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CUMULATING CENTRAL POLYNOMIALS
AND IDENTITIES FOR M.(Fp)

Cmave Quva (% 4)°

Abstract =

Analogue of Formanek Central Polynomial, the auther constructs a cumulating
centrdl polynom:al for M,(F,) and a cumulating identity for M. (F,).

§1 Introductlon

Let F, denote a field of oharaoterlsﬁlo p#:O F, afield of charagteristic 0 throngh-
out; M,(4) denote the set of 1dent1tles sadnsﬁed by M (A), where 4 is a commutative
ring. We have the map

¢: M.(Z) > (F9)1
J @y, @y o) > f (1, @y ooy @) (mod p).
An important question (see [1, 2]) in the theory of _PI—algebra, says that: Doeg
d(M,(Z)) generat’e: m, (If’,,) as a vector spa;c"e'oir"e_'r 72 To answer this question i} ig
important to find as many elements of the set M,(F,) —p(M,Z)) ag possible.

All polynomial identitiés and central polynomials for M,(F), or-for M,(F,),
which the author has met before, are based on, the concept of the “alternating”
property of polynomials, but for ¥, M, (F,,) posgecses the most fundamental property
that for any a€ M,(F,), p-a=0, if a polynomial f(zs, -+, ;) can “cumulate” the
elements of M,(Fy) o p times, i.e. for any ay, -‘-~, aCEM,(Fp) flay, -, @) =D-G
for some suitable a€ M, (Fp), certainly f(ay, - cét) is a polynomial identity for
M, (F,). The polynomials which are precisely of oumulaﬁmg type are the symmetrlo
ones:

St(‘viy ) wt)‘" 2 erixarz Xort . L @)

wisym(s) -

According to this 001181(161‘&171011 the author has mdependently estabhshed the
following™’
- Theorem 1. Ifitz=pn, then D isa polynomwl identity for M,(Fy); 4f t<pn,
then (1) és not an identity for M,(F,).
(Later the author knew from Professor Edward Formanek by communication
that the Russian mathematician A. E. Zalesski had obtained the same results). In
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this paper we shall establish a cuinulating central polynomial and another cumula—
bing identity for M,(¥,) by using Formanek's method™ and Jacobson's argument® %,

§2° A Cnmulating Central Polynomial for M x (F'p) |

Let @4, @g, +*+, @psy be commuting variables over F,. Denobe
2@, §) =aP +ap 2oyt B0t 4o +af
and o o | ’
9oy, ++t @un) = I1 p(L, p(ntt, i) I 2°(h 5D,
‘Use the Formanek 'mapf“? ‘ . ‘ "
L prafageeof —> X0V XY gV, X,
We' transform g(a1, @, ***, Tns) into G(X , Yi, Y., , _Y,.) with coefficients
unaltered. | ' | o
Theorem 8. G(X, Yy, +»+, Y )+G(X, Y3 Vs, -+, Y, Y)++G(X, Y,
Yy, ooy Yaot) 88 a central polynomial for M,(Fy), bui not for M,(F).
Proof of Theorem 2 G(X, Yy, +++, Y,) is linear in ¥, 50 we can assume ¥ ,=
65 $=1, 2, e, n, being matrix units, and s =diag {4, @s, *+*, zv,,} We have
X0y X %5, X 0y, 5, X o = oiats e frasinrio;, £0
if and only if ‘ o
. -‘1'ei,;‘e},g,--‘-eg,,,,,--'ein,” ig a,-path,, i. e. jk=f1ﬁ}0;:f6r k=1, 2, vy n—1. " (2
So when (2) holds, G(X, @uin, **y i) =9 (T Bin *+*, Biny @y,)00s,. Nt thab if 6=,
P (4, §) =pab~t=0, 90 g(@p, @ *+*, @i, ¥;,) <0 if and only if '
B4, B2, ***, ¥, i8 & permubation of 1, 2, -+«, n and j,="4,. 3)
This implies:

QX ) {1 HK p2(%, 1) e, if and only if (2) and (8) hold,
y CidrGi,,) =4 SIS |
: 0, otherwise.

So
G(X1 €, kR %y 917”1") +--- +G<X; €iiw Cindu °°°s ein-xjn-x)
{ II 2°G, 7)E, if and only if (2) and (3) hold,

1<§<i<n
0, otherwise,
This ends our proof.

§ 8, Another Cumulating Identity for M.F})

Using Formanek’s method™, we can easily establish an identity for M,(F)
- (also for M,(F,)). Let o :
p*: a}?‘a}g’-nw":?i —_ X“lYIXafya...X“ﬂ-lY"_lX“rtY”X“n+1Y"+1. '
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Let f4(w1, g, -+, Bog1) = (#,—ay) be polynomial of commutative variableg,

1<i<j<ntl
Then the image G*(X, Yi, 00, YVosa) f f1(@yg, +++, @ppn) under p* i8 an identity for
M, (F) (proof iy trivial, similar to that of Theorem 2).

Analogue of this example, let fa(ay,  Gpgr) = TI 9@, §), then the image

1<€i<jantl

G =" (@, Y1, **, Yu) Of fs (@gy**+) Bny1) under p® is an identity for M, (F,) (obviously,
G** i9 not an identity for M ,, (F)). Tosee this we nofe thab G** is linear in ¥ PREETN
Y, 50 we assume Yi=e,, s=1; 2, -+, n and w=diag {4, s -, z,}. So G*™* (@, g,
%y G,5n) =f 2 (Tuey, "t @i, @y,) €, i (2) holds, otherwise G** (w, 6,5, -+, ¢,,;,) =0. Bup
Doy Tigy ***y By m,"E{ézi, cery Tpk. This foroes, at hléasb two of @y, @y, -+, @y, @, are the
same. In this case f1(ay, o, 0ty T, @5,) =0. So G* ig an idenfi'ty: of M,(#,) and of
cumulating bype, surely not a P. I for M, (F). 8o we have Theorem 3. G is an
identity for M,(F) and also for M,(F,). G™ is an identity for M,(F,) only.
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