being the edges of ¢ parallel to w,, by ihtegral by part,
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S hzf Woep=— 3 h"'f oW+ S h2<J f )W(;Scls 4.4

GET GET GET

Since, for ec T},
he

@

<eh?rio j Kaaity

<oh? [ | VW || <AHIW hs.soll $llo, v

we have

33 52, | < UW s 1o

. eeT
‘We now congider the lagt term in (4.4).|Let ¢ and ¢ be the two elements with .
common gide s,. After a re-arrangement of summation we obtain

> hz(j J)Wq&ds — B2 jw¢ds|+ 72

s,caao\aa
Similar to Lemma, 7 We can prove .

il W¢dsl<ch2mWml,saququo.-,+hu¢ul.a>

" 8:598,\00
By a trace theorem and conditions A4 and A8,

| @i=i) [ woas| <ontmz-nl [ Wl oln-nt [ V(W)

j ngdsl.
(4.5)

<olho=hel [, W] +olm=21 [, |V (W9)]
S Raadii] +eh2ja~2°|vwl 91

o [ rio-2 || Vg

<°h |“W III 1,80,6 [l ¢Ill o.-c,e+h||¢"1,2.e)
Lemma 8 f0110Wl

We now consider the estimate near the conners.
Lemma 9. For u€ H3,_5 and v € 8™ we have .
. |0, (u ~u, v) | <eh®||ulls,so-slv]s.s.
Proof For an appropriate p<2 and g=2p/(2—p) we have
ot —wlla,0, . <Ot — 1,0, 0,<d* |t} 1,4,0,
where d=diam Q,. Let D be the union of seme squares near v; such that
| Q= D=Q, ‘diam (D) <2i.

Then d;<d<<ed;. By an embedding theorem

"ulll,q,ﬂj< "u"].;q’D<c"u"2599D+cd 1"“"1.]’»1) -

Thus v : .

' 'u”'I‘“"1’2’91<‘3‘z1"2’qﬂ%||1,q,n<cdi'2/ql[u"z,p.n'*“’d'”/ Yul1 9o
<0d*~2/%|| ull 3,555, pH¥P 243737 +b‘d'”’qmu|ﬂ1.sa s,nd“‘”""“‘a”’

<ed® 3 || ull 3,305, 0<0h® [l u [l 2,30-2.0



No.2 - Lin, @. § Xie, B. F. EXTRAPOLATION OF FINITE ELEMENT SOLUSTON 189

and hence

Ida W' —w, o) | <c|u — “”1,2.m”’0||1.2,9,<053 Nl 2.80-2]l2 1,20
Lemma 10. For We H: and a>1 -8B, we have
(1) W =W |1, a<ch | AW ||,
(@) [l go— G2 llo, - <0h | Ink| 2.
Proof (i) For interior element ¢ 77, by A3,
| IW = WX1,0,0<0de| VAW g,2,0<Chr¢ [ VAW | o,,e<ch|r V|,
Similar to Lemma 9 we can prove
, W —wi,, a.g,<ch Wl 20e.
Thus, _
W =W wa<ehr | Wl a0 <ohl| AW | 6,0,
In order to prove (ii) we need ;the dual argument, For ¢ I?, ¢ € HY, by
o>1— 4, there exists W & H2( H} such that : ’ B

| — AW v,
Thus . o S , :l
Jro=ae=[v(a-ayvw=[ via-ayvaw-wm
"<||g,,—G,if!|1,aHW—W’II1,2<chllnhli/zllldWmo,__w
<ch|Inh || p]y,2
and hence

(g =G lo.a<<eh | 1nh | ¥/2, | '
We now come to discuss. the error expansmn of finite element solutlon Takmg'
v= G"" in Theorem 1 and usmg Lemma 9 we have

(W =) ()
=g (U —u, Q) : ~
= E “e (u' —u, Gh) +0(ha) lllulllz 30‘—2"Ghn112

-~ h"’J (CPuLiGh ~ 2L uLiG) + >3 1 kﬂj (LUl — LR

GET ‘ 9ET0
+3 L [ Oen (033020 D0 G ) -kzj O (010, 20) 20, G
eerl ‘eerh ¢

+O (% |Ink [*/2) (lllullla.sa-a+||lu III 4,30) +0(1) 3} TP [ PP

GETO
For e € T%, dy<<chre,

d3"u"4,2.e<(’h3'r c"u"492’9<0‘h mu{”&&r.
- Bince ay3=ag=1 and @;a=ay =0 in (4 1), we have

(u —u") (2) .
=3 (5], otbuon@+3 | aa,az.uam.ah)waﬁthli/ﬂ\luumm,
eeT
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Using Lemma 8 and Lemma, 10 we obtam |

(u—u) () . I T L Rt S N
=2 < hzj BuD2UDenge+ kzj awzag, w,gz>+0(h3llnh|1/2) mum 130 R
eET’O"
where SRR A

| B <¢P?[lullas (Il 9o~ & Hlo,-u+hll G2 gil1,5) < b | T | 2 |l 0.
Similar 10 ‘Section 3 we have a new partition T%2. Lt T”/” be the -set of the
elements refined from 7% Then 72  satisfies oondmons A1—A5 Choogse approprlately
8 such that g- is also the regularlzed Green funetlon correSpondmg to T2, Thus, we
have a gimilar expansion as (4.6) for T™? and henece, for the nodal points # of. T’”
e HEEE )~ () 0| <o ] el s

Yhioh leads to '

Theorem 8. Suppose that ‘
ue 1L, osi-g
and the pwa‘t%t’bon ™ sat@s ﬁes cond@tzons Al—Ab’ Then, for 2 befmg the nodal po’l;nts of T"

(4%"’2 ")(Z) u(f”«)l Gh?’llnhli’”"'

Wer g "-“2‘?‘._1 o o
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