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GROUNDWATER MASS TRANSPORT AND
- HETEROGENEOUS EQUILIBRIUM
CHEMICAL REACTION—A KIND
~ OF FREE BOUNDARY
PROBLEM

Guan ZHICHENG BEx*

Abstract

This paper consuiers another kind of chemical reaction dlfferent from [1] The
difference is that the chemical reacblons under consideration are assumed to be heterogeneous, -
fast, reversible. and classmal Aq a typlcal example 'the author reduces this problem to an
one phage Stefan probler with noncommon data, and mvestha,tes the classical solutxon as
well ag the weak solution.’ '

§1. Introdu'cti‘on -

We consuder Johe transport of reactmg solu bes in porous medla (see [2]) The
golution omgma,lly present Wl'bhln ‘the porous medmm oonta,ms a 1eacb1ng ca,tlon
M and a redobing anion M 5 both of which are in equ111br1um with a orystalhne
solid MsM,. The d1s1p1a01ng solution eontains an ' inert anion M s and the reacting
cation M;. The solute—tra.nsport—aﬁ'eotmg reaction is sufficiently fast and reversible,
It is represented by the chemical equation ' .

. Misz——-Mi’f‘Mz | (R4)
Ag'tlie displacing soluiuon does not contain M, and has M; with a concentration
smaller than that in the original solution, perco]atlon of the displacing solution
through a column. will cause a continuous shift of the chemical equ111br1um (Rd)to
the right, brmgmg about dissolution of MM, '

It is known thab because of such a dlssolutlon process, eventually two zones
must deVelop within the leached column an upper zone I, from which the solid
M 1M 2 has been entirely leaohed out. and a lower zone II, in which the solid ig
apresent It can be proved by means of elementary chemical equilibrium consider-
t1ons that the dmsolutnon oceurs at, and only atb, the interface between zone I and
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1I and the interface must move gradually and continuously downward (see Fig.
£, | . .

-/ x=s(t) . We reduce this problem fo an one phase
Stefan problerb with noncommon data. In section
e T 2, we give the mathematical model and its
reduction. The clagsical solution and the weak

¥

~ solution are investigabed in section 3 and 4

| Fig. 1

respeotively,

3 2. Mathematical Model and Its Redution

Beoause of the differing nature of the chemical prooesses in two zones, the basio
solube tlansporﬁ equations for the present case musﬁ be formulated for eaoh A )
sepemd;elyfm Bef01e doing this, we define -

- gome I: 521—{wE (0, s(#)), 1€ (o, T)},

. zone II: 2,={a€ (s(8), B, 1€ (0, TH},

| 0={o€ (0, 1), t€ (0, H}; -
r1={0}><<o T); Ta={1} % (0, T); To={s(5)} % (0, T);

= 0,0 %10} L=Dfr—Q 5 4= —D+Q

where | and T’ are posutlve oonstants, D and Q are positive constants representing
bhe ooefficients of longltudmal dispersion and @ dlreotlon volume flux of watber
respec’olvely, s(t). is the mterfa,oe wubh s(O) =0, Then we have followmg system*‘“

0 = =Te, m,* o 2. 3:)
s=0p=0 onIl% ~ T (2.2)
gos=Qosp on I'y, N (2.8)
004 _o on I';, | @
. - On B ’ : B
zone I: .
H%Z;LGZ in @, B : (2.5)
goj =fefn on I, S @e
- | =0 me @
gone IT: 2ot a o R L
S 9 2% 01"' I in 0y ' 2.8
RS 0 ot +P ot _Lcé , 1]1:. & B T ( )
o - al'=om and-cfy=cp on I, S . (2.9) .
804;

=0 aly (.10
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, Kp=ciei' in Qs o -' (2.11)
.where the supersoripts I and II indicate the zones involved. For §=1 and §=2, the
funotions ¢} (@, %) and ¢f*(@, §) are solutions of two different sets of eqnations and
henoe they are two different functions.

¢/s and Csg aTe the concentrabions (moles per unib volume of water) of the
.species M; (3=1, 2, 4) and MM, respectively.

p is the porous medium’s bulk density.

8 18 the volumetrio water eontent,

¢, p, 8, K15, o and cfp (6=1, 2, 4) are positive constants and satlsfy

¢ip=0a4r, Cop=0, 013"023 \/Ku csp=0; (2.12)
. Qlearly, additional boundary irformation ab ‘the moving interface w=8() is
meeded In the present case, that is

oF(s(8) —, 8) =cF(s(8) +, 1), O (219)
(0(06 —0}) +pcis ?Zt =goil—ge; on Iy, (2.18)’
(2.13)' is eqﬁivalent to the following
aci(s(®) —, ) _ e’ (s(H) +, 1) ‘
o s+, )2 p (LD D+, vy, 2.14)

“Thus, the problem (2.5)—(2_.14) (oalled PI) is a kind of free bounbary problem,

_i. e, it can be reduced to a one phase Stefan problem with noncommon data, In

faot, setting
L p=cf—cp, m=I, II,

we have s _ . :
6 —%?—=Lv in UL, - - (2.15)
v=0 onlos | . (2.16)
qu=Qciy on I'y (2.17)
o _
Zo=0 on I B (2.1§)
o (s =, By =e(s@® ), - o (2.19)
ov(s(t) —, 1) _ ov(s(®)+, f,) o S Ay
ow o o (2.'20)
Oomparing (2. 1) —(2.4) with (2 15)—(2. 20), we geb (see [3])
o= ¢ in Q
From this and (2.8), (2. 11) we have
01 ——-——(04+ (o +4K12)1/z) o 4('2_..21)
e S
i o el 9DEC(Bfle) (39

o - p (c4+4Km)?ﬁ
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We oan extend the difinitions of ¢!f and cis to zone I beoa,use of (2 21) (2 23)
and (2.9), Then sebling _ _
- u,——cﬁ —¢; in Q,, .
we reduoce the original problem to an equivalent one as follows,

Doy — Quiy— Ouy=g(w, £) in Qy, L : (2.24)

—Dz{w+Qu=.h(t) on I, S (2.25)

u(s(®), £) =0, : . (2.26)

-AG®), Hs=Du(s(®), 8, - .2

Cs(@=0, = - i (2.28)

Whelre:‘ o o | _
9o, =pelt =20 B0, @)

Q[ 4K ia+ci5es(0, f,) :. - ' } :

A =3 o o ) A

Ma, &) =t (a, 8) =pcB.+f0 9(®, 1)di=psa>0, (2.31)

U=y =0y, T (2.82)

§3. Classical Solution

In this seotion, we in&estigate the elassical solution of PI, o
Definition 8. 1. The classical solution of PI 4s a triplet {T, u, s} such that s(8)

belongs t0 O[0, TINO*(0, T), u,€c(QUILUTL), and u(w, £)€O0(D;) N0 (Qs)

satisfying (2.24)—(2.28), o .
Assumption A, S o

- - 2/Eq —0>0.
'We have o |

- Theorem 1. Under Assumpiion 4, there ewists @ unique solution (T (), u(w,

t)) to PI im Q4,1.= (0, s(t)) X0, T")-amd.the . following cases, only these cases, are

' poss@ble : : .
- (@) I*= g

(b) T*<+oo but iim 'sup«u,-(s(t)-,' )= + o0,

(c) "< 40, but hmmf s(®) =0 oa~ hmsup s(t) l

- The proof of this theorem depends on the followmg lemmas
Lemma 3 2. The PI has @ unique ‘solution es(w, O € c(Q) Ne**(Q) satisfying
B (‘\: , _ . 0<04(‘U t) <01p, R . (3 1)

(n) The assumption A seems natural 40 ensures(t) >0 ag t>0 is small, then it yields that the data h(t) b=

h(o) >0, ‘and g=0, hence, are noncommon
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—chF/D<ﬁ%%~2 2

Prroof Th.ts is a classmal resul, and by maximum prmclple ’nhees’ulmates (3 1)
and (3.2) are obta,med S
A.ttumptwn B. s(t) is nondecreasmg and s(t) ot [O 7.
Decomposing
y= fv+W . : .33

one can show tha’o v and fw sahsfy ‘the followmg systems respeo’olvely |
I o vaw—Q% 6?fz)t—-g m 91, T o (34)

( —vam+va =0" on Tl, ' ©(3%6)

o e)(s(t), t) 0 onl‘s, ‘ . (3.6)
and L L
Tt Du Quetbu=0 @, . en
. ! . : -Dw¢+wa h(t) on _['1’ 'j'n , ) 4 (38)

o rw(s(t) B 0 onF e (3 9)

. Lemma 3. 3 Assume A and B. Then the pfroblsm 3 7) (3 9) hws @ umque
soluteon w(w, t) which and fw‘,(m,t) are contmuous on .QI—- [0, s’t)] X [0 T]. Moreover,
-$he fﬂuowmg estemates hold: o vt b S T o

O<w(w, t)<Po(s(t) w), P<-?-®9—(§-£-t—)—’-—t)—<0 S (310)

\ P . ‘.,-.s K ,.vxv .' . [wa;[<13 :-,il a"‘-' (AL (3 11)
JEREA SR Al el aser ML TN |w¢¢I<R R (3 12)

where Py and P depend only on D, Q and ||kl g, R depends:only on D, @ |lor-and (8
. Broof It is easy to ‘see. that: h(t)>h(0) >0 Thus the proof is the same as in [4].
Analogously, we have ,
Lemuia 8. 4. The estfbmwtes (3. 10) (3 12) hotd fo'r -—rv fwfath |lh|| o replaeed

by ool R . T ,,
} Remark 3 5 Si;rmtly speakmg, we need the assump’olons gEci' 1/ 2 (91) and
&(%) €60, T, but these depend on the smoothness of ¢4 W}:uch is regarded as given
funotions. We assume thatb ¢y 18 sufﬁmently smooth ag we need in this seofion. .

As usual Way, we, have the mtegral representahon for s(t) and u(w t)

A, b= jk(t)«zz -of e 0w e

b ‘4 “{ 3 013 L } H

where' | Nl o o .
. , _[s® [ P

15,7 AW =[ . b e G
We define the operator F: s(®) ——>b (t) as follows o " B ¢

v\) ',sﬂ_r:é__'.:r

A6, o~ i [\ oo v, @
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Namely, _ :
BOME@), =D~ [ Du—Qu—g)dt~ [ uE ndt.  (3.16)
Hence, . | o |
B(6)={h(0) = [I¥ (1) |+ (DR+QP) K1t~ | gl (K +5()) 8}/ (pbs). (8.17)
That is - . |

b >0
if 0<s(t)<K and ¢€ [0, o] with sufﬁmently small o>0. For all € [0, o], we find
that 0<b(3) < K, and F(s(8)) =b(#) keeps the monotonicity and the same bound of
s®). Proof of Theorem 1 For tE [0, o], we choose the subset
E={s(t) €0*[0, o1|s() 7, S<0) =0, 0<s(f) <K}
of Banach space C[0, ¢] and use Schauder fixed pomb theorem, We can show that
F has a fixed point in H, The details of the proof can be found in [4]. According to
Theorems 3 and 5 in [B], the solution_oaﬁ be extended to maximal domain (0, s())
X ‘('O' T*). On the other hand the case (b), maybe, occurs (see [6]), but in our
case, 1f (a) is not true, i, e. , < +oco and (o) do not ocour, we have
' O<61——hm1nf s(t)<hm sup s(t) =82<1 S 3. 18)

for some &; and 62 As done in [7] and [8], we ge’s for any 0<T1<T<T* the
followmg inequality

JT j Uz (@, t)+j u(m T)<K1+K2L 3(s(t), é}dt (3.19)

where K;'s (4=1, 2, 2.-+) are generio constants dependmg only on the data and §,,
8., If (b) i8 not true; we'conolude that - :

j“"dt j wha(, Do+ s uf,(a:, ) do< K, .20y
o Jo
This means that the solution can be ex: tended to a larger 1nterva1 [O /il with T>
T (see [8]), the proof is eomple’oed
Theorem 2. If II 9l s suﬁ?/wwntly smau tkem the case (b) is zmposszble
Pfroo f We obsel ve that = .
' ‘ uzu:=2((uu¢u:)a- (uuz)t/-? (Wmut))

and

'—J Uq (Duwa: Quig— aut "'J Qu,+gu,,,—-0uf,ug

- [* Duscstty, /3 [ (D73~ %uuau:)!a—o'wf (E, DCE, DR
L=, G+ [ (D= Qug),. CENY
where | T

‘ @=(0, s(t)) X (s, Ts), . 0<Ts<Py<c5,
‘Henoe S o L,



No. 4 " Guam, Z. C. HECR—A KIND OF FREE BOUNDARY PROBLME 473

j: u(s(3), t)dt<J‘él — Doul,+ e Jg’} uly+ Ky, (8.22)

Here, we have used

J uj",f=§ uui—J QWihghys, W0,
o 0’ Q.
(2.26), (3.10), (3.11) and Cauchy inequality. '
By virtue of (8.19), (8.22) and noting 0<< —v<< K| gllw, we have

L B, H<Kyn O (38.23)
So, the case (b) is impossible, because of (8.19) and (3 20) o N

§ 4. Weak Solution

In this sectmn we congider the Weak 80111131011 of PI. First, we introduoe thes
followmg notabions: T
V= {fUEHl(O D|v=0, a.e, on 1"'2}
W~={fvEL2(O T V) nH (0, T; I2(0, Z)) lfv-—O a. e. on (0, 7) X{T}},

0, §<o
H{§}={(O, 1), §
L '-1{ 55‘0;
e 0, é<0 £<0,
H(§>={1 £>0", ‘E@ { £20.

Noting g=A;. we, naturally, assume the’ followmg conditions:
(A1) - AEL2(Q), MELP(Q); A.A(az, D=A(z, 0)= p03>0 and M(w, $)>0 a. e. im

(A2) REL*0, T), h(2)=h(0)>0 a. e. in (0, T);

(A3) REHN(0, T, h(t)>k(0)>0 a, o, in (0, T); |
Definition 4. 1. -4 funciton u(w, t) defined a. 6. n Q, wmu be cau d o weak:
solution of PI if u€ L"‘ (0, T; V) satisfies the following ’bcl&nt'bt{l/

J 1D~ @obe= Girams [0 5 @
for all EW, where : b8 mewsumble and x€ H(u) a. 6. tn Q.
'Theorem 8. Under Assumptwns (A1) and (42), theo ¢ ew'z,sés a umque weak
solutson o f PI. _
' '.TI?o’oo f I the same yay as in {97 ysfélieonsigj,chj; an approximabing p;joblem of PI.
as follows. - - A
Tt & be a positive infinitesimal sequetice such that
{H, 60“"(3)} {A€ 0"(9)}, {hs EC“(D n} -
and {uos € 00, 11} sa,msfy ' :
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H()=0 if¢<0,

CH(E)=1 ig>e, o o (42
O<H(§)<2/s, - '
| VEER,MmH, (&) =H(&);
x_s>pa,,, Aet=0, A=A and Ag—>A; in IA(Q) strong; = - - - (4.3)
0 he(8) =h(0) >0, he—>h in L2(0, T) strong; - -~ =~ ".(4.4)
- 00=0 and if 2>8, =K<, <0, —Ditoso(0) +Quae(0) =1 (0). _  (4.5)
We 1n'broduce the following appromma,tmg problem
P,: to find u, € OX(QNT7) NO*(Q) such that

Ditgop— Qutor— (Quss+AsH o (4,) )¢ =0 in Q, (4.6)
Ug=up, On Lo, . (4.7)
' ~---Du,,‘,+Que h, on 1’1, - 4.8
’ =0-on Iy " Do kel R (g 9)
For P,, there exists umquely one olassma,l soluluon s, and equabion: (4 - yields
NN <Duw-Qus>¢a+(aue+ws<u@>>,¢ ~[h@s@ D @10

for all qSGL”(O T; V) .
After taking ¢=u, in (4. 10), we obtaln

jo.[ouw f u (a; t)clw—l—J Aat (, t)J @, )H' (g)gdgdm+1 w2 (0, §)di<K,

: i (4.11)
Where K depends only on ﬂh(t) ﬂp(o.z'), "M"L-(n), "7\'HL*(SJ)°
Henoe e , e e B
B
and BT Loy :
o< Hym) <l j j Hs(u,)dardt<K L (412

'By (4.11) and (4. 12) Jﬁhere oxigh u and u, suoh tha.t pa,ssmg 130 subsequenees 1f
necessary, as e—>0, T ot ' »

u—> in L*(0, T} L’(O 1)) Weak gtar and in IP(O 1T, H1(0 D)) weak,

, (4.18)

o H (u,,)—»c in L”(Q) weak star and 1n Lz(Q) weak ) (4 14)

‘ From (4 10), one finds® '

j j(Duw Q) o= (D) i = j h(E)$(0, 1)d, VEH (). (4 15)

In order to complete the proof of. existence, it thus ‘Temainsg 4o show that nE
H(w). Thig is done in; [9],1.9, ERTE Lo ‘:.;
ﬁ(u)<n<H(u) a. e, in Q TR (4.18)
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Concerning the uniqueness, we suppose that ul; '%1 and us, x3 are two weak
golubions, Set w=1u,—u, and
{
(- )t o e

0, H<t<T.
- Then -

J’J (wa¢ - Q’W) ¢)¢; - H'uigbt —?\- (%1 (u;) - %2 (‘Mz) ) (]St = Oe (4: . 17)
Applying (A1) and (o (1) —#a(s) ) (s —u2) =0, we get
0= -P—JI Exp (-Qﬁ->¢2 (%, 0)dz+8 Jl r‘ExP<- -%— o ) w? (o, $\dedt

J J Aoy (1) — 29 (u2)) (u1 'Mg) Exp<~—% @ )d:v dt,

Henoce, w=0 a. e, in Q. A
We prooeed to consider the regularity and properties of the weak 801111710]1
Theorem 4. Under the assumptions (A1) and (A3), the weak solution w of PF

belongs to L™ (0, T; H (0, 1)) N H*(0, T; I*(0, 1)) N CY23/4(Q), and u=0 tn Q.

~ Proof The proof follows from (4.10) by taking ¢=u,, the maximum prineiple.

a,nd imbedding theorem,

Lemma 4. 2. The set S={t€ [0, T] | (0, t) >0} ds dense in [o, T]
Proof For any t=£>0, in (4. 10). taking

| (3= 2)* (5~ to)* (ta—8)* in (0, ) X (to. tl),
¢( 0= { ' » otherwxse

we have _ :

j Du(O t)S(t to)2(t1—t)” ”(Du 2Qu(8 ) (b~ 10)? (ti—t)”

[ a0 - Gerhm2 G |

N Jh(t)S”(zh—-t) (¢~ o) °. ' SR | (4.18)

Then lot 8=n(t—t) (0<n<L), (4.18) gives. . |
ju(o ot (b — o) )a* (1 — o)) dat

A

St h(toalhi=10) )o2(1—a)da— K j:n9(1~a>¢|'2'¢_1|¢za, (i~ o)

- =h(0) (31— %0)*n/2>>0. - (4 19)'

So, there exists £E [to, #.], such that u(O §) >0 Here we have used. the fact that «
it sufficiently small and the continuity of u=>0 from- Theorem 4, In seqnel we. also
assume (A1) and (A3) hold. . TR .
Thoerem 5. If h(0)>M (M =max3\,,), then tlw weak solutwn u(O t) >0 Vte

0, 7).
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Proof Let.
: 2 =us+w, ' (4.20)
where

w=— M (—a—D{A—-EXP(-Q(I~2)/D)/Q)/Q. (4.21)
For any 4 € (0, T'), a quick caloulation in Q) {#>%} gives

Dzm,-—Qz,,— (G+AH', (45)) 2 =A:H,(u,) — M<O0,
z(1, ) =0, -
= Des+Q2 | aco=h(t) —~ Ml=h(0)— Mi=0,

By maximum prinociple, the negative minimum value of ¢ can not be reached in
QN {t>1to}, and there exists a point (z,, %) satlsfying

min z=z(z, #) <0, (4.22)
an{txte} . .
i. e, _ :
% ((U, t) >u8 (‘DB: 170) +aw (wst 50) Y vte [to, T] °
Henoe, - :

(0, 8) >4, (20, 1)+ M (s~ (EXP(a(i~2)) ~EXP(~1))/a) /@
<=_%. ; SR - (4.23)

Sinoe 0<<@,<1, there exists »* such that, passing fo subsequences if necessary, as &
—0, _ o
B>,
If #* =0, then u(0, ) =>u(0, #,), and if #*+0, then
% (0, t) =M (s*— (BEXP(—a(l— a;*)) FXP(—-aZ))/a)/(aD) >0, (4.249)
Applying lemma 4.2, we can choose % € (0, T) Wlth u(0, to) >O (4 24) then impl
ies (0, $)>0 Vi€ (0, T).
We conolude this paper by provmg the followmg important property of weak
solution,
Theorem 8. If mes{z€ (0, 1) [A(, 0) >O}>O then
mes {(z, £) €Qu(, 1) =0}>0. » (4.25)
Prooj Suppose u(w, £) >0 a. e. in Q. Then u tatisfies (4. 7) (4. 9) and (4.6)
with H, (u,) =1, Thus

j [(Due— Q) a— (B2 - fow, 0)¢(a, 0)

| =j MOPO, Dy, VeEW. T (4.2@-
_ Comparing (4.26) with (4.15) (»= 1), we obta,m o ' .
Jo A(a, O)gb(:v, 0)dm=07 S - (427)

and it yields v . N
: A(w, 0)=0 a.e. in (0, 1), - (4.27)
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This contradiction leads to the completion of the proof,

The author would like to express his appreciation to Dr. P. Knabner of Aug-
gburg University, Germany for introducing him into this work.
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