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Abstraet
Let M be a compact Hermiian manifold,;dimoM_ =m, Q be the eurvature form of the
Hermitian connection, F is a U(m)~invariant polynomial of degree k<m defined on the
Lie algebra u(m), F(Q) is a characteristic form of M defined by F. Let o be arbitrary
closed (2m—2k)~form M. Iu this paper, the author gives the integral formula,

f ;F D Ao =2 j {The coefficient of #* of the Taylor expé,nsjoﬁ '
7 Jw, . ‘ A
of the expression %}A o,
.' E(QL+ A1)
where N; are the connected components of the. singular set N of (m~k41) involutive
holomorphie vector fields {v% Viy1, v+ 0.}, defined on M, dim N;=2m -2+,

§1. }fhtrodﬂcti’on |

Let M be a compaoct Hermitian mdnifold, dimg M =m, the ?Hermitian metric
be H. There existy uniqué ponnection V. assoqi.aftéd' to H, the corresponding conne-
otion form iy w=0H-H-1 i} ig a form of (1, 0)~type: the corresponding curvature
form is Q=dw—o No=0w, it ig a form of (1, .1)-type. The structure group of the
“tangent bundje T'(M) of M is complex linear group GI, (m, 0), the ‘corresponding

Lie algebra gl(m, 0) is the algebra of complex (mx;m},)“—-ma.trices: Let F be the
GL(m, O) -_-inyari;iﬁt complex valued polynomial of d’_eé:reé k defined on gl(m, 0),
F () be global aloged 2h—form of M, called the characterigtio form of the"t'angent
bl,iﬁ_dle T (M) defined by F. The purpOSé’ :of__ thig p@pér i8 to calcﬁlaﬁ_e._ the integral |
o [F@pe,

where o ig any arbitrary closed (2m—2F)—form of M, - | | :

i When dog F'=m, this problem. was solved by:R. Bott™, bus his- method wag
failed to the cage deg ¥ <m. In thig pdpéi‘," we hope to generalize Bott's reguly to
the case degF<m, ard give an integral formula, - .
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§2. Complex Vector Fields on the
Hermitian Manifold o _

@Given (m—k+1) complex vector fields {uy, s, ***, %m} On the Hermitian

manifold M. Let S be the set of the singular points of {ugs1, *** Um}b: .
8={z€ M: the vectors uy.1(z), ++-, un(x) are linearly dependent},
8 be the support of the dual cyocle D0y, of the Chern olags Ok+1 on M ([2, p.
411-413]). |
dimS=>dim Oppy=2(m—Fk—1).
Weagsume that the veotor fields {u,m, s, Uy} ave gituated in general position.
“I'hen
dim = 2(m E—1),

Let S(¢) be the s—tubular neighbourhood of § in M. On M \S (s), the vector
fields {uye1, +++, Um} are linearly independent.
. Lemma 1. There ewisis another closed (2m — 2%) ~form o’ of M and su fficient
~ small & such that o—o'=df for some (2m—2k—1) —-form o f M and o' |8(e) =0. :
 Proof See [3, Lemma 1]. . ?
Corollary. J F Q) /\0'=J F(Q) Ao’ = F(Q) Ao, |

M M M\SCe)

Proof Since M is compact, M = J, so that
L{‘F(Q) /\da=chz(F.(9> AG) =LMF(Q) A8=0.

Let N be the set of the singular points of {wy, wx.y, *+, um} on M\S(s),
~dim N =2m — 270
N=U.N, where N, are the connected components of N. dim N ;~2m 270+v%, Where

v; are non——negatlve integers.

Now we suppose {we Ui, **, Un} 60 bg involutive holomo_rphic vector ﬁelds,
where “involutive” means that on any open set of M\S(s), [u,, w.] (4, w=k, k+1,
-+, m) are linear 'combinatioﬁs.of {ux, U +‘1; ;.., 'u;,,}"' with holomorphic coeﬁioients.
On the singular set N, the vector fields {ups, -+, Un} aTO invdlubi_ve, the well-
known theorem of Frobenius asger ¢ that, at eveijy point pE N, there exigis a c00r-~

dinate chart U with holoinorphic coordinate gystem (2%, ..., 2™) such that ve(a=
k+1, -+, m) are linear combmablons of { 6@2 “E Y 732—""} with-holemorphio coeffici~

ente or
dz“(u.) =0, (a==1 k a=Fk+1,., m). :
Congider another coordmate ohart V. with holomorphm ooordmate gycbom (z”- RY
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2™, dpt=0=dz'o=0 (@=1, -, k), g0 that

0, (amt, o by aiid,

| 72“——0’. <w.——1, , k, a—k—f—l, ’y m)
It means that on UnNv, &(@=1, .-, k) are holomorphic functiong of (2%, -, 2%). So
there existy a, éubbundle F of T'(M) on N (s), whose fibres are Spanned by {'é%’ “ee

_ ‘ , _ _
2. with trangition functiong o @ b=1, «+, k). E ig a holomorphic vector
oz¥ . TN ob ’ P

bundle of complex dimengion #. , _
" Restricting the connection of T(M) o H, we geb the connection V= of B as
follows:

k .
'vfz——f:é‘iwabeb' (a=]jy ) ]‘;)y

Where ea=-—a%; (6=1, -\--, k). Extending thig connection to T (M), we get the conne-
cbion V¥ of T(M) on N(s):
x
-V§=§1wab6b (“%1’ v k),

- Vi=0, (a=k+1, ..., m).
We can extend thig connection- V¥ t0 the tangent bundle (M ) on M\S(e) ag
follows: A T L _
vgi=veav' (mod, Uny Una-, ***y Um) (“t:l,; "';‘7‘7); .
: - VEua=-O, (@=kb+1, -, m). -
Note that, on N, ,inod. Upy U4, ***,. U TOAUCSS 50 MOd, 4 oy U, then this connec-
tion V¥ beeomes the connection of the bundle A. .

Let the conneoction, form of V¥ be w?, it ig still the form of the (1, 0)~type, the
correSpondihg curvature form being V¥=7u,", Cohstrueting the homotepy between
the connections V and V¥ of the tangent bundle 7 (M) on M\S(e), we have

Lemma 2. There ewists ¢ (2k—1)~form v on M\S (&) such that

F(Q)—F(QF) =dy,
Proof Let U=w—o? w=w+iy, o
. ' Qi = do;=dey; — oy A wy.
According to the Weil Lemma [4, p. 89, (B)], we get
vk P O - )
Corollary, . . - B ~
| L{F(.Q) /\c‘r.—_fMF(m) Ao,

Define an operator T.5 of T'(M) associated to the: veotor field X, For any Y€
I (zQny), TR |
Iz= [X,,Y,]L(IP?Q- Yy Yhgly Ym)e
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Then define the third connection ¥ of T (M) on M\S(s) such that
V.=VE (a=1, ++, k),
<7 L,,,, (o= k+1 ., m)

" Let the conneckion form of ¥ be &, it is a form of (1, 0)—type, and oug) (a=
E+1, - m) are holomorphic functions. The correSpondmg ourvature form be =
01+ 05, Where Q1=06—wA\w i the form of. (2, O) ~5yp3, and 3,=04 i3 the form of
(1,1)-type.

_ Constructing the homotopy of ‘the  connections VE a,nd v of the bundle T(M )
on M\S (g), we have '

Lemma 3.

| IM F(Q7) '/'\o"=J"A'lF(f2;)' Ao,

§ 8. The Vanishing Theorem

Deﬁne the fourth connectlon V' of T(M ) on (M \S (s))\N as follwg:
Ve, =9,.=VE=V, (mod. u, Ups1, ***, Um) (@=1, k),
| V=T L
=Y=L., (a=k+1, -, m).
Let the connection form of V’ be o', it ig algo a form of (1, 0)-type, and o’ (u,) (?\,—-

k, 70+1 -i+, m) are holomorphic funcﬁ ions. The curvature form is Q' =0} + Q5 where
=0’ ~ ' Ao’ and Q, =3¢’ are the forms of 2, 0) and (1, 1)~type respeotlvely
Lemma, 4.

. Qw6 =0. (K =k, 1 e, m).
For any vector field X of (0, 1)~type, | S
Q' (w; X)=0. (A=F, k+1, -, m)!
Proof Let R'(X, Y)Z, VX, Y, ZcI'(T (M )), be the ourvature tensor of the.
connection V', We have

R(X, V)es— 29,,,,(2( Y)e,,, (a=1, - B),

B (v u,) =e5= VLNL,‘% VuV186— V i u08a
=Ty Lo~ Lo, Lu0a— Vius 19
= ([uny k77 ea] (mOd uk; v, UM)]
— [wy, [, sl (mod Uiy ***y Un)]) (0OQ, gy ooy Ump <
"'V[u;,,u,‘les _ - e | '
Since. the holomorphie vector fields {uk, u;m, Loy u,,,}- a_i".a'inv;plntiye_ .
[ty [t 0] (emod. i, -+, wm)] (mod., U+ Un)

[uM ['wﬁ, ea]) (mOd uk} Jede ? uM)’ ot
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[y [t 6] (mod. uy, -, Un)] (mod. wy, -, tn)
= [u,, (4, 6s]](mod. uy, <+, Un),
v’[ua,u,‘]eo L[u,; 1,106 = [ Loty Ul 30] (mOd Ugy ' um)-
According o the Jacobi’s. 1dent1ty, ' ' .
R’ (um uu)ea ([ux; (¢4, €611 — - {otyy [us, 30]] - [(um uu]y bal) (m‘)d uk; o0y Upm)
= ([um [um ]l + [um Les, “z]] + [9m [um uu]]) (mOd uk; "*y Um)
—0
R (s, u,,) =0, Qab(ua, u#) =0. " o
 (uy, X) = .Q’(um X) %(ua)aw’(X) = —a@,(uh)m'(f) 0.
‘The Lemma is proved. o V
Theorem 1 (Vamshmg Theorem) " On (M \S (8))\N we have

F@@y=0.
Proof F(Q)=F(@+0)- zopp(o o), Gy -, D).

Let X,(46=1, -+, m) and ¥ ;(o=‘1,,‘ - m) be veotor ﬂelds of (1 O) and (O 1)—~types
on (M\S (8))\N respectively. - s
F<Q’ ":"', )(le oy X ¥y, ey 7k)4=F(Q'2(X1“ ?1); ey (X, ?k>)
Take X =g (w 1, Ic). Sinoe;uy, Uges, .-+, Un are linearly independent, e, should
be linearly dependent 0 @i ) r-1, Uk, Upss, ***, Um, 80-that one of the Q4(X, Y,)
should be &, (u,, Y,) =9. Then I | S '
- F(2h -, '2)=0Ke
ey

’ . . B . :. N . k n
F('an "% ’ly A’27 'Y ’)(Xl) e Xﬁk - er R YP)
k—p P o

=F(~Q'2 (le ?1), -Q' (Xp; Yp)y Ql(Xpu, Xp-;-z), M) Q’1(sz—g-1; X2k-—p))~
Take X4=6, (@=1, +++, p). Then at most (k—p) of the remaining X’s are ¢, (b=p+
-, k), -s0. that at least one of the Q1(X, X)) is @, (ex, ws) =0 or @; (us, ws) =0, (A,
w=Fk, oo, M).'We have also L | *'
LF(QY ey @ Ol e, Q) =0,
St ___5___, .
The theorem is proved. .
Corollary. There ew’bsts @ (270 1) —form 7 on (M \S (&)\N such that
. F (.Q) = —dn.
Proof Oonstruct the homotopy of the conneohons ¥ and V’ of the fangent
bundle T(M) on (M\S(&))\N. Let v =0'~a, '

) _a)t=w+m R )
Q) = do' — o} /\‘w,v.

\
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Then . s 3
- F (ﬁ.) =F(Q)— F’(ﬁ) = dn.

§ 4. The Transgressive Form

On N (s) \N, the tangent bundle T'(M ) is the direot sum of the bundle & and
E,, where E; is the subbundle of 7'(M) whose fibres are spanned by {uz1, -+, U},
. it i a holomorphio vector bundle of complex dimension m—k. Let H” and H™ be
. the restrictions of the Hermitian metric H to the subbundles H and H; respectively,
Define another Hermitian metric H' of T'(M) on N (e)\ N as follows
| . H'=HF+H™
On a coordma’oe chart U of N (s), IA

m
uk gitv 320 2 v u¢7 .

. a=k+1

Where 0% and o are holomorphm functions of U. Let

o v=2 O, -
a=1 a=k+1 oo ,

where v is a veetor field on N (s). Since {us, West, ***, Unm} are linearly dependent on

N, v=0o0n N, i.e. N is the set of zero points of v, 50 that v»?=0 (a=1, «+, k) on N,
- With respect to the new Hermitian metric H’, we have | '

: H' (v, va)=0;, (a=Fk+1, -, m).
Choose a frame {0y, +++, v4.1, v} of the bundle F such that
H (v, v) =0, (@=1, « bk~ -1).

Then the definition of the oonnec’olon 4 of T (M ) on V( s) can be rewritten in the

following form: - : | o
4 ' §va=v5i7 (@‘:1; Y ]‘?'.-.1)’

- Y,=VE,
| v’u,,"_"'-’iu ‘7 (“ k+1 '; m)’ ‘ R .-
because v is the ljnear combination of {61, *, 64} and v (@=1, ++-, h—1)is the linear

- combinations of {ey, +, Oy-1, V}. A ] _

Similarly, the definition of the "é,onn'edtioﬁ_...‘V'» of T(M) on N(¢)\N can be

~ rewritten in the following form: | h

V=Y, (a=1, =, k=1),

A v, Zw
V,.=Yi=L. (a=k+1, -, m),

- bocause o SR . .

=V - -3 vy = 2;—2 vV, 'ﬁiuk;z ”“-’E%: zux—}ivﬂuz -io-

Now we shall give an explidite expressmn of the transgressive form n on IV {s)\ ,

" N. Define a 1-form @ on N (s)\ N such that
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w<x>=%%’-£>_, VX €T @ QAL)).

Then define another operatdr of the ’oangent; bundle T (M) as follows:
' | A,=T,-%,.
Lemma 5. On N(&)\N, we have -
. W= @ A,
Proof
w(@)@A =A, L b=0'(v) - w(v) =u'(v).
w (vy) QA4,=0= 6 V =V, ﬁ .= o (vg) —-w(v,,) =u'(vq).

7 (Ua) @ Ay=0= §7 9. V %,"w(ua w(”a) u' (Ua).

Then'
U =m:®AQ,.

Gorollary On N (e) \ IV,
n="The coefficient of t*~* én the Taylor ezpansion of the

ewpression F (tQ+A,,) e t T

Proof : S -
o} = dw} — o} A} =d(&+iu) — (@+t) (0+ )

=d(@+tr R Ay) — (+tr R Ay) A(@+in @ 4,) -
\ =§;l—tdar®A;,— 20 AR Ay,

n="k qF(u', b ey Q)di
Y u——-.,-—-l
k-1 .
[ Fa@4, Q—i—tdav@A 20,/\W®Av), ...... Yt
o k-1
=k | F(av®Aw Q+tdav®A,,, “es, Q+t/rvvg>©A,,)dt
% —1F (Q .Q, .A '“- )WA(dW)k—P"'l ‘{ o-o=1 g
=0 ‘—-——r"—’ ‘—-—-w-—-—’
P k-p
i : .
gE ( ) éy Ay, ooy o)‘W/\(dW)k_p'-l
=0 ‘——v—’ \7—:‘;—' .
p -—

—The coefficient of #*~* in the Taylor expansion of the

expressmn F (tQ +A4,) T’?&z‘"

| § 5. The »'Integrl"al Formula Of: Chai'acteristic Forms |

f F(Q) Ao= j F(Qb)'Ad'sf F(Q)/\cr ~lim me F(B) Ao’

&0

ahm.[u\zv() ——d('r)/\cr’) h.mj LS

-0 N |
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So we need only 0 eonsnder the transgresswe form ¢ in N (s) We have just given
the expholte expressmn of n, S0 that we are in the position %o glve the mtegral
formula of charaoteristio forms, ' .

Let N, be the connected components of the singular set N, dim N,—2m -2k +
2v;, (»:=>0). They are in fact the sets of zeros ‘of the holomorphm vector field v in
N (¢). We suppose that N; are non-degenerated zero sets. I5 means that: First, N,
are complex submanifolds of, M since they are closed sets, they are also compaot and
finite in number Second every tangent space T, M, sE N, splits into two parts:
T,N, and (T N ;)l Where (TuN;)* is the orthogonal complement of TN, in T.M
with respect to the Hermitian metric H'. “Non~degenerated” requires that T,N,
should be just the kernel of the operator 4,=T, (since v=0 on N, ﬁ,,==0). Because
{Uke1, ***, Um}TkerLy, Biy,T,N,and B, (T,N)*. Leb TLN; be the bundle on N,
with the fibres (T,N,)*, &€ N,; it is a holomorphic véstor bundle.of complex dimen-
sion 2 — 2y, T+ N; K, Denote the restriofion of A, to TN, by A , and the regtrict-
“ion of the ourvad;ure form & be {*, We i oan prove: -

Lemma 6. Lot 84(s) be the sphefro fw@ih fmdws & tn the ﬁbfres of the holomoa‘-
Pphic vector bundle TiN i Then fwe have = )

l‘ : S {7!7 tk—-w—l
_ ;H%l fsv@) T—tdw. E(th+Al)' %
where B is the Buler characteristio form of the bundle Ty,
Proof See Koba,yashl [5 P. 120—~121]
Theorem 2. N U P o
J F(Q) /\0' :zj ATho aoefiiens o # in the Taylor
F(tQ+A,,) } o’

ewpa@szon .o f the 6w Pression E ( Q TrA l)
Proo f _
[ r@ -t ono=tm [, one
= 2 11m ~ {The coefficient of t"fl of the
&0 JaN(s) .

expression F (¢3+ 4,) -——W————} Aa’.
Note that ON ;(s) can be congidered as a bundle on N, with the fibres §*(e). When
8—0, the factor 7 (tQ—l—A,,) becomes the form of the base space N,, so that-
JM F )N o=3 J {Tl_jle coefficient. of t?“.l -11_1 the Taylor expansion. of the |

%

Ao,

explessmn F (tQ+A0) 1:_{? g L— tdav}
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=21| The coefficient of ¢* in the Taylor expangion of
-4 J Ny o :

F O+ A,) }/\

the eﬁ: Tession — _
P EGGL A5

T'he theorem is proved.

When deg #=m, there existy only one holomorphic vector field . The zero sot
- of v is N=U,N,, where N, are the connected components of N, Let dim Ny =2y, (v, <
m). We get the result of Bott [1] from Theorem 2:

f‘M FQ)=3% J {The coefficient of ¢ in the Taylor expansion
E ] Ng . .

of the expression ﬁ%%}
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