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A NECESSARY AND SUFFICIENT CONDITION ON
THE EXISTENCE AND UNIQUENESS OF 2
PERIODIC SOLUTION OF DUFFING EQUATION

Lt Weicu (E4HE)"

Abstract

This paper glves a necwsa.ry and sufficient conchtlon on the exmtence and umquenessn
of 2m-periodic solution of Duffing equation
/A +g(s)=P(t) (=P(t+2n)),

1. In this paper, we study the existence and umqueness problem of 2av—per10dm
solu’mon for Duffing equation '

d?’z/d?+g(@) =P(f); (%)
Where g(z) EO*(R, R), and there exists u, such that g¢’(uo) >0, P(t) €O(R, R),
P(@) =P(t+2m), for all t€ R,

D. E. Leach™ proved the exigtence and umqueness of 2mw—periodio solution of (*)

under the Lond condition, |
C mAAL g (@) < p< <m+1)2 (9(0)=0), (1.1)
with a given integer m>0 and bwo such constants’d and w. R. Reissing™ proved the
existence of periodic solution of («) under a weaker condition, s
mA<A<g(2) /a<u< (m+1)? - |z|>0>0. (1.9
Tung—Ren Ding™ resolved the exigtence problem of (+) under a weakened version

N ,
of -1 < g @< (m+1)?, @3

and in this paper, by using a theorem due to T. R. Ding, we improve ‘the result of
D, E. Leach™, :

2. We need the following hypotheses

(Hy) m’<g' (@) <(m+1)%

(Hs) H(g) =min{sup|g (@) —m%|, Supl 9(@) = (m+1)%|} = 1o,

(Hs) int A=¢, where A={a|g’'(z) =m? (m-+1)7%, '
where m>0 is an integer.

The main purpose of this paper is to show :

Theorem. For gvery 2m-periodic function P(t), («) has one and only one 2w
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perdodic sohution if and only 6f (Hy)—(Hs) hold.
~ To prove the theorem, we need two lemmasg,
Lemma 1. For any o, y, v+vy, we assume that
m*<(9(z) —9(¥))/ (@—y) <(m+1)3

where m>0 is @ given integer. Then () has at most onc 2mw—periodic solution.

Proof Aussuming both (), y(¢) are the 2w-periodio solution of () and
&) +y(¢), for some t€ R1 we get : , 5

o () — y"(t5+9(fv(t)) y(zl(t)) =0. (2-1)

Let

| () —y () =7 (t)cos 9(t), ’(t) y'(@®) = T(t)sm 9(?5) | (2.2)

'We can prove eagily thab =(¢) is a 2au——per10d10 function, r(¢)#0 and _
cos § (2m) =cos §(0), sin #(2m)=sin §(0). (2.3)

By applying (2.2) to (2.1), we geb .
—d6/dt =sin®§ (¢) +cos 6 () (g (@ (8)) — g(y(t)))/ﬂ'(t) S
{sm”f)(t)+00820(t)(y(w(t)) g(y(t)))/ (w(t) —y(®), %y, .
'It is obvmus that d6/dt<0. Let T; denote the time in whmh H(t) deoreases from 6, o
o—2(m+14), (% 0, 1). Then we have . :

To - d0
To-‘J dtﬁj‘ac_zﬂm gin 0+cos€(g(a7) g /v

J b0 dé
0o-2me 9in? @ +m? cos® 0
Tn the similar way, we have T'y>2sm. So we get
o 2mav<9(2w) 8(0) <2(m+1)av
This is a contradiction with (2.3). ' :
Lemma 2. Let f(z) EO(R, R). Suppose that there evist @y, o1, a;o<a:1, ‘such that
F (@) >0(<0), f(wo)<(>0) and int B=¢, where B={a|f (&) =0}. Then thefre evists
yE [zvo, wy] such that f(y) =0 and foa' Ve m@ghbowrhood S(y) of y, there are yi and
Ys€8(Y) satisfying that f (ys) - f (ya) <O. ‘
' " Proo f Assume $he result is nob_true, so for every point yE [@o, #1],  We ocan get
‘an open nelghbourhood d(y) of y, such that any $wo points 2y, 2 € 8(yy) satisfy f(z)e
' f(2,)>0. By using Heine-Borel Theorem, we oan get’ yi(—wo) <y2< ----- <g/,,_1<

=2,

y,,(—-wi) such that U 3 (ys) :D{a;o, wi] and S(y,) N3 (Yit) %Q From int B Q, we

oan get Z‘E‘o‘(y‘) n 8(y.+1) suoh that f (A ) %0 By ’uhe fact 1, Z;HE b‘(y;,ui), we have

o f(zt) f(ls+1)>0 (@ 1 """ ’”""1) |

So we have
- f(wo)i-f(w;a)>"0.

This is a conbradiotion,
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8. The proof of the theorem.,

1) The proof of “sufficent” part.

By using the result of [8], under the ocondibionse (Hy, (Hy), We can prove the
existence of 2w-periodic solution of (),

Under conditions (H,), (H,), for any @, ¢, v%y, we oan prove easily that

m?<(9(@) —g(¥))/ (@—y) < (m+1)2,
Using Lemma, 1, we get the uniqueness of 2w -periodio solution of (),

2) The proof of “necessary” pars. '

At first, we prove that 9 (@) satisfies (Hs).

Assume that it i9 not true. Let @o€ inb A, so there is a neighbourhood 5(w,) of
%o Such that for every € 8(w,), ¢'(») =m?. We consider equation :

+g@) =glo). 3.1)
We know that ©=we+ L cos mé (Lk1) are solutmns of (3.1). This is a contradiotion
with uniqueness, ‘ - :

Now we want fo prove ¢’(z) >0 (€ RY),

Assume it is not true. Then there exists Yo such that ¢'(yy) <0. Without loss of
generahty, we assume yo<<tp. From ¢ (ue)>0, wo can gob two pomts 21, 22€ [0, 1)
such that g(zi) 9(23). We consider equation - » : _

. @' g(@) =g(z). (3.2)
It is obvious that both o=z, v=2, are 2au—permdm solutions of 8. 2) This contradiots
with the uniqueness. o

Now ‘we prove that(H,) holds.

Leb I=im(g’(#)). Suppose that n®Cint I, n is an mteger From ¢'(z)>0 we
know n*>1. Oonsidering the function f () = 9’ (@) —n’ we can seo that f () sabisfies
the condition of Lemma, 2. 8o we can-get a point @, and two Sequences g;, w; such that
Wy Yi—>@o (> -+ 00) with f (wy) >0, f (y) <0. Thus ¢'(y;)<n? ¢ (fw,) >n®. Let us
consider equation

o' +g(x) =g(w). : (3.3)
(3.8)has a center at point (zo, 0), and all orbits are closed orbits around the center,
Let I' denote the orbit which passes through the point (z+1, 0) and whose period
is ¥ (I"); from the uniqueness, we know = (I") %2m/n, Without loss of generality, we
assume 7 (I') — 2w /n>8>0. Now we consider the farmly of equations |

@' rg@)=g(w), i=1, 2. (3.4,

Let I'; denote the orbit of (3 4); which passes through (@o+1, 0) and whose period ig
v(I";). From w—>y, Wo have hm q,-(l D =v(I). w0 if k is large enough we have ,

| () >2m/m. (3.5)

The period of any orbit near conter (w, 0) is about




From (3:8), weget
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2/ (g’ (w)) /< 2m/m (70>>1) (8.6)
From (3. 5) and (8.6), we know that, between center (wy, 0) and I',, there exists a
olosed orbit. H, whoseperiol is 2w/n. We obtain two 2m—periodio solutions of (3.4),,
v= fwk and H; for any #>1. 'Pins oontradlobs the uniquenesy %00, So n* & in¥b I. Thon
(Hy) holds.

At lash we prove (Ej) hdlds. :

Assume it is not true, i.e., H(g) =M< +oco. Without loss of generality, we
agssume that H (g) =§gg|g(m) —m’|, luet-h(z) = g(s) —m . Then we consider equa~
tion ’ , : : .

&'+ g (@) =8M cos md, : 3.7
Let o=@ () bea 2av—-per10d10 solution of (3.7). Sop(?) isa 2m—periodic solution of
equation '

w”+m2m==3M cos mt—h(p(t)). (3.8)

J’o” c0s m#(3M cos mi—h(p(©)) dt=0. s (3.9)
From (8. 9), we obtain | N

3MW*‘ "3 coszmtdt—f oo mt(h(gv(t)))dt

<‘f | cos mt(h(¢.(t)))|dt<M.J dt=2Mw.'

But (Hg) implies that H (g) =M #0. Hence we obtam a contradiction.,
Thepreof of the ‘theorem:is thus completed., ‘

‘Pinally, Iram wvery grateful 130 Professor Tung-Ren Ding for his advice and
1ns’01uotxon o
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