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ON THE LORENTZ CONJECTURES
| UNDER THE LrNORM

‘Y& -MAODONG (wj-;lgu;g)*

Abstract -

Let f(2)eC[ - 1, 1], pi(2) be the best approx1mat10n polynomial of degree n to
f(@). G. Lorentz conjectured that if for all n, p.‘,,,(a:) p2"+1(x), then f is even; and if
Pins1(8)=Pina(2), pi(2) =0, then f is odd.” - ' " '

In this paper, it is proved that, under the Lj~norm;, " the Lorentz conjecture ‘is valid
condxtwna,lly, i. e, if (1) ( 1—m2)f(m) can be. extended to, an absolutely convergent »
Tehebyshev series; (n) for every n, f(w)—pz,,+1(w) has exaetly 2642 zeros (or, in the” '

second situation, A f(w)—p2,,+2(w) has exa,ctly 2n+3 zeros) » ‘then Lorents conjecture ig
"valid, . : '

Let f be a funotion of o[-1, 1], @, be ‘the set of polynomla,ls of degree n, and
p,, »(f, @) the begt approximation fo f in o,. The follwmg conjectures were proposed
by @. @. Lorentz™;
ConJecture i. Suppose that f G o[-1, 1] If for all n=>0 _
: ' ' Pzn (f ) :v) —P2n+1 (f ) a;), | s @)
then f 4s even. o o
Con Jecture 2 S’uppoes that f€O[—1, 17, If for all n>0
A P2»+1(f; ‘U) “Pzwa(f; a;), '
then fisodd, -~
In practice, there ig something wrong with Con;eoture 2, And E. Saff and R,
Varga™ added a condition to it, that is
Conjecture %', Suppose that J €0L-1, 1], and f(Q) =0. If for all n>0
P2»+1 (f: w) -P2u+2(f ’ 9’),
thefnf'&sodd : . SR e S
. We, thmk 11; mlght be more reasonable if we modzfy the eonjecture ag fellows-
. Conjecture.2”, - Quppose: that fEO[~1,.1). If for all n=>0 o
Pensa(f, a;) =P2ara(f) @) and po(f, @) =0, ‘ @
then J és odd.
Though Qonjectures 1 and 9 were pubhshed in ma,ny conferenoes and papeIS, the

Maniuscript recelved December 14, 1987, ‘ S v _—
* Department of Mathematics, Zhegxang Umvemty. He‘tﬁg'zbbu,‘Zﬁejiahg; Obing, " ¢



360 CHIN. ANN. OF MATH. ' » Vol. 11 8er, B

answers are very few. The following result was given by E. Saff and R Va,rga,tm
If the function F (¢) has an analybio extension F (2) which i¢ an entire funetion
of exponential type ¥ Wl‘bh 0<v<m/2, i. o,

thuplP—l'[i@ %, Ma(r) - max{lF<z>l =,

200

then Conjecture 1(or 2') ig Vahd Here f01 Conjeoture 1, F(t) is defined by f(z)+
- J(—=2)=F (%), and for Conjecture 2', by f (@) =f (~a) =aF (o?).

It is not difficult to get that Oonjectures 1 and 2” are true under the Liy—norm,

In this paper we prove that, under ‘the Ly—norm, the Lorentz conjeotures 1 and
2" are yalid eondltmnally

SuppOSe that f (@) € 0 [- ] 1], and p,. (@) E.fnv,L is. the besb approx1ma,t10n o f (=)
under the Ly-norm. We denote the error function by ¢.(z) =f (z) —p* ().

", Besides, . a, Tchebyshov  series means the.sum. from Tchebyshev polynomlals

2 w,.T (w) Where T,, (a:) is the Tehebyshev polynormal T (co) = cos (n arooosa;)

Theoreml Suppose that f(a;)EO[ 1, 1] I f S
(1) (-2 f() can be ewtended toan absolutely comefrgent Tchebyshe'v series,

%. €,
| (=N (@)= zw” ,.<=u>, w€l-L1 @
L 2'“"l<°° - R OO
(ii) for every n-—O 1 the error functzon 32,,+1(a:) has ewactly 2n+2 26r10s;

then the Lorentz conjecture 1 is wl@d under* the Ly-norm,
Theorem 2. * Suppose that f (z) € O[ -1, 11 If , .
(i) (A-2*F) (v) can be ea;tended to, an absolutely corn/vea’yent Tchebg/shefu series;
(ii) for every n=0, 1, the error funotion 62,,,,.9(56) has exactly 2n+3 zergs;
tlwn the . Lorentz conjecture 2" is 'vahd under. the. Ll—noo‘m PR

The Proof of the Theorem

Here we only give the proof of ’I‘heorem 1. The proof of Theorem 2 ig similayp, -
o~Lenima 1%% - Let f(z) €O0[+1, 1], ph (&) €, be tie best approzimation fo f (a:)
under the Li—«rw'rm If the error funcmon e,, (a;) hws emctly n+1 2108 &y, £ap i neey Enst,

P L +2’=
New we begln to prove Theorem 1,

Suppose that f(a) €0[~1, 11, Pin(f), ®) -Pz»u(f . ‘U) Denote . )
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p;n (fy {l;) = bo -+ by 4 ovo + bga®",

By Lemma 1, for §,=cos Py + 3 we have

bo+ bsf++- +bzn§2 —f(ft)y b=1, 2, o+, 2n+2.

This can e regarded as a linear system with 2n+1 unknows and 2n+2 equatlons
‘Since this system has a non-tnvlal dolution, the déterminant

L& o 8 (&)

LG e @ f(&)

11 s - . f<5z,,+a> .
This means that the divided différence of fz)

T b o felf=0 ®
- (8=0, 1, ++, m+1), them.

Now we agsert that if m-—oos
m-l—

e __r AN 2N o oL
['ﬂl, N2, ’ ﬂm]f T A1 ‘=21 ( J—) (1 "k)f(774)~ Ce | (7)
In facet, from the definition of the divided diffrence we know that =+

(11, g -~ B nm]f 2 /(?7>

where w(w) = II (@ —mny). Note that {"Ic} are all the m zeroy of the polynomla.l

T'ia(z), 80 we have

L ‘0(‘")—427(—1;_;?)" T:wi(‘”) o o
Because the Tchebyshev polynomial T, () satisfies the dlfferentla,l equatlonm '
' A (A=) T (@) —aT (&) +m?T,,(x) =0,
it 'follows that R R B ST

o (2) = el 1(@) — (m+ 1) i1 ()
T D =)

Finally we get

[7]17 Nay °°° "ﬂc)f("h)v

and (7) is obbained.
When (1—)%f (¢) can be extended to an absolutely T'chebyshevy series, i.e,

F @) =(~a") @) = Zal'(o),

m+1 : m
if we denote é " u‘=-!- (tho + Ume1) +2 u, from (7) it follows that

"
m+1 ‘2:] (-1 +1

2 a5 2" Tes (n)To(n) S ®

H

[7]1) T2y - nm]f =
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Aoccording to [4],

27 §=(2k+1) (m+1). k=0, 1,
', { A
ooy + 1; 2 +1(m) Ty(ny) = ! 0, otherwise.

Henoe wo getb
["71’ Ny 7]me =27 »§04(2k+1)(m+1)o
Let L, (f) =§0w(2k+1)m, from (6) it follows that

L2n+3(7)=0 %-—"—'O ‘-17
And it is not difficult to know that Ly ( f ) =0. -
Lot w(4) be the Mobius fanction. From (4) and (10) ‘we have

E w26+ l)L(2n+1)(2i+1)( f ) 20 % W (2 + 1) T 2n-1)(2KA-1)(Bi4-1)
>

' . s 20+1 n
@ 2n+1)(2m+1 )(2‘“)%’”“) [b( + ) = a2 +1
for all n=0, 1,
This means that

(1 mﬁ)f (m) = 2 w2nT2n (m)

Henoe S (w) is even. Theorem 1is proved
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