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8e(Rad T )  -^S (R ad ⑷

for any Thus d0 preserves radicals：
⑷S ^ R a d ^ )  - e 8 ( R a d ^ ( ^ ) ) - e / S ( ^ ( ^ ) )
⑶= eJB 8e( T )  ^eJed 0( ^ ) .

Finally, if  (& <：^£0 with. {a?} U ̂  then x is the only element of ^ ( x )  \
w ith label in  { i±, •••, so

8e( ^ ) / 8 e(w ) ^ 6 ( d ( ^ ( x ) ) / d m x )  n .
A module is called distributive in  ease its lattice of submodules is distributive. 

In  [5, Theorem 1] d istributive modules are oharaoteiized as -fehose whose quotient 
modules a ll have square free sooles. According to [10, Lemma 4 ]，a module 存 over 
ihe  artin ian  ring  i2 is d istributive if and only if, for each ^=1, •••, M}
is linearly ordered if  and only if the module is uniserial for ^=17 ***,76.
Moreover， if  is distrilDirfcive then its submodules are all stable under endomor- 
phisms (as in  [13, Theorem 2]), and one easily oheoks th a t is finite.

An i?-module X  is local in  case X / J X  is simple, so if X  <；rM  then X  Is meet 
irreducible in  ^ { M ) m Thus we see from an  earlier discussion th a t if RM  is distribu­
tive then

p  =  | X  is local} U {0}
with 8 (^r) = 2 ^  becoming a diagram, (/n, 8) for M  with. X /JX ^8x< x)-  Now an 
application of [10, Lemma 4] yields on© implioation of the first part of the following 
theorem.

2. T heorem . A  module RM  is distributive i f  and only i f  there is a diagram 
S) for M in  which any two nodes with the same label are oo^meoted by a path.

Moreovery i f  them conditions hold then d is a lattice isomorpMswi and, up to QfSomor- 
pMsmy M  has a unique diagram satisfying the lattice condition.

Proof We have just seen th a t the oondition is necessary. For suffioienoy, the 
condition clearly implies thai； for ©aoh ^=1, •••, n, is a chain, and so, sinoe
d6{ preserves radicals, must also be a chain. Thus M  is distributive by
[10, Lemma 4].

I f  8) is a diagram for a distributive module RM and •••, ^ x are the 
maximal subdiagraxns of ^  then  since M /J M  is square free^3, S (^ i) , •••, 8 ( ^ )  
are the only m aximal submodules of M t Thus i t  follows induotiyely th a t

is actually bijeotive. Finally, if  ^ s a tis f ie s  -fche lattice oondition then 
8QW(x)) is a diagram isomorphism (as defined in. [11]) between ^ fa n d  the diagram 
^  of local submodules described above.

A finite semigroup Si containing 0 is called an  algebra semigroup in  case



{^1，…，备J U ,  w ith & ， •••， being orthogonal idempcrteirbs and Z a  nilpoteixfc ideal 

suoh liliaii 深= U  &淡内• As in  [1 1 ] ， tlie elements of 淡 are nodes of diagrams (% ，灸）

and ( ^ rj 8r) for the  semigroup algebra over a field K , Her© oo-^y^O in  3 \̂ 
(in ^ r) in  oase there is an  a G saoh th a t m=^y (respM xa=^y) and a;—>0 if J
annihilates 〇3； S j(^ ) % < ^ i； h(p>) i f  〇)=6^; and 8r and ^  are defined
similarly.

；•. ：Suppose th a t th e  basic left artin ian  ring B  is left locally distributive in. the
sense th a t ©aoH indecomposable projective Rei is a distributive module. Then
according to Theorem 2 there is a unique (to w ithin isomorphism) diagram  8)
for such ijhaii 淡 satisfies ijlie lattice condiMon,淡==夕i U …U 少n wlbli 名  n 外 = 0

if and 8 ( ^ )  =Reu  ̂=  1, *•*, On tha o^hor hand we can associate an  algebra
semigroup w ith jji? by choosing, for each local left ideal X ^ X e ^ J o j  w ith X / J X
^ 8 iy exactly one X \J*X , and letting

■{化 is looal，么= 1，…，n} U{〇}

and
淡 〇 2忍) = { 〜 …， 〜}  U ^ .

Then defining an  operation * on ^ ( rR) via
i f  Bxy-=R%

we obtain the following version of results of Yukimoto in [14].
3. T heorem , I f  R i s  le f t  locally distributive ihen ^ ^ ^ ( RB) is an algebra 

semigroup mch that (现 i，dt) is a diagram for rR ， where
Moreover^ i f  B  is also Hght locally distributive then ( ^ ry dr) is a diagram fo r R e

where 8r( ^ )
Proof Let Using the obseryation11143 th a t if and y^e^y  in

then B x » y ^B x /y^B xM yJ one easily sees th a t (^*, •) is an algebra semigroup. If 
〇；, 2/ G 淡  w ith 0_22夕 m axim al among tlie looal submodules of ⑶ then  since
J e i^ ^ {R a 6 i\a ^ ： Ry iB oontained in  a ll (lieiioe is equal to some) Raeix^
Ra^cc. Conversely, suppose and la  I f  hiRer^Ro) via h ：r〇i
->r6i<j〇 then  h^iJ^co) = J 26i+K^r h oannot oantain Ra (since neither term  does), so 

a; is maxim al among the local left ideals in Rx. Thus we see th a t ^  is 
isomorpliio 1j〇 the diagram ^  via x ^ B x ,  and the first statement follows.

Yukimoto1 s argum ent (see [14, Proposition 5]) shows thaii if  B  is also right 
locally distributive *fchen {ei〇〇B \ 0 ^ 0iX^： consists of the distinct local righ t ideals 
contained in. 〇iR, and so ( ^ r, 8r) is a diagram for R B.

As Yukimotocl4：1 pointad out, if w ith R  left locally distributive then
so is (this also follows from Theorem 2), and he showed by example th a t 
need not be righ t locally distributive. We observe next thali if ^  is any algebra 
semigroup w ith left locally distributive then  0^ satisfies certain necessary
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