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CONVERGENCE RATE OF MULTIVARIATE
K-NEAREST NEIGHBOR DENSITY
'ESTIMATES"

- Yane ZHENHAI (;}mg.@)

| 'AbstraLct
Let & be the collection of m~times continuously differentiable ‘probability densities f
on RS such that |Df(s1)=D°f (ws)|<M|@1—zs)® for @1, #2€ B, [a]=m, where D¥

—a-;-—a[—]é-—- Under rather weak conditions:
w4t logn ;./<¢+am
on K (), the necessary and suﬁ‘iclent condltlons for sup |fa(®)~ f(m)l (( = ) .

denotes the dxfferentla.l opela,tor deﬁned by D*=

5
' A m+B, b e & are that j e (au)dz: =0 for 0< [a] <m. Fma.lly the convelgence rateat a.

point is given,

§1. Introduction

Let X4, X, +--X, be a sample from a one dimensional population with probs
bility density function f and distribution function F. There are many papers:
discussing how to estimate p. d. f. f(z) based on Xy, -, X,. In 1965, Loftsgardem
and Quesenberry™ proposed the estimator, called nearest neighbor eétimation,
defined by |

| fl@=h/ma@, ®

‘where &, is an integer chosen in advance, depending on n, and a,(«) is the smallest.

number such that the number of X,'s lying in [#—a, o+a] among X, -, X, iss

equal to or greater than k,. Many authors have gtudied the properties of Nearest.
Neighbor estimation. In recentyears, many authors have been interested in the.
. problem of convergenoe rate of this estimator. In 1981, Ohen Riru™® proved that
If f satisfies Lipsohitz condition on R; and &, is chosen so that n®/® (loglogn) 1y
k, has posumve finite limit, then :
sup| f1.(2) — f (@) | =0(n**(log log n)**) a.8.

and pointedoutth‘at the rabe of convergence of sup | fa(@) — f(=) | to zero cannot reach:
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0 (rp ~1/4(1og log ,n) 1/4)
Yang Zhenhai® has improved ’oho above result to
sup [f (@) — flo) | = O(n‘}/4 (log m) 1/4) a.8.

A little la,ter; 'Yang Zhenhai and Chao Linchen®™ proved that

sup| £i(@)~f(@)| =0 (ZBL)) as, )

‘where A=3 if f(m) satisfies the dth order Lipschitz condition and A= 1+8 if f (@)
satisfies the 8th order Llpsohl’oz condi tion. .

K (@) =3 Li1a(2),

- where I 4 ig the indicator funotion of 4. Then (1) can be written as

h@=g (w) 2 ww,.gv‘)) wn%w) JK( an(@ )>dF @) @

The form of formula (8) is gimilar to one of the kernel density estlmates For a
sample from a d-dlmen bional populahon (8) should become

o) = iy B E () az?w;;fK<an<>>dF<y)’ @

where F,(y) is the empirical distribution function of Xy, -+, X and @,(v) is the
smallesb number @ such that sphere S(z, @) = {y:|o—y| <a, yE€ R’} at least conbains
k.Xs among X, -, X,. Mack and ‘Rosenblatt™ have studied the properties of
the estimate defined by (4). They gave the approximate expansions of mean and
variance of the estimate. In this paper, we shall study the conyergence rate of the
nearest neighbor estimate for d dimensional p.d. f. f (a;), which is called Multiva-
riate K-nearest nelghbor densnay estimate b.y. Mack andn_ Rosonblatt.

§ 2 Assumptlons and Mam Result

First, we make some assumptlons on kernel fanotion K (w) Through this
paper, we suppose K.(a;) is a- bo,und‘ed o.ontmuous funobion.

Set : . - a
Q= {m K(m)>t} for $>0 Q’t— {a, K(w)<t} for 1<0,

Qt—{w K ()=t}

Assumptlon 1A

(1) K(z) isap.d fonR’ . : S -

(2) For any te (0 K 0), K 0=1DaX {K (): a:E R"}, Q, isa simple closed surface
and |

| Q,CQ,: i t>t’ and ;N @y =Gt taét’ |
Assumptlon 1B:
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1) j R (v)do=1.

(2) For any t€ (Ko K,), Konmin{K(m), mGIvd}, Ko=max{K'(a;) :w€ R% Q,
~ 19 a union of, at most, | &Msjoint simple ologed surfaces, where ! is a fixed integr,
and : ' |
Q:EQy if [t| > |#| and #'>0 and @ N Q= if t+-¢.

- Now.we make some assumplions on p. d. f. f (o). Firsh we introducethe. nota~
tion. Lot o= (o, -+, o) denote a d~tuple of nonnegative integers and set [a] =a;+
soet-grg and o} =aylaal-oagl. For o= (ml, e, @3)' € R, s0b |2 = (Elmf)l/z and. &%=

o=
(oPwg---a%) . Lot D* denote the- dlﬂ'erentml operator defined by
. . al.os] A
v o o : D - awtfl..i.’ aml;d - |
Let M, B e real constants such that M >0 and O<,B< 1, Let & be a collection
of m-times continuously differentiable probability densities f on R’ guch that

| Dof (1) = D*f(@9) | < M| @1~ @] ® for o1, %€ B® [a] =m, = (B)
and D~ f(@) is bounded for [a] <m.
Set A= m+[~3 :

Our main result is the following . .
Theorem 1. Suppose that Assumption.14 or 1B holds and K (a;) satis ﬁes

- K(a:) 0. for llm[|>1 R T R F R ()
‘ J “K' (m)dm 0 fo'r [o ]gm(I f Assumptwon 14 holds then m<2) (7)
Then U . o
- gglg | f,,(w) ,_ f(w):]'=0<(logn )x/«z+sz.))-- o,
koldforr fEZF. ' : _

Theorem 2. -(The rate of convergence at a point). Suppose that Assumpmon
14 or- 1B.holds and f(@) € F satisfies at O that ~
‘ D@f(0) =0 for [a] <m,

D@fF(0)+#0 at least for one o with [a] = m, e
- f(0)+o0. .
If ]Jmk (10g o )d/(dww = >0, ’thén' we have

A/3+20) . o .
HORAOI o((hgn) .)..- v @
Theorem 3 Supposa timt Assumpteon 1A or 1B. holds, amz for amy fe K

~dholds. Then (7) holds.
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- §3. The Proof of Theorsms
Let B be a set in R*. For any h>0 and o€ Re, we define S(B, , h) a8
S(B, o, ) .———-{y: y—2 ¢ }
Let & be the class of all sots 8(Q:, =, h), &€ R® $€ B* and all spheres centered
at € R, For any n poinb set w1, @a, *+*, 4} in B, sot
S (@1, B3y +++, ) ={B: B=|z1, =, 2} N4, AeSY.
Let #.% denote the number of different sets in & and pub

s(m) =max {5 (@1, T2, 2, Tn): m,ER" 1<fb<n}
Baged on the fact that a simple elosed gurfage is homomorphic to a sphere and

the Function—Counting Theorem for a.rbltra,ry gurface ' we get the following
Lemma : |
Lemma 1. If Assumpt'zzon 14 holds, then we have
| . o s(n) < (m)*.

Furbher we also have o
- Lemmal’. If Assumpt%o'n IB holds, then we have.

s(n)<l(n)“’ :

where 1 is _tke imteger defined in Assumptfbon 1b.
For ahy set .B in R?, 1_e1;

| D(B) = Sup Hw yll
By Lemma 1 and Lemma 1—-—2 of Devroye and Wagne1 L8] the followmg Temma
~ follows. ' o
Lemma 2. Let w, be the empwwal measure for Xy, «++, X, and w be.the mousure
on the Borel sets of R which corresponds %o f. Let  be a posttive rerl number such thait
sup o (Sien) <D<L/4.
P {Su.g | pn (B) — pb(B) | >s}<4(2n)”"’e'“"’/ (040+8) 1 8g™/10
BeX, N .
holds for all n>max<—%—, 8b/ e”) and: 630, where S, is fhe_olass of all sets B in 8 with
D(B)<r, and S s the spkefre centered at with radius . |
Lemma 3. For any A>0 and n lar g enouqh, we hive
1/
cuplin(B) — w(B) |: BES,, and sup o (Siep) </} < 4 (JEL) JVE

where k - by s am 'mtegefr dependmg on, w with 1<k<n, and A s a comstwnt
The proof of this Lemma is 81m11ar Yo that of Lemma 2 of 7.
For « € R, function a..(m) is defined ‘as the smallest number a whloh satisfies
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Kn

n I 8(erah) f ()du. : (10)
In the same way, we define w,.(a;) and g,(z) as the smalles numbers, respeciively,
such that

(1+ z”> j S(ay a,.(a:))f<u) du
@nd
I‘;n =

(=1 .S(m,a,.(o;)) f(u) au,

where 1, satisfies
W 1g) .

i =y~ i il an.
Let S, e A S
_ {w: #() >L< logn >A/(d+3;.) sCR! }’ (12)

where L is a constant to be determined '(Frbm now on we shall omit subgoript n if
1% is possible, for example, write & instead of &,). It is obvious that if «€B, then
we have o :

1 ﬁ d .;~,1 —;, . . 3 l{;_ <10g,n’)—/1./(d+3).)
2,0y w2 <@ <H@< 2L00(n) : . a3

Mo-—supf(a;) Oo=

5’(0;1)
If we put b=, =n"/@*"(log n) <¢+A>/<d+3"> ‘then (13) beeomes

1" < 10g n >(d+&)/(d+3&) ' a ( ].Og 'Yb )d/(d+3h)
M Og \ 1 <&(2) <“"(‘”) <317; SL0,\

Lemma4. For fC€F and any a>-0, we have - .7 .
[ F@d—be ay| <R
8(er @) ' -
~fwhem R, is a constant depending on both M and m.
Y @)= Oowdf (2) +a*p (w @)

and

. . _D“f . 2

. . - lal L o =

. gb(CU, G) ={0<§<m Oaw al - lf ?">2’ . . .
Lo 0 ifa<2,

OG=J u"é du. "
S(O 1) ‘
Pfroof By Taylor expanssmn we have :

f(u)__z Df(m) DTD) (4 w)a+ 2 (D f(m+0’(u-—m)_) 'D“f(m)) (u w)“

0<sfowlsm | [al=m ool

“Then the lemma follows from: () .and the above formula, - - -
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Lemma 5. For any >0, and e<a we have

f(u)du—-s¢v(a; w) <A289wd+1+A 8w3_+¢

J ey (14+8)0)\8(2r0)
Proof The Lemma can o proved by 'I‘aylor expa,nsmn and the followmg

relation

' . [o] . 'o e
f u = e0,+6* 33 [albe"*CL
8(0s148)\8(0, 1) L o§=2

Lemma 6 : '
(1= A4sh) @, () <a,(o) <1+ Alh,.) @, (w) a.g.

log n 2/@+32) R
holds for all #€ B and n large enough, where h,= <T> and A1 is constant.
 Proof By Lemma 5 and (13),

e saonon) = L[ Fdu

8(z, (1+A1hn)an(w))\8<w (@)
< 2 -Ii +0o A haal (a:) f(o)+ A4 Alh,,a,. (m) a: ¢ ()

AaAzhﬁad+ 1 (m) + A4A1h”a2.+d (w)

ﬁ‘ 300A1M0 3.A1.A.2 3A.1.A.2 3A4.A. 9 "')_
< (2+ 2L0, L0, %@+ 510, 5.y Sk 5LCs <”’)>

<sk, o oo B,

fi we choose L and 4, such that L>2A1Mo and n ig large enough So we can apply
Lemma 3 fo this case. g s

k ( log n \\*?
uﬂ (S-Tl(l‘l'Alhn)an(w))?M(S(ﬂf (1+Alhn)dn(w) - 'A' ( ‘nl' ) ﬂgll' /. o

ok, b i) — A o) — A )

L A4A1h,.an+d (&)~ A <\_/f_<10gn ))%/2

L

Vv

& N % (Z . A5a,, (@)~ Aswn (m) h A7a (w) (log n )A/(d+3&) )

'Ib
l“-+ 4,
T

\

It is easy to see A,,>O so the rlght hand side=k/n., Hence we have
o, (@) < (1+ Ash,) @, (@) <2a,(2) for sufﬁclenbly large n ‘
The rest of the lemma can be proved via the same way
Proof of Theorem 1 *Seb S

T fer= (m)j (w"())f(y)dy R €O

Then v ,
f(@) = f(o)={ K @) [f(aai(a)u)f(a)]du
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D” f(m)( —a n(@) )14 JR uK (w)dw -

o<fal<m

+ 3 ar(a) u,,.k(u)l)f(a;+0a,.(w)u) = D*f(2) du, 6=0(w), |¢9l<1

. lal=m

‘Henoe, if # € B,
@) =F@]< 2 ) fural(a) |1 K (u)du< o (a)

- deiey s (D).
For any n, , ohoose N, 50 large tha’u ‘ ‘
o » | N >(n/log fn) » “‘*3“( k) | | ‘ (17)1
and
&22” +K o Lb(QZ') 1' < logr,b)z/ma» ’ sy
where
Q Qi Q‘+813ﬂ(‘)7 KO'—'KO KO) »
=g Ko, 6€1, -4, Ko/Ko] w KO/K,,], =1, =0,0, 1, -, [N,Ko/Ko]}
nd - ) e

Qi = th

and Lo denotes Lebesgue measu e on R% we can always find such an N, beo.mso

tim 33 8Ke 1, (g1 = (K (0)da- 1

Np»ood€ly, IN

‘We also have

€T

3 K- 5 Ko E(Q;Ssigﬁ@), (siégn@_) -1,
K,,(a:)=6§” _K.QIJZ\I;_EQ_Q__.-K,.;@), K (o) = (Q‘ z(Q)slgn(e,)
and

f“(w)-— 'mn(cu) ;ﬁEK"(%)Q

It is easy to see that

‘fﬂ(m) —f:(w) I<K0/ (Nﬂw7l<w)><Ko N ZMI(‘);O()% < 1 <logfn’)1b(d'l"3k) v

~and . - | o S
R f"(m)l"mlj [K(Zuy)) w5 otk f<y>dy|
<G a,,:(la;) N, jf( )dy< n( )N <A2(1 )M«H:».)p
where _

 fitargrs K () iy
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We also have

THORACIR o jK,,( o >)az<Fn<y> F<y>>| |
s'%g-_@ g; f},‘;mm@;,‘m ONEICICERNON]
Henoce | | o | '
5gg.!?;<w)'_'f<éa>'l<A;<105*”}"“”_%“”V'a.g;' I )

Now we prove

L/(d+3A)
suplf(a) - f(w)|<A5( ”) " as
:Se-b 1/(d+)-")
Bi—{a; D(m B)>go(1°9‘”>‘ }
and
B,=BB;,
where g, i3 a positive number such that LOyge<1. If o€ B1, then
1/(d-+8ay (@+2)/(@+32). k
I A e
By Lemma 8, o . S .
1/@+32) 1/(d+32) oo  (d+32)/(@4BA
| Mn(s (a;, % logfn> <u (S <a; q°<logrn) >+A( Oi%),, o
<—k— (n large 'onoug‘h),
Henoce S .' o
1/(d+3}.) ; ' -
wn(w)>90<loi ) o ass fOI‘wa'vBh‘ a
Therefore T IR Lo
i /(432
sup|f, (w> f(w)|<supf (w)+supf(w>< () K0+L< er )
<A(1°g’“)” w20
because - - o . L
<
f ( ) w,.(w) 8@ian@)) K< wn( ) >dF <w> KO n(w) %

- log n \V@+» U
IwaBg, there is a point y € B, such that D(a, y)gqo( — ) ., puk o

1/(d+2z.)
P QO(logn> ) wn(y)v

$hen |
| f(a'i)du=m..<§(mo>>>u-<sm‘y;>z.e=1§_ (1+2)/m.

8(es9)
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Hence

au(a) <p<d;( 1B
It follows that (14) holds if we replace the constant by 4s. Therefore
) A A/(@+382)

sup|f,(0) - £(a) | < 4, (1287 )

can be proved in the same way as that for #€ B. This completees the proof.

)1/(d+37.) ‘

a.8."

Proof of Theorem 2 The outline of the proofis the sa me ag that of Theorem 1,

We only point oub the key point for the proof of Theorem 3.
First: for a fixed point, (13) becomes

' An( k ><dgz (0) <A1o< > ' (21)
where 0<< A3 < Ao, and maybe depends on point 0 (preecisely on f£(0)).
Second: Let f,(z) be defined by (16). Then we have under condition (8)

1@ -5©)| <Am(§.)‘, Cas,

where A=m-B8.
Third: From the proof of Theorem 1 it follows that

0.0 e (23, (2],

Henoe | £.(0) f,, (0) | =0 <max (( 105, n )1/zv/ m <_]0_>n/a>>,

v \m
and (9) follows.
Proof of Theorem 3 Take. f€ Fsuch that

#(0)>0, and ﬁ%{l#o,-é%g)&o, jokt,

where o' is the 4th component of & R?. Then ‘we have

RO =0 | <max|f.(a) ~ /(o) | <4 (LER), (22)
but S :
30 =7 | = | | K(ﬁ)f(_y)dwf(o') |
- |ty JE (- w,.(O) )[f<0)+[§1—gf—£®y“dy]¥f(0>l+0(aﬁ(0>)
“|[r@uala@ro@oy. (23)
From (22) and (23), it follow:s that . ! ‘

| Jy‘f‘K ()dy=0 " for [a]=1,

By induotion and taking partioular f, we can prove

|rr@ag=0 forla<m. -
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