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Abstract _
Thw paper deals with the follong IBV problem of nonlmear hyperbolic equa,tlons v
| 2} a4 (u, Du)u,‘,l—b(u, Du), t>0,z€Q,
1 u(o, a;) u°(x), %, (0, w)~u1(v), Y- Q,
u(t, )= 0 C . >0, €09,
Where 2 is the exterior domain of a compact set in B», and [a.j(y) =0y | =0(|y[®), lb(y)l
—0( |9|**Y), near y=0. Iiis proved that under suitable assumptlons on the smoothness,
compa,tlbxhty conditions and the shape of Q, the above problem has & unique global smooth

gsolution for small initial data, in the case that #=1add #>7 or that k=2 and n>4.
Moreover, the solution has some decay properties as t—» - o, '

§ 1 Introductlon

In th1s paper, we shall oonmder the followmg IBV problem for nonlinear hyper—
bolic equa.blons

Ugp— Z w,,(u Du) u¢,¢,fb(u, Du), (¢, a;) GQ, @.1

u(0, 2) =u’(@), (0, 9) =ut(z), @€Q, @
UIE—O | ' - 1.3

where the domain Qisan extenor domain of g compacb se’a in. R" with smooth boundary

a0, Q= (0, +o0) ><.Q 2=(0, +00) % 8@ and Dy= (u,, Yy **Us,) .
In this paper we suppose that

@ j=1, 2 -, BOEO B, (L
ay(y) = =ay(y) (4, j=1,2, =), yER™2 - (1:6)

There exist two positive constants ro and r,(<1), such that if ly[ <ro, we have
n] |2 2 wu(g/)ziz,agrf‘]zl” for all 2E R",
lwu(y) 8u| =0(|y[", 3, j= -1, 2, ey
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where #>1 is an integer and 8;=1 when 4=4 or=0 Whén ETR

In this paper, we shall prove the existence and uniqueness of the global solutiong
to problem (1.1)-(1.8) and the asymptotic behavior of the solution. It plays an
important part in studying the scattering of a reflecting objeot for the nonlinear
wave equations, | | :

There have heen many papers for the Cauchy problem of equation (1.1). A.
Matsumura™ has proved that when #=38 and n>8 or 5=4 and n>2, the Cauchy
problem has a tmique global solution for small initial data. If ay (4, §=1, 2, -n)
and b do not depend on u explicitly, S. Klainerman™ has found that if (n—1)/2>
(1+4-1/k)/k, the Oauohy problem has a unique global solution for small initial daba.

For the following nonlinear hyperbohc equation with dissipative ferm in an
exterior domain

w— du+u=F (u, Au), @ @) €Q, (1.7)
'{u(O, z) =u’(@), 40, v) =u'(z), € Q, (1.8)
u|5=0, _ ' - (1.9)

. where Au=(Du, D), F(2)=F:i(z) +Fy(2), 2=(z,2), Y. Shibata™ has proved

that if F4(2) =0(|2|*), Fa(®=0(|2|?) near z=0 and n>3, problem a1.nD-A. 9)
has a unique global solution for small initial data.
In this paper our aim is o sbudy the case that the nonlinear term contains «
and the equation does not involve dissipative term, Qur main regult is the following
Main Theorem. Assume that (1.4)-(1.6) hold (md Q is non—tmpp’mg (see
Remark 1.1). Let the space demension n satisfy
7, k=1, o »
| n>{4’ b3, | ‘ . d1.10)
Then, for every integer m>dn+ 6, there ewists @ positine constant B, such that if ihe
initial data w®€ H™(Q) N W™ (2) and v*€ H™ Q) NW™47(Q) satisfy
h |9 ) gy + [t | e l(9;“‘| P L 20y < By 1.11)
and the sustable compatibility condtion, po'oblem 1.1)-1.3) has a umque global solutwon
u(t, @),

(1S HO"([O +o0), H™*(Q2) N H3(Q)) N O0™([0, +°°) L2@). ({1.12)

Furthermore, the solution has the decay property

e (t) "L-m)‘—“o(t- ), as t=>-+oo, ' - (1.13)
where _ A
1, p=2, _ [(m=1)/2, k>,
ety one, ot {<n—2>/4,_k=1. (14

Remark 1.1. Q is said $o be non—-tra,ppmg if for some (any) B>0 such that
|#| «<R on 82 there exigts I'z such that no generalized geodesio™ of length Tg. lies




' bs @ salut@orn of the elhpt@c equat@m
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completely within the ball By={z€Q, |s|<R}.
- Remark 1.2. The compatibility condition means that

Oulio€ HY(Q), (5=3, 4 +om—1), - (1.15)
Remark 1.8. If b=b(Du), the assumption (1 10) can be replaced by
6, k=1, = - .
> 1.16
"= {4 k>2 ( )

Remark 1.4. By a linear change of ooordmates the assumpbmn on quasilinear
terms @3 oan be replaced by more general form

| | @3 (y) — @3 (0) | =0([yl".

The proof of Mam Theorem ig'divided into two main steps. The ﬁ1 b step is to
getb a local existence theorem, We adopt an appropriate iterative method to overcome
the diffiulty of ‘derivatives loss because the nonlinear ferm includes second order
derivatives. The second step i8 to establish an a priori estimate. For thig purpose,
we improve the usual energy estimates and derive an Lr—L¢ decay estimate for the

: looal soluinon, especlally, for the case of 70 1.

§2, Local Existence and Un‘ique‘nes’s*

In this section, we shall prove the followmg looal ex1stenoe theorem
Ohowe a posﬂuve consbant Eo\— such that 1f fEH E"/2““’({3) satlsﬁes 1 l| 2143

<H, we have [ flwse<ro (1o is defined by (1.6)).. Pk :
Let m>2[n/2]+3 e an intéger, the solution of problem (1.1)- (1 :8). is sough#
m the Space X (T E) for some X <Eo and T>O Where X (r, H). s defined by

vlo€ TT 010, 71, H~+(2) 0 113 (9))00"‘([0,T],.L‘“"(Q)),}
Da()& max. 5 [ D000, +) o<,

tefo, T]lal+|Bl<m

X(T, B) - {

i 2.1)
Theorem 2.1. Assume that assumptwns (1 4) (1 6) hold and w'€ H™(Q) and

w'€ H™(Q), where m>2[n/2]+8 is an fmtegefr Then, there ewist two positive constanis:

T and by (<1), such that fm' suitably small E" (<EO) af u" and u' satisfy
Nl zm+ llulllzzm-x<boE E<E, (2.2)
and the suitable compaitibility condwmon, po*obl"__f'" 1. 1) (1 3) kas @ umque locwl solut'z;on
ue X (T, B) (where T and bo depend on H, cmd m; but no# cm E’) o
Lemma 2.1. L Q bg an extefr@oa domwfm of a compwct set fm R" amd u€ i % Q)

: ulim=0.< )

@y
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Then, for any integer L=0, if FEH"(Q), we have u€ H*2(Q) and |
“u"3m<00("u"m+ I f1z), o (2.4)
where Oy s a positive constant depending only on n, L and Q.
The above lemma is well known (see F'. E. Browder [2]).
Now, we consider the following linear problem

u'tt"‘ 21 wt!(t w)uwm, =f (t m)’ (t ) € Qr, o | (25)
u(O zv) u°(m), %:(0, o) = ul(w), \ - (2.6)
Uz, = - ‘ 2.7)

where Q is the same ag in the problem (1 1) (1 3) Qp= 0, TYxQ, 3;= (0, T)xoQ.
In thls problem we suppose that - o
wu(t 9’) w;;(t @), & J= 1 2, . o (2.8)

_ - ralz]?< E ay(t, @) zgy<rit|e[? . - (2.9)
for some positive eonstant 'rz(<1) and all zER" té (o, T], wER“ .
ay(t, ©) (4, j=1, 2, n) f(t m)E HW"‘”(O T, H""" 1(Q)) (2.10)

where m>2[n/2] +3 is an mteger

where 0o>0 ig deﬁned by Lemma. 2.1 (take L—m)

Lemma 2.9 " Assums that assmnpt@on (2.8)- (2.11) kold and u“E H '"(Q) ule
H™ Q) satisfy the suitable compatibility condition. Then, problem (2. 5) (2.7) has @
unbgue Solution u satisfying : :

m=1

%€ I1 0%([0, T, H™*(Q) N H} m))n-o"'([o, T, I2@)  (2.12)
and the following cmefrgy mgualety‘holds in [0, T7, )
> 1Ds8u(®) 13:<0(Mexp(0(a1) T){ O

lel+b<

= 1D27 O 15+ j

lal+b<m 2 lal +b<m 1

| 1D f () [is ], (2.13)
where o o ’
tes(l(};l‘)) #;1 Ial+§m "D a wil<t °)u o - (2014)
and O (M) is positive comtwnt depend@ng on M but noé no T
Proof Lemma 2.2 may be proved in four steps
The firsh step, we shall prove ’ohat 1f |
L weodo m, H™Q) N HH@) N om“([o 7], L2<n>> n

1 0%(1o, 7, HEWQNENQ) e

is a solutmn of problem (2.5)~(2.7), then (2. 13) holds for «,

2‘, |ay(t, @) - b‘ul<(200)"‘ (2.11)

B
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In faot, estimating the equality .
EJ 6’”(Lu)8"utdm- EJ o f 3,utd,a;, - (2.16)

where Ly = = Uy — 2 a;,(t D)z, and notmg assumpmons (2 8) (2 10) and
I (wu@’fua‘m 6’5’(“#“@«@;))"£:’<0Mm+? | D3 (®) s, 1<b<m—1, (2.17)

d/dte () | 2a< lut) |3+ (2) |3, (2.18)
we have o : _ o

(8 et 2 10800 [+ 1405 () 1< OGD] 5 122813

I = MO SIEHOT R (2.19)

Olal+b<m

| Next, by induction we shall show that for each integer & with 0<h<m, wy %i‘"*"e
> | Dsek u(®) <o @) { 2 ROt 3 DERFE

lel+b<k

5 imaiel .ds+j 3 DA -ds}AA(t) (2.20)

0 le|+b<m~1

In faot it follows from (2 19) bhat . 20) holds for k=0, Now, we show that if
'(2 20) holds. for all integers k<m—1, “then (2.20) also holds for k=m. Noting the
elhptlc equatlon Whloh oy sa,tlsﬁes ‘

— dap-i-ty = f‘_,l (= 8) 0Py 4 BFIF
i=

i\’ (3m+J 2(0’3%5‘%) w‘jam —J = 2%,‘%) at —J%’ (2.21)

¢ i=1
for every fixed ¢& [0, T'] and each integer J with 0<J<m—2, by using Lemma 2.1
for o7~/ ""u and assumpinon (2.11) we conolude that

lla’""‘ @ 1 <O{ 108 ~2u() |3+ | a2 (8) 4

| L HETWOB | 3 IDEOR). (2.2)
From 2. 19) and (2. 20), by induction with respeot $0 J we find _ o
=, IDrult) |fe<d®) - - ’(3 23)

'holds for each mteger J wﬁ;h O<J <m So, (2 20) is vahd for Iv =m. Applymg
Gronwa]l’s mequahty for (2 20) and nomcmg

BT FOTE -1 lftl.Dzasf(s)' [1ds |
S+ S DRSO, T (@29

|88 (0) ngm-.,<o{uu°nﬂm+uuluxm1+ 2: IID;:@?f(O) Iz}, (2.25)

’we obbam (2.18).
- 'The second step, from the above process-we know that, . usmg Galerkin’o method
there exists a solution u of problem (2.5)-(2.7) sablsfymg ' N
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we T W=, 7, B0 n E3@)) NW=(0, T, 13(2))
N'TT o*([o, T1, E+4@) N HH @) N0™*([0, T, I*@)).  (2.26)

The third step, we try 170 show (2 18) ig Valld even though u satlsﬁes 2. 12),
‘out not (2.15). Set .
) ua=-‘.¢a*u,’ fa’-"qsa*f;v (2-27)

where ¢» denotes the Friedrioh’s mollifier with respect to ¢, From :(2.5), usatisfies
| ﬁ_;‘%_w,,u&‘-,,ﬁ fotgs 8<t<T-8, ~ (2.28)
‘where
0o= 33, (@0(bring,) = (it S @

We easily seo that u, satisfies (2.15). Applﬁng‘ (2.18) 0 us;:wo got -
> | Dius(2) Iln-<0<M)GXP‘°‘”’T’ o251 D580 (8) |2

181 ¥ <m
+lal+;2m 2 ”Daabf"(s) |2 + 2 "D“@,g,s(s) 1% - .
+ I T- I__M_Em_l-ll.l):@?:fs () |2 ds—!:—L .f’ A;m u Doty (s) [| 3 (2.30)

where & <3 is a small positive constant. Appiyiﬁg Friedrich’s lemma and noticing
(2.10) and (2.12), we can get (see [3]) '
T8 .
[ D20, [0, 85 850,

8 lef+bsm

HD,@tga(s) 13 .——>0 a8 3—0. | L (-2 31)

l¢|+b

Thus, in (2.80) first let ¢ be ﬁxed and 8——>0 then lot 50, we obtam (2 13)

 The last step, we shall prove that the solutlon v obtained in the second step
‘sa,’slsﬁes (2.12). Gonsequently, by the third step u also satisfies (2.13). In fact, we
extend a;(+, @) (4, §=1, 2, -n) and F(¢, @) from [0, T'] to [—5,, T+ 8,] in the
-same regularity class (these extended functions are denoted by the original notations),
where 0, i9 & positive constant. Nobe that relovant Sobolev norms of extended func-
tions can be bounded by eorrespondmg Sobolev norms of or1gma1 funeiuons mul’olphed
by a constant independent of ay(-, @), f(-, a:) and 1. So, we can obtain & solution of
problem (2.5)-(2.7) satisfying (2 26) on (—8y, T+8,). From (2.5) we know that
if 5.and &’ aTe sufficiently small, the following equatlon holds for any compact seb in
‘ ( 30, T+3),

(u;-—u,y)ﬂ 2 w;;(ua—"u'af)w(a,_f&"f&"l‘g&"qd' o . (2 32)

.Where s, usy: fs far-and - gs, JsriaTe. defined . by: (2.27) and (2. 29), respeomvely
Limiting (2.82) in [0, 7] x 0, similarto-(2.18) we have: - TR :
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1222 (us o) (5) [2:< O (M) exp (0 () T)

{2 @ 15 5} (1020 (Fo=Fa) O3
FIDD =g OB+ S (D (fa—f) 0
1228 (g0=90) (9 13335 . (2.33)

Using the analogous estimate in the third step, we can get

sup. 1D283 (s —tar) (2) |20, as §, 60, (2.34)

1€(0,T) la|+b<m
So, the solution v s4tisfies (2 12). The uniqueness ‘fo‘l_lows from (2.18). The proof of
Lemma 2.2 is complete, S ' o
Proof of Theorem 2.1 Leb us construct the local solation of (1.1)-(1. 3). For
some positive numbers I' and K. (determined later), ‘we constract the approximate
sequence {u™}s as follows: : '
u“”-—O k=0,

u§,’ E a ,(u""‘l) .Du”“”u("’ - b(u(k ) Du"‘ 1)) (t a;) €Qy,
rk)(O a:) uO(a;), uf® (O a;) u,i(m), o L ' (235)
. u®|y, =0, k=1, |
It evidently holds that ) .
u‘”’EX(T E) - (2.86)

Then, for all k>1, by Lemma 2.2 we can prove that there exist fwo . Positive con-

tsants T’ and b,, such that for suitably small & ( <Eo) if u® and ¢* sa,tlsfy 2. 2) and

the suitable oompatlblly condition, we have . o

N u,""EX(T B, k>1 SR S (2.3D)

. Next from (2 35) we know for k=2, " DT ;

(W)~ 3 (ayu, D (g,
' i= _

=b(u(7“1/ Dy 1) _p (- Du"z‘”’) -

1+ 2 (@ (™D, D) _ g, (uo-, Du"‘"“”))uz’f;f’, @ e Qny

j...
@ —u®9) (0, 5) =0, @™ —u*=),(0, z) =0,
L(u® — g% 1) |5, =0.

Applying Lemma 2.2 with. m—1 instéad of m and noticing (2.87), ‘we obtain
| D26} (u™— w2y () |2, 5
lel+d<m—1 .

<0100T (1+ .’I') Bfmax = 2 " .D“,,@" (u"“” __u(k-z)) "2 (2 39)

..... S tE(O 2'] }a|+b<m-—1 L
where O, is 8 posﬂuve constant dependmg only on Eo So, 1f T and E are smtably
small, we have KR TS DN
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| D20} (' —u5) (1) [,

lal+b<m-—1

<+ max H Do (u® =u®) (1) [, (2.40)

te[0,7] lal+b§m—1

Horeover by using (2.88), we goo that tnere exists a u(¢, ) € H 0¥, T, H™ 1)

such that

On the other hand,  from (2.39), by weak compactness and (2. 4‘1’)', we see that for
every fixed € [0, T'] there exists a subsequence {my (1)} such that

_ 8’°u(’"’“”—->8 u, weakly in H™*(Q), 0<70<m o - (2 .42) |
- Thus, we obthin.a solution of (1.1)- -(1.8) satisfying L L N
ue II wWh=, T, H™*(@ N H5@) NwW™ °°(0 T IF(Q)) (2.43)
and ' o .
: mp S |Dow@Ih<E. e

e[0T la{¥D<m
Finally, using the method similar o what used in the lasb step of proof of Lemma,
2.2, we can get uE b d (T, B). The proof of Theorem 2.1 is complete,

§8. The Energy Estimate

In this seotlon, we establish a ﬁne energy estlmate for the looa,l solutlons of
1.1)-(1.8). " | ' ‘

Lemma 8.1. Suppose that a;(y) (4, §=1, 2, n) and b(y) satisfy (L. 4)——(1 6),
and '€ H™(Q), and v'€ H™1(Q) swt@sfy the suitable compwctfbb%l@ty condition where

m=>2[n/2] +3 és an integer. Then, there exists a pos%twe constant E1(<E <H,, where'

B* is determided by Theorem 2:1) such that wf weX (T, Ei) is the solution of (1.1)~
(1.3), the following energy estimate holds

E || D“a u(t) |L!<0 {Iluou3m+ Huiugmn’f' |Iu(t) "Ls

l¢l+b<

+jj > uz),atms)umams(s)nne+uu<s>nL~>ds} e

lei+b<

where O’ is a'positive constant indepsndent of T.

Proof - 1é%. uEX @, &) (E<Eo i3 determined later) be the solution of (1. 1)

(1.3). Set -

where an w 4g Fnedmoh’s molhﬁer w11;h respect to t We ea.sily see .

%Ew

u->u, strongly in TI OM([0, T1, E™*3(Q)). . (2.41)

foro, 1), Hs@nx@, B) L@,
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and w, satisfieg

= 2 Wty D)t =t Burtb(uy, D), S<t<T—3,  (3.4)
i=
where . : R
hs=sxb (u, Du) —b(us, Duy), - (3.5)
'RG"' 2 (¢6*wsl(u: Du)ucwj wsl(ur Du)”&t;@j)O : ” (3 6)

'Usmg the usual energy integration method and notmmg (1 4)- (1 6), ue X (T, )
and m>2[n/2] +8, we have

2<na'fu.;<z>nm+ua':-1vm<t>nL-><o{ L OTA

lal4¢b<

| 3 DB (8) [ e (s (s) | e+ lts, (3) [2-)ds

¢ lai sy _

+J 2 [8%hs(s) PRALANG) Hmds} s<t<T—z¢, | (3.7

Where e< Sisa small pos:ttlve consbant, Through a reasonmg prooess mmﬂar to What
used in section 2, firsh let & be ﬁxed and 8—>0, then Iot g0 and notice y

O e O S

we obtain

31 1ot Lt 2 1724400 bt s

+ e ® Lot b9 1) > uDaau@up w6

Next, by using a method smular to what used m seotxon 2, e. g . by a,pplying the
regularity results of elhpiuo opera,tor and mduo{uon we get | |

3 1D | < oo{uwnm nulunm e un

lal+bo<m
+B S Do) |t o,;,ZJ 1522 I -
e R X'

where O, is a positive oonstant independent of T

Lemma. 3.1,

§ d.. Thé;‘lz)é‘cay Esfiinaﬁé« X

- In this seotion, we sha,ll dxseuss ‘the- time. deoay estimate of the soluiuon for the

fellowmg problem B TR O S

Thus, taking Bi=min (E“ 1/ (2Do)), we get: (3 1) Thls oompletes the proof of
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ug—du=f, () €Q, ' (4 1)
tmo, 2) =u0(@), (0, 2) =4 @), (4.2)
|3=0, ‘ . (4.8)

where Q ig the same ag in problem (1 1)-(1.3), %° v*and f are sufficiently smooth
and satisfy the suitable oompatlblh’ny condition.

For the sake of convenience, we introduce some notations. Let G=R" or GC R
be an open set, ¢(¢, #) and h(w) be funotiong defined on B* x G and @, respectlvely
For all integers L >0, positive numbers p=>1 and k>0, we denote

[, & P, L G1(@® = sup (1+5)* 3 [Didkg(s) |swar | (4_4)
Bh p, I)= m%; 1Dkl ey (4.5)
B*(hy p L) = 10;24 | D3h| Ly R (4.6)
and | - o .
y={z|2€Q, |o|<r}. 4.7)

Lemma 4.1. Let Qbe non—trapping and p>2 be a. number swtwsfymg (n—1)
- (1-2/p) /2>1 Then, for each %fm?egefr L>0, the solutrbon of (4. 1) (4 3) sat@sﬁes the
estimates .
[, (n—1) (1—2/p)/2, p, L, Q1 () <O{B(", ¢, L+2n+1)
+B(u, ¢, L+2n)+[f, (n—1) (1—2/p)/2, ¢, L+2n, 1)}, (4.8).
[y, 0, 2, 0, Q1) KO{B(«’, ¢, 2n+-1) +B(u!, g, 2n)- |
+f, <n—-1> <~i—2/p> /2, ¢, 2n, Q1(®)}, | (4.9)
where - -' :
| 1/q=2(1/2+1/n)/p+1 2/1) (4.10)
In order to prove Lemma, 4. 1, we first state and prove severa.l lemmas,_ ;o
Lemma £4.2. Suppose that p>2-is @ number satisfying N

- -2p/2>1 (@)

and v is the solut@on of the following Cauchy pa'oblem _
w—du=1F, (2, m)ER*XR" : ' (4.12)
{um, 7) =u(@), u(0, 2) =u(a), sER", (4.13)

Then, for each integer L=0, we have
[ (=1 (1- 2/17)/2 » L, R](®)
- <O{B*(, ¢, L+n)+B*(u*, ¢, L+n—1).

+[f, m—1)(1-2/p)/2, ¢, L+N—-1, B*](®}, (414
[u, 0, 2, 0, R*] () <O{B*(«% 2, 0) +B*(u, @, 0)
+[f, (n=1)1—2/p) /2, a 0, 1 (O}, . (4.15)
where oL _ . : ‘
o 1/a=1/241/n + 1/g=2(1/2-1/n)/p+1=2/p. = = - (4.16)

Proof From S. Klainerman's™ and W. A. Strauss's™ results, “we know if
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wW=0and f=0in (4.12), then
[u, (n—1)/2, oo, L, B*] (t) <OB*(¥, 1, Li+n—1), | (4.17)
| [u, 0, 2, 0, B"] (t) <OB*(u, g, 0). (4.18)
By using Rietz-Thorin 1nterp01amon theorem®™ and ‘noticing (4.11), we geb (ifu’=
0 and f=0) .
[w, (n—1)(1—-2/p)/2, p, L, B*] (t) <OB*(«, ¢, L+n-—1) (4.19)
Applying this result and (4.18) to problem (4. 12) (4.18), we ob’uam (4.14) and
(4.15) immediately.

~ Lemma 4.3. Let n>3 and u(f, m) be the solution of the following IBYV p'roblem
in an extersor domain ‘ ‘

up— du=0, (4, ») €Q, - 3 S » (4.20)
{U(O w) = 0(‘”-)) ’M}(O, w) =u1(m)7 Q}EQ, (4 21)
u| =0 . (4.22)

where Q is the same as in ‘P9 oblem @.1)-@. 3) and 48 not—ir appfong We assume that
there ewists a positive constamt R such that .
. supp u°, supp ulcCQ;. S (4 23)
Then, there exists a positive constani O dependmg only onm, B and .Q such that the
followmg local energy decay estimate holds » :
[u, /2, 2, 1, Q] () <O{B@, 2, 1)+ BG4, 2, 0)} | (4.24)

" Proof When n is odd, refer to [9] for the proof When 19 even, refor to [8] for
the proof. For the estimate of I (#) || zacoy We can use Poicaré's mequahty ‘

Lemma 4.4. Lot Q€ R be an esterior domain of a compact set with smooth
boundary 02, and u(x) E H(Q) be a solution of
{Au——f, zCQ, - (4.25)

Usn=0. :
Lot r5 and r4 be two positive constants satisfying re<rs and 0QC{wC R, o] <rgd.
Then, for each integer L=>0, if f € H"(D), we have u<c H'*?(Q), and
fle] ma@y SO (If | asca, 1l zaay), (4.26)

with O depending on L, n, 15, 74 and , whare Q=Q,, Q=0 |

For the proof of this lemma, refor bo [4].

Now, we prove Lemma 4.1, The method of proof follows [11].

Proof of Lemma 4.1 We extend «°, u* and S (t °) from 2 to R" in the same
regularity class. Note that relevant Sobolev norms of extensiong ofw’, u' and f (¢, +)
can be bounded by corresponding Sobolev norms mulﬁlphed by a constant indepen-—
dent of u®, w!, (¢, -) and ¢. We also denote thege: extended fnnotmns by original
notations. :

Lot u; be the sold"ﬁiozi of
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{uw—du—f, (t, ) ER* % R, (4.27)

u(O w) =u’(z), w0, ») =ul(w).
Then, we fix a constant d>0 such that aQc {#E R, | 3] <cl} Choose two functions
v(w) and w(w) satisfying v(2), w(z) €0 (R") and

1 |o|>d+2 1 |o|>d+3/4,
| Wa):{o }wl>d+1, (@ ={0 lla;ll<d+1/4° (4.28)
Define '
Us(t, @) =v(@)us (s, @), | (4.29)
us(t, @) =u(t, o) —&s(t, @), (4.30)
us(t, @) =w@)us(t, z). . (4.31)
From Lemma 4.2 and the properties of extension we get
[u, (n—1) (1’—2/10) /2, p, L, ‘R"]‘(t) <A (L+n) (2) (4.32)
and

[us, (n—1) (1—2/p) /2 P, LR’] (t)<A(L+n) (t), . (4.83)

with 4(L-+n) (¢) defined by ' |

| A(L+n) () =0{B@, g, L+u)+B(w, ¢, L+n—1) .
I, (n—1) (1—2/p)/2, g, Ln—1, Q1®}.  (4.30)

From (4 30), we easﬂy see that us satisfies '

un—Bum (L=)f g, . (4 ) €Q, | (4.35)
{u(o @) =(1— 'v)u , (0, @) = (1-v)u?, 2€Q, (4.36)
uls=0, . . , . (4.37)
wheie : : :
9@, a:) ulde)-i—zvulva (4.38)
From (4.32) and (4.88), it ig easy to verlfy
supp gC[O +00) X {s€ R, d+1<|a| <d+2}, - (4.89)
[9, (n~1)(1~2/p)/2, ¢, L, Q1)< AL+n+1) (8).. (4.40)
Let - |
|  h=—0)f+g. (4.41)
For each integer >0, we have o ) ‘ _
ot us-—Aa"ua*ﬁa"h @, ©)€Q, ~ | (4.42)
{3"113(0 @) =y, O u3(0 m) =Wt ; A (4.43)
8,a3|;,—0 ‘ :

véhei'e :
. . ,4’u°..+2 P4 R (0, m), k=235, |
N Bl -t T =25
wy,= TR '
Mt Z AL, o), b2kl
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-1
Aml+§ B0, 3), s,

Wy1= ' (4 -45)

A”+1u°+§_‘, o} 4*~1p (0, cv), k 2s+1
By Lemma, 4.3 and (4. 40), we obtam

[6’,“@13,-—(7&-—1)(1-2/1)), 2 1, Qd+;]<t')<4(l;%n+"1)(t). ] (4.46)

Now, we assert that, for ‘each integer L>0, the following ‘estimayte is valid

lal<J

In faot, it follows from (4.6) that (4.47) holds for J=0and J=1, Now, we suppOSe

4. 47) holds for all integers J with'’ 0<T<L-1. We ‘want to prove (4.47) also'

holds with J replaced by J -1, It ig obvmus tha 8f—/-1y; (¢, @) satigfies
A40F J“‘us—al’“’ g v—-_af“"“lk, TEQ,
{(aL—J—1u3) ,99 =0, ' .
From Lemmas 4.4 and (4.46)-(4. 47), we getb
ml§+ . | Dzar 'J"Ius ® ”L’(an-wvm)<o{"aL g (8) ﬂm(om )

"'D —J+1u3 (t) "L'(aa-n ~UHINE )+ 2 " 'D aaL-J-Ih (t) ” L3 Q34 .101)

lal <J~1

SOQ+)-eDaammg (1 oy 1y, - | (4.49)

Th,ereby, an. mduotmn argument gives L
(s, (n—1) (1—2/p) /2, 9, 1, Q441] (t)<A(L+n+1) ®. (4.50)

By Soboley imbedding theorem, (4.50) implies
[us, (n~1) (1~2/p) /2, p, I, Q444] (t)<A(L+n+[n/2]+2) ®.  (4.51)

Finally, we shall evaluate u,(z, w) It implies the estxmate of us(% @) on |a|>
- d+1. Because u,(¢, @) satisfies

{utt—du K (2, ), (1, @) CR*x R (4.52)

%(0, &) =4 w(1—2v), u(0, ) = =u'w(l-v), sE N,

with K (¢, ) defined by :
' K o) = —-u3Aw—-2Vu3Vw+wh © (4.53)

from Lemma, 4.2 and noticing the.fact that supp 4w and supp Vo {oc R |o| <d+1}

[us, (n-1) (1~2/p)/2, p, L+1, Q] (t)
<O[usg, (n—1) (1— 2/p)/2 », L+1, R"] @) <OA(L+n+2) (t) (4.54).
From (4. 51) and (4.54), we have . '

Cao, (1) (1~3/p)/3,9, T, @1) < A(Lotns (o2 +2> ®. @)

From (4.88) and!(4:56), we got'(4.8) immediately. :
“For (4. 9), by noticing gi<te 3 d?usmg Lémma 4.2 we have
[us, 0, 2, 0, Q1(8) < [uil 2,0, B (&) <O{B@, 2, 0) +B(za1 @, 0).
+0f, (=D i1-2/0)/3 d 0, @] OF<Awltn.

3 D5k (5) IIL~<a¢+.J/z><0(1+t)‘"""""”’”””ﬁ(L+n+1) ®. (4 '47) |
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Moreover, we have
[us, 0, 2, 0, Q) () <[ug, 0, 2, 0, Q] (%)
+[us, 0, 2, 0, B"] () <A (2n+1) (2)., (4.57)
In (4.56), we have used Sobolev imbedding theorem, Combining (4 b56) with (4.57),

~ we get (4.9). Thus, the proof of Lemma 4.1 is oompleteo

§ 5, A Priori Estimate and the Proo‘f of Main Theorem

Lemma 5.1. In problem (1.1)-(1.8) we assume that n sat@sﬁes 1.10), ¢
domwm Q is non—trapping, @;(u, Du) (5, j=1, 2, --n) and b(u, Du) satisfy (1. 4)-
(1 6), and u®€ H™(Q) N W™ (@) and w€H™NQ)NW™, " (Q) satisfy the
suttable compwtzb@lzty condition, where m>4n+6 48 am. integer and T Gs determined
by (1.14). Then, there exist two positive constants By (B.<E,<E'<H,, where Ey is
defined in Lemma 3.1) and O, such that ¢ f u€ X (T, Hy) is the solutton of (1.1)—
(1.8) satisfying (8.1), we have | ' - : -

2 1028 ®) | w<OW{BE, 1, m) +B(, r, m=1) -~ -

. leldb<m

- +B@, 2, m)+B(u?, 2, m—1)}. ' (5.1)

Proof We only prove Lemma 5.1 for k=1 whioch is an important case of nonli-

near terms and oritical in our proof. The plOOf of cage k>3 i§ similar to h=1, We
consider the following instead of (1.1) ‘

Uy — du=F (u, Du, D), o (5.2)
where ' o
H(u, Du, Diu) = .}J (@5t Du) =3 )ew,+b(w, DU (B.3)
From (1.6) and u€ X (T, E.) (By<E,), we know- »
- F (4, Du, D2u) =0((|u|+ | Du|+|D|)?); (5.4)
and A o
[F, (n—1)(1-2/p)/2, 7, dn+4, Q](5) |
<O[u, (n—1) (1—2/p)/2, p, 2n+4, Q1 ()[4, 0, 2, 4n-+6, Q) (5), (5.5)
‘where o
»= =4(1—1/n), q~_<4n —~4)/ (3n—2); . (8.6)
Sob - < :
M(t) [u, (n—1) (1 2/p)/2 P, 2n+4 Q] (t) |
(=l (n=2)/4, 4(1—1/n), In+4, Q](t)) (6.7)
By Lemma 4.1 (g=r=(4n—4)/(3n~2),  p=4(1~1/n)) and (5.5), we have . .
M () <O{B(!, 7, dn+8) +BGs, 7, dn-+4)+EM (5)}.. (5.8)

Takmg B = Ez sufficiently small.such’ that ifu€ X (T, .H,), we haVe g
- M) SOai B 1, m) +B(W, 1, m—1)},- .. - (6.9
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where O,, is independeh’o of ¢ and K, i9 dependent on m.
By Sobolev imbedding theorem, we get
g (&) |zl (&) =< O(L4£) =274 (B (0, r, 'm) +B(u fr, m—-l)) (5.10)
Similarly, from (4.9), (5.5) and (5.9), we get
[, 0, 2, 0, @] (#) <O(B(’, r, m) +B(u?, r, m— 1)) (5.11)
From (3.1), (5.10) and (5.11), by using Gronwall’s inequality and noticing (n—2)/
4>1 if n>7T (see (1.10)), we obtain (5.1). The proof of Lemma 5.1 is complete.
Proof of Main Theorem Take
. B= m_m(boEz, boHs/0Y), (6.12)
where Hy and O, are determined by Lemma 5.1 and 3, is by Theorem 2.1. By
applying Theorem 2.1 and Lenima. 5.1 _repea,_tédly, we find that if u® and «* satisfy
(1.11), problem (1.1)-(1.8) has a unique. globhal solution « (¢, @), uEX (o0, E)
with E<H,. The decay estimate (1.13) follows from (5.10). The proof of Main
Theorem is complete.
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