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Abstract

The main results of thls paper are stated as follows Let R be an ordernng in the
_ vsem1—pr1mary ring Q Suppose that B sa,tlsﬁes the maximal cond1t1on for nil nght ideals of
" R, Then we have (1) if an ideal I of R has a finite length asg nght R—module, then I also
thas a finite length as left R-module Gi) denote by A(R) the Artlman radmal of R, and '
N the nil radical of R then A(R) +N/N= A(R/N ), 1f R satxsﬁes the commutatwe condi-

tion on the zero product of pnme ideals of R )
0. Ind'u(:tion_ |

This of interest to eons:;der bhe gtructure of ’nhe Noetheman Tings’ ‘wihoh have |
Artinian or Noetherian quoluenl) rmgs w8 Ip thls paper we study on basis of [1;
9—14] the rmgs with seml—pnmary quoluent rings, ‘which’ satlsfy ‘the maximal
'OOIldllHOn for ‘nil one—mded idesls. Then' we can ‘show ’ohat there always exish
Artinian radioals ‘in ’ohese rings. ‘Horthermore: we w111 glve somne desorlphon of _
Artinian radicals. AR
CAll conoepts Whlch are nob spemally explamed in bhls paper aTe ofned from

1.

§ 1. On the Length of One-—Slded Ideal

We always denote by R the assocla,lnv*e rmg wﬂ;h ‘the - 1den1:1ty and denote by
Q the seml—prlmary quot:en‘a ring of R. A’ring Q ‘i8 oalled sem1—pr1mary 'if the
“Jacobson radioal N* of 'Q is nilpotent and Q/N' is Artlman ‘Tiet I'be an ideal of R,
let C (I) be the set of all the elements ¢ of R suoh that o+I is regular element of
R/I In spemal pase 0 (O) i9 the set of all the regular elemen’os of B. We say thab
‘R sa,’msﬁes ‘the mammal condlhon on nil rlght ideals if every accendmg chain“on
“nil mght ideald L1CL2 .} ‘terninites affer a finite number of sbeps. Th'is olear by
[15] that there exmts an m’seger m suoh Lhali Nm=(0) for ’ohe ml radlcal N of B.*

Manuscnpt rece1ve September 29 1987 Revrsed Spetember 30, 1988 .
¥ Tnstibute GEMathbmiatios) Fudah Univeisity, Shanghai, China.: RN E LIS PR
L \«*dPxopct supporﬁed BY" tpe Sejence Fund, of:the Chinege A.cademy of *Sc;ep,ges‘




504 "CHIN. ANN, OF MATH. Vol. 11 Ser.B

In this seotion we study the Artinian radical of an order in the semi-primary
ring Q. For the sake of convenience we restate here the Lemma 2.9 in [17: Let B
be an order in the semi-primary ring @, let N be the nil radical of B, let N’ be
the Jacobson radical of @, then N'=NQ=QN, R/N is semi-prime Goldie ring,
Q/N’ is quotient ring of B/N and C(0) =0(N).

After this prelimiary we can shate the following _

Lemma 1.1. Let R be an order én the semi~primary ring, let I be an ideal
of R such that I contains nil radical N of R, Then IQ s an fwlewl of Q. I f p denotes
@ prime ideal of R, then pQ is a prime ideal of Q.

Proof We prove the first assertion. To do bhis we need only to show that

¢ IQ=1Q for.any c€ 0(0) Smce 0(0) O(N) by Lemma 9.2 in [1], Q/N' is a.
quotient ring of B/N and Q/N' is u semi-simple Artinian ring, Wmto R=Q/N",
then TQ=IQ+N' is an ideal of § by Theorem 1.31 in [11. Thus ¢ IQ@=c"1IQ+N"
€ IQ for any element ¢€ 0 (0). Since N'c IQ, c“lIQCIQ , .

Now we prove the last asseriion. It is olear that N b; henoce pQ is an ideal of
Q and N'CpQ. Since @ is a semi-simple Arlinian ring, Q= [2,]®---@[a;], where.
[e.] is a minimal ideal of @.generabed by ;€ R for 4=1, 2, .-, I. We denote by (a;)
the prinoipal ideal of R. From [a,][a;] = [0] it follows that (@) (a;) <p. Hence (a;)
cpor (a))cp. Thus [a] <pQ or [a;]=pQ. This completes the Proof. |

Lemma 1.2 Let R be an order in the semi-primary ring Q' let p be o pfr?}mé ‘

ideal of R; then either p is minimal prime tdeal or Q= =Q. SUPPOSu that- P is @ pmme
bdual of Q; then PN R=Dp is prime.

Proof Sinos the Jacobson radical N’ of @ is mlpotenb N = P1 N--N Pn W here
P; is a maximal prime ideal of Q. Henoe ever y prime ideal P€ { {Pi, +++, P,}. Since

N=N'NR=p;N--NPp, with p,=P,N R, it is easy 1o seo that every prime ideai pof

R must contain some p;. Clearly p.QpQ. By Lemma 1 pQ is a prime ideal. Hence
either pQ=@Q or pQ=P is a proper ideal of Q. From @=[2,]@®---@[a;] it follows:
that Py=[a,] @ ®[2:_1] D [2:1] D@ (@] for all ;€ R. Hence (a,) chcP for 5
#%. Olearly P=P,. therefore pCpQN.R=P;N R=p,. Thié completes the proof.

- Corollary 1. In the preceding expression N =pi() -+ 19, where b, =P, N R, al}.

b; are different from each other.

Lemma 1. 8. Lot R be an order in the semi—primary ring Q, let P be o prime .

tdeal of Q and let p=P N\ R; then R/p is a prime Goldie ring and also an order of
Q/P. Suppose shat R/ has mintmal one-sided tdeal; then R/p is o stmple Artmmn
ring. . \ A . ‘
Proof It is olear that @: 'r+p—»q‘+P is a ring is ommphlsm from R/p into.
Q/P. Let ¢ €O(p), cg€ P, g=rd-?, d€0(p); then err =cqd€p, :reb -This proves.
that g€ P. Hence O(p) <O(P). On the other hand, since Q/P is simple Artinian,
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C+P is a unit of @/ P for any c€0 (p) Fmally, since any eloment of Q/P is ¢+ P
=r¢ 4 P=(r+P)(c™*+ P) + P, where ¢ € 0(p) =O(P), R/p is an order of Q/P.
Now we prove the other asserfion. Since Q/P is simple Artinian, R/ is a
prime Goldie ring. By  assumption R/q.has nonzero sole; hence R/b is simpls
Artinian by Theorem 1.4 in [1]. '
Definition 1. 1.  We say that R satisfies the. from left (mqht) o right (le ft)
findte length condition on nil ideals if and only if every ngl fzzaleal of B with a finit
longh as @ left (right) ideal has always @ fintte length as @ 'r?zght (left) ideal. A
Theorem 1.1. Let R be an order én the ssmé—primary ring Q, let R satisfu the

from left o right finite langth condition on il ideals of R. Suppose that I is an tdeal-
of R such that I has o finite length as a left tdeal; then I alsy has a finste longih as &

roght tdeal.
Pfroof By assumption I bas a desoending chain of ideals of R.-
I=I,513>+-21,=0 : ,
such that I i/l is a minimal ideal of R/1;,;. suffi ces to show thai I;/I;., has a
finite length as a right R/I;.;—module for j=1,++, n—1, We prove it by induction,
If j=n—1, then I; ;=1,=(0), I, has a finite length. Assume that In-i has a finite.
length as a right ideal; we want to show that I; has a finite length as a right ideal.
To do this we denote R= R/I 41, 1i=1I;/I;;4 and divide the. problem in two cages o
disouss. - ' : T '
(i) I3=(0). We merely show that N +1,—N +I,+1 In faot, since’ Ij+1CI,, it
follows that : - - o
N+I =N+1; +1+y1R+y,>R+ F o (L)
By Lemma 1.1(I;+N)Q is an ideal of Q. Hence (I;+N)Q=[a;]+ -+ [amJ + N,
where [a;] = [@;] + N’ i8 a minima] ideal of Q/ N’ and [a,]2 fa]. From (I;+N)Y(I;
+N)cI;,,+N it follows that” - ' '
TN T N)Q+ N = [ag] + - [ag] +N = (Lt N)Q= (Tt D@, (2)
'We take the element y which appeared in. expression (1). Then from & (I,,1+
N)Q it follows that y,= (w+n)g=(¢'+n')di?, where o, ¢’ €154, b, W'EN and d<
0(0). Since I;,; has a finite length ag a left ideal, we have a desogndmg chain on.
left ideals I, {221;,1d23% - terminating after a.finite number of steps; i. e. there.
exigts an integer ¢ such that I;,id'=1I;,,d**!, Hende I; ,+1d =I;u. From. this it
follows that 9, € (Ij1dt=Nd™*) NRCT 1+ N. This proves that I+ N=I,+N
and I;=1I,.4+ (N N1,). By the hypothesis of the theorem the idealN N I; has a finite-

length as a righb ideal. On the other hand I, has afinite length as a right ideal

by the assumption of induetion, I; has a finite length as a right ideal.
(i1) I?+ (0). First we prove that I}=1I, In fact, let €I, mI,— (0; - then,
\a;) zL = (0), where ()3 denotes a principal ideal of R. Since I;is a minimal ideal;,
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(®)5=(0). This means that if #+%0, then T;xT;=I; hence I;is a simple ring. It
is easy 10 see that I, does not contain non-zero nilpotent one-sided ideal. On the
other hand T has a finite length as a left B—module; hence there exishs a minimal
lefy ideal L=, of B. Ohoosing Oss & L we have I w+ (0). Therefore [w is a left
ideal of B and L=1T1 », Hence T ,=E(—BL4, where L; is aminimal left ideal of I,

OIea:cly L;is also a minimal loft ideal of B, T ,L;—L,,;. Thus weé have

I=30Re= 30T p = SOuT - 20Uk, ®

‘where I; &y=Ra,, y.I;=y,R are minimal lefs and right 1deals of B respectively.
‘'This indicates that I; has a finite length as a right ideal, a : :

Corollary 1.1. Let R be an oredr én the semi~primary ring Q. let N be the nil
radical of R and N contains no ménémal lefi ideal of R. Suppose that an ideal I of B
has a finite length § as @ left édeal. Then I also has length b as & Tight ¢deal,

Proof Tt is enough to show that the case (i) in the proof of Theorem 1, 1
cannob happen. In fact, if the oase (i) would happen, then we would have proved
in the proof of Theorem 1.1 that I;=T;.+ (NNI;). But I;N N has a finite length
ad a left ideal; hence N could contain minimal lefs ideal of R. This contradiots the
sesumption. of N. Therefore I3+ (0). In that case we have formula (3) This proves
tha$ I; has length 1 as both loft and right ideals. ' L

Corollary 1. 2. Let R be an order in the semi—prémary mng Q. let N be the nil
radical of R: Then evéry ideal of B with o finite length as & left ideal has also a
finite length as a right tdeal of and only @f R saiisfies the from left to right fintie
length condétion on nil ideals.. e S

‘Proof The sufficiency of the condl‘slon has been proved by Theorem 1.1 and
it is obvious that the condition ig alsc necessary: :

Corollary 1.8. Lei R be an order in the semi—primary ring Q such - that B
satisfies both:the from left to right and the right to left finite length. condittons on nil
tdeals, Than every ideal I of B has @ finite length as o left ideal of and only ¢f I hos o
findte length as @ right ideal. -

Theorem 1. 2. Lei R be an order in the ssm@—'prra}mwy ring Q such that R
satisfles ‘mawimal conditton on nil right ideals. Then every tdeal I of R with ﬁmeﬁe
length as & loft ideal has o finite lengﬁh as a right tdeal. - :

‘Proof ' By-the hypothesis we have'a descending obain on ideals of R, I=I,>
1;5++51,.421,=(0) such that I;/I i a minimal ideal of R/I;z4. It is enough
%0 sHow that I;/I;;; has a finite length as an B/I;.y—module. By the hypothesis of
Theorem 1.1 we may assume that IN. -sebfp‘é{'ﬁreﬂ | IrezIyiak, it is elear bhat p
-ig'a primeé ideal of B. Let R=R/I;..; 8=RE/P and Z(I) ={g€I,|wc=0} for some &
€0(p). By Lemma 1.8'8 is a prime Goldie ring;-since I is a right S-module.
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Henoe for any element € Z(I;) and g€ S there exists an essential right ideal I
such that aLZr (), where t(x) is the right annihilator of 7 in . Since I confains
an element 4 € O(P) such that zzd=0, zac Z(T ). Now we want to show that Z(I;)
= (0). If it is not ¥rue, then Z(I;) =T, sinoe I, is a minimal ideal, On the other-

- ‘ - = ko
hand 1, bas a finite length as a left R-module; hence Z(1;) =1 ,-=_§;{Rasi. Therefore

for any element z, there exists ¢€ 0(P) such that #,6,=0 and Z(I;)0;=REats+- +
Ry, Sinoe a%, € Z(T;), there exists 6;€0(F) such that #s0:6=0. We continue
this process and obbain ¢=20.65---¢,E C(P) such that Z(T,)e=0 i. o. I,6=0. Henoce
¢€ B, this is impo-ssible. This indicates that Z(I;) = (D).

Lot 4€ O(F). Then we have I,2I,d2Id2=- - Sinoce I, hag a finite length as a
 left R-module, there exists an integer ¢ such that I,df=1T T4+, Thus we have I;=
Id. Let @ be the quotient ring of §. Then by Goldie theorem @' is a simple Axrti-
nian ring. Hence I; can be regarded as a right @'-module, It is clear that there
exists a simple right @-module M such that I, is a direct sum of copies of M. Since
R satisfies the maximal condition on nil right ideals of R and I N, I; is finitely
génerated ag a right ideals of R, Hence M is finitely geziera,fed a8 a right §—module.
Since @' is simple Artian ring, @' is finitely generated as a right §-module. Now
we want 10 show that R/p is Noetherian rignt R-module, In fact, Ij=Rz+---+
Rz,. Let M'={=,, -+, 5,}. Then P=1(M") is right annihilator of M’ in R. We define
f: B>z, R®D--- @z, B by f(r) = (2,7, +-, z,r) for all r€R. Then f is a right R-
module homomorphism and ker (f)=r(z,)N---Nt(z,) =r(M"). Hence R/cr(M') =~
'E/P can be embedded in z, Rz, RP---@%,.R. But for each ¢ we have z,RC N/I,,, _
= N. By the hypothests of the theorem each z,R is Noetherian as a right B-module;
hence R/ is Noetherian as a right R-module. By Lemma 1.29 in [1] @'=g=R/p.
This proves that I, has a finite length as a right R-module. Together with. the
above results we see that B gatigfies the from left to right length condition on nil
ideals; therefore the condition of Theorem 1.1 i satisfied, UJsing Theorem 1.1 we

completes the prooof,

Corollary 1. 4. Let R be an order in the sm—pr@}md?ry ring Q. Suppose that R
satisfies the masimal conditions on both nil left and right tdeals of R. Then every ideal
I of R has a finite Eength as a Eeft ideal 4f and (mly if Thas _ﬁmte length as a right

Gdeal.

Proposition 1,1, Let R be an order in tue semi—primary m‘ing Q, let I be an
édeal of R such that I has a finbte lengsh as w left R—module. Let I =T1,DI3;>+-D1,=
(0) be @ chain of ideals such that I;/1;.1 ts @ ménima ideal of R/1, . Suppose that B
swt@sﬁes the mazimal condition on nil ')"’bght @a"ewls " Then R/D; is @ s@mple Artintan

| ring, wherep,—wERII,rc:Im} for'j=1; =i, n—1, ' ‘
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P¢00f Denobe R R/I;H, I = J/I ir1s We d1v1de the problem in two cages ta
discuss. (i) I?= (O) By the proof of Theorem 1.2 §= R/P; is a simple Artinian
ring and B/p;= R/P;. This proves the theorem. (i1) I?+(0). By the. proof of Theo-
rem 1.1 (ii) 7y is a simple ring without nonézeio niipotent one-gsided ideals. Le%b

‘Bbea mmlmal right ideal of I,. Then it is Well—known that B= el; ?=ecCl; and

K=eleisa division ring. By (3) in the proof of Theorem 1.1 B=KI;= EK o,

é=1

Where a,—-eo;a;i, and o;, ;€1 ;. Hence Bisa veetor Spaoe over K. Smoe B is ﬁmte
dimensional , §= EndKA This means thaﬁ S is a gimple Art1man rmg

Gorollary 1. 5. Let B be an order fm the semi-primary ring Q such that B
satisfies the from lefs to right finite length OOnd'bt'I/O'n on nil ideals. Let. I be am ddeal o f
R such that I has a finite length as a le ft R-module. Denote o chain of tdeals by I=-1I,
DI+ DI,= (0) such that I;/ T, is & minimal ideal of R/Ijs for j=1, =, n—1.
Then R/, is a simple Artintan ring, where p;= {r€R|IrC Iy} for j=1, «+, n— ]

Proposition 1. 2. Let R be a ring with identity, let- I be an tdeal of R such
that I has. afi nite-length as a left ideal. Denoie by X an ¢deal of R such that 1 /I X 48
ﬁnfbtely generated as @ right R-module. Then there exisis an tdeal Y of R such that
YIcIX and R/Y hasa fintte Zength as a Zefﬁ R—modul@,

Proof Lot R=R/IX and I-I/IX. By assumpbion we have I=31R.

§=1

- Denote M= {a:l, R m,,}, then (M) —~Z(I ). Deﬁne f R—»Rwl@ @Ra:,,, then ker f

——Z(M ). Henoe R / Z(M ) Gunn be imbedded irt Rzy@-- @ R%,as a left ‘R-module. Sinoe
T has a finite length as a lefh R-miodule and R, CI R/ (M ) also has a finite length

as a lef’oR—module Olearly Z(M)I (()) Therefore there exists an ideal ¥ of B

such that Y = Z(M ) and R/ YV has a finite length as a left R—module and YICTX
Gorollary 1. 6 Let R be an order in the semi—primary wmg Q, Tet I be an @dea,l
of R such that I has a finite length has @ Zeft tedal. Denow by X an tdeal of R.
Suppose tha R sat’bsﬁes the from left (mghﬁ) to mght (Zeft) ﬁmte length cond@t@on on
it Gdeals. Then there exists an ideal ¥ of B such thit YIC1X and R/ Y hws @ ﬁmte

lentgh as @ Zeft R—module

Proof By Theorems 1.1 and 1 2 I ngR Usmg PrOposﬂnon 1. 2 We obtam

“the.proof,

It is now proper o recall the oonoep’ﬁ of Arfinian radmal We deﬁne the

- Artinian radical A(R) of B %0 be the'sum.of all the Artinian right ideals ofB.

“When. R-is lefs and right Noe~therian, it is well-known thab A(R) is also the sum

“of all the Artinian left ideals-of B, But in gene_arl;‘ this is not 1,-_;{}:19_‘_, cage for a ring
.whigh is only rlght Noetherian.

Theorem 1.3. ILet B be ¢m brcler in. the semo,—prmwry rrfmg Q If one of the
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Jollowing two condittons ts astisfied;

(1) R satisfios the from both left to right mwl right fo left Jindte length conditions
on nél ideals, and :

(ii) R satisfies the manimal conddtions on nil left and réoht tdeals,
then A(R) is also the sum of all the Artinian left ideals of R.

Proof By Lemma 9.8 in [1] every Artinian right (loft) ideal has.a finite
length., Applying Theoréms 1.1 and 1.2 we get imme-diately the proof.

S 2. Some Propertles of Artlman Radlcal

Definition 2. 1. We say that R sawsﬁes the commutative condsiton on zero
product of prime ideals 4f and only ‘¢f the zero product pi---p,=(0) of .prime sdeals
D1, =, ba al'wwys %mpl’z/es the product Pize-Pin=(0) for any peq”mumt%on {61, +*+, 4} oOf
{1, 2, -, n}.

Theorem 2. 1. Let R be an order in the sem@~p¢%ma¢y Fing Q such that R
satisfies the mwa%mal condition on n4l réght ideals, . Suppose that Q satisfies the oommistas
tive conditton on zerv product of prime ideals. Then R/p has a ﬁmte longth as fr'bght
B-module for every prime b of and only if the right Artinian radécal A(R)th.

Proof Necessity: Let T' the be set of all ideals I’ of R such that R/I’ has a
finite length as a right R-module. Since by as‘sumﬁibn pel and N=p NP,
N™=(0), we have p;--p,=(0), where p; are pfime ideals. It is olear that:pE& {p,,
*e, P.}. We first prove that if all py, -, p,ET then R=A(R). In fact, let I=p;--.
pi-1% (0); then by Lemma 1.8 R/p, is a simple Artinian ring, sinece R/p; has a
finite length as a right R-module., Hence' I= 2 (—Bw,R ‘where @, R ig a minimal 11ght

ideal of B. Tt is easy 10 see that IQ -_2 Qm,Q In faot, if yEaQN 2 @6 then y= w,g
=2q', 2€ Ew,R There ex1sts an element d€ O(0) such; that yd=aiwr=2r', r, "€ R:
From ’uhls it follows that yd=0, y=0. Put = Q/N’ then 9= Ew,Q 2 @m,Q

where "I, But § is a semlnmmple Artinian’ ring, I s ﬁmte It is easy 0 see

“that E PaQ= E Do+ N 2‘, z,Q). On the othel hand

P S S
N'(N ijQ = (NHE_WiR)Q=Z%kR)Q EZ%Q, e
where np 18 an mteger bhls 1mplles tha’ﬁ I'is a finite set Therefore

ZC-D@Q 2 (-B%Q

This shows: ’ﬁhab I has a: ﬁm’ne 1ength as a rlght 1dea1 RS : =
We now consider right B/py-s~module p;---py:a/bye- p,,_l Smce R/ Pr—1 has a ﬁmte
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length as a rlghb R-module, by Lemma 1.8 py+--by_g=01*Pp_1+ 2 %R, w.here Pyoes
. . ieJ

" bk_1+y,R is a mmlmal rlghb ideal of RB/Py+--Pr-1. ‘He'nce bl---pk_2Q=p;---pk_1Q+
2y&. We want to prove that (‘pl"'pk—lQ+yiQ> N (P Pr-1Q+ E%Q) =Py Ppo1Q.
. o

feJ

In fact, lob y=2q+yigi=2'q'+r¢"€ (b= P sQ+ Q) N (Dr - P i@+ 29/Q), 2, ¥’ €Dy
j1
<Dy, frEJE y:B. We denote g=sd™%, g;=sdi?, ¢’ =s'd'™%, ¢*=s"d*d*"%; then y=>2d™?
¥4 . . ’

ydit=2"d""1+ Fd*fi. Since d-id;=c,=cie™t, ydie =20 dc+ 7 € Py Pr_s + 3R, yd*e”
€ Pp1e- Y1+ 2 YR, die, d*c' €C(0). There exists an element ¢* € 0(0) such that ye*
p;

€ (bre-Prat+uR) N (Pi"'bk~1+§_ya’3) =Py Py, Henoce y€pi--hp_1Q as required.
IEX) - .

~ On the other.hand, there are at most a finite number of y,Q mentioed above con-

tained in N’. Since Q=Q/N’ is a semi-simlpe Artinian ring and since N’-py--e

Pr-2Q=N'+py-Pp_oQ+ D y.Q, it is easy 10 see that J={1, -, m} is a finit set this
$cd . -

meang that bi---m-iQ-F:ElyiQ-%N "= pyopy-2Q+N'. Hence bi---pk;1Q=%ysQ= (pyeee
pr-1Q -+ '_;El'ysQ) +N'N (%?/iQ’*‘Di"'Pk-iQ = (Pye+Pp-1Q +§ yQ)+ N (‘% Yi B4 pyee-

pk—l))Q=D1""pk—1Q+§ yiQ, where m' is an integer. Thus we have

Piee-Pr_a=Ns "'pk-i'i‘g y:R.

Analogically we have
131"'¥’k—3=331"'¥’k—2.+§; %R,

where #,B-+ps++Py_» is a minimal right ideal of R/pi---pp-2. We continue in this
way to get R=A(R). A S

| Now we consider the case pye-bp=(0). We want to show thab py---pu=(0) for
any permutation {¢;, ---, 4}. In fact we have p1Q---p:Q= (0). Bub p,Q is a minimal
prime ideal of @; henoe it follows that p;Qp,Q--p,Q =(0) by the hypothesis of the
: the_orem. Then p;,+ps,= (0). In this case we can assume that X =py---p; P4, : p,¢
T, Y =pssa Py, bren, -, p€T and XY =0. As above we can show that X =py--ps
has a finite length as a right R~module. Hence A(R) L. |

Sufficiency: We first construct the A(R). Let Hy be right socle of R, let Ky

contains H, such thatb AE1=E'1/E0'is right socle of R=R/E, We continue in this
way to get a ohain HoC ByC -+ CHoC+-+, where Eyy1= B,/ E, is right soole of R=
R/HE,. Thus A(R)= U E Suppose that A(R)¢p, then there exists a€ A(R)adp,

hence we can find E, such that aEE and E ef;p Olearly E, is a r1ghb R-module
‘and has a finite length For the sake of convenienoe we write B =H,.TIt is clear ’ohat
E' has'a ohain of ideals of . B:" B=I35I,>++D1,.121,=(0) such that I;/I;1 is a
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minimal ideal of B/I;.1. Since E¢p, we may assume shat I;1<p, I;p. Henoo I, .
=1,,1+ (a;), where (a;) is a principal ideal of R, (a;)¢p. It is easy to see that py
={rER|I;rCIua}={r€ R|(a;)r&1;41} i8 a prime ideal. By Proposition 1.1 B/p,
is simple Artinian. We want $0 show that p;=p. Now we prove this assertion. We
oan show (a@;) NpC Iy, if it is nob true, then we have Tiat ((@) Np) = Ljpat (a5)
=I;Cp, this is 1mposmble Thus (a;) O 0 Lia, (0)0 s Therefore we obtam b
cp;. By Corollary 1.1 p= p,, This completes the proof. . : :
Theorem 2.2. Let R be an order in the semé—primary ring Q such thwt R swtfbsﬁes
the mawimal- condition on n@l fr@ghu ideals. Suppose that @ swt%sﬁes the commutaiive
condition on z@o“oproduct 0 f prime ideals. Then A(R)+N /N s the 'T"I/ght Arténsan
radical of E/N, rwhem A(R) is the frwht Artinian mdfwal of R and N 48 th? ndl
mdwal of R. _ '
_ Proof Let A’ be the right Arfinian radmal of R/N, then olearly A(R)~+N/
NcA4'. We prove the converse. Denote R=R/ N and by L an ideal of R such that
T, has a finite length as a right ideal* Thus we have a chain of ideals T=TI;D LD
..5T,=(0) such that L;/L;1 is a minimal ideal of R/T;s. Denote §;={r€ R|Lyxr
CL,+1} It is olear that p; is a prime ideal of R. By Lemma 9.2 in [1] R is an
order of §=Q/N’ and @ is a semi-simple Artinian ring. By Proposition 1.1 we see
that R/b; is a simple Artinian ring, ‘and also B/p; is a simple Artinian ring. Now
 leb Ly_1=(l4), olearly (l1) is'a minimal ideal of R and (li)” = (Iy). Therefore (li)@
- $,R, sinoce Py is maximal, From this ib follows that L,o= (Li)@pinLn_g It is

obviovs that P10 L,,_z ig a minimal ideal of -R, we denote if by (15).. Thus L,,_2=
(11) (’B (Zz) WlJﬁh (52)2 (lz) Sln09 (li) sz, (li) @pi Nn 332 = pz, (h)@(ls) @331 ﬂ pz = R
Now we use 1nduot10n Assume thao Loj= (l1)®(Z2)® (—B(Z,) where (1,)%=(l; ) ig
minimal ideal of B. Then R={1)®- @(l,) @9+ ‘NF;, 1)Db,=R for i=1,
g Since (1) CPy1, we have () ® @) @BLN -+ NP APrer=Pssa, ¥=1, ==+, §. and
Tnoicr=)@--@I)DP:N - BN Ly ja Since ;N ﬂF;n L,_j-1 is a minimal
ideal of R, “denoting ib by (l,+1), we have (Z,+1)@p,+1 ~ R wiih (is2)? = (341) . Hence
R=0)® - @®1a(@®P1N - PN Dja, Lo-ier =)@ @(154-1) This completes Jﬁhe
proof of induction. Fmally we-have .. - : -
L=I,= (11)69 @(lm) . :
= ()@ @D aer)DP:N - N Py, ‘ (2.1)
(I)®p: =R, R/ p; is simple Artinian ring.
By Theorem 2.1 A(R) ¢p; for 6=1, +++, n—1. We take any direct summand (1) of
L in form (2.1); then by (2.1) (l;)C—Dp, =R, and R/p, is a simple Artinian ring.
Thexefore by Theorem 2.1 Ad:p;. Recall the proof in the sufficient part of Theorem
2.1 we had an ideal chain A(R) =I1DI,c:-Dlp1DIn= (0) such that I;/I;.y is a
minimal ideal of R/I 131, Ly=I 1+ (as). Withou?t loss of generality we may assume
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that I;.aCp;, I;¢Ep;; then () No.&=1;,, because otherwise we would have Ijcp,.
Heno> we have (a;)p,I=1;,4. By Lemma 1.1 piQ is a prime ideal of Q and PRH#Q.
Let §i@ =P and let [q}] be a principal ideal of @;. then clearly [a;] ¢ P. Henoe there
exists a minimal ideal [a]] of @ such that [a]] = [a;] and [GI®P=q, o € (a),
where (@;) is a principalideal of R. Tt is olear that I=I.1+ (a}), (¢})p:CS 1. For
the sake of convenience. we let Ta,] = []]. On the other hand, since (1] P, Ta;]
N T[] =Ta;], becauso otherwise we would geb [o,] <P ox [I;] <P, which is im possi-
ble.Thus [a;] S [l;]. From this it follows bhat E;=‘}2§,~Z,§; =d"jc™, "where d, cc

(N), I*€ (1.). Since (1) is'a minimal ideal of E, (I3) = (@) It follows therefore that.
dac=1I;, Ta;] = [1"] =[] and [a]+N'=[1,] +N | . '
Sinoe N,=Pﬂ (IQ) Pk)) N=pz n (vm pk), Whél‘@ p,=PnR, pk=Pkn R, Bu“b-

kFPe
[a;] Py, (a;) Cow(l;) Sy for k4. Therefore from (a;)+p;=R and () +p,=R it
follows that ’ ‘

(@)+¥=(@) 00 () b= (G -+0in (OW=+N. (.2

Sinoe (1,). is a direct summand of T, in (2.1), we have LEA(R)+N/N by (2.2).

This completes the proof,
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