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ON REFLEXIVITY AND HYPERREFLEXIVI’TY FOR
LINEAR SUBSPACE OF OPERATORS |

- Hax Drcvane (& 4& r)*

Abstraet

" Tt is proved that a,ﬁy- Von Neumann type subspace is reflexive. Particularly, all
weakly closed ~algebras and their weakly closed ideals are reflexive, -Some resitlts con-
cerning hyperreflexivity of Von Neumann. type subspaee and Vou Neumand algebra are
obtained.

§1. Preliminaries

The reflexivity and hyperreflexivity for subspace of operafors.on ,Hilbe;ft space
H bave been studied by some mathematicians and have proved its ‘Worthﬁi 6,7,81 -

In paper [3] J. A. Erdos gave a sysbematic account of generahzed reﬂexwlty
in & new formulation which contains an object analogous to lattices. Many results
concerning I.'GﬂBXlVl‘by for subSpaee and subspaoe map were obf:a,med in [3] The
purpose of this paper is to give some results on reflexivity-and hyperreflexivity for
subspace which is elosely related to Von Neumann algebras.

Most of the notations and ferminology follow Erdose’'s paper™. Let H, be
Hilberbt spaces, and L(H,, H,) be the set of all bounded linear operators from H,
into H,. Let £74 and &, denote the set of all closed subspaces of H, and H, (or the
seb of all selfadjoint projections of L (Hy) and L(H3) ) respectively. For convenience,
we do not distinguish clogsed subspaoe from self-adjoint projection in this paper.

Let o7 be a subset of L(H,, H,), the map of &7 is a map ¢: P3—>P, given by

p(P) =[/P],
where [/ P] denotes the closure of span {As: AC 7, o€ P}, We write p=Map 7,
Given a map ¢: £ —>%, we denots by Op ¢ the setb {AEL(Hl, Hy): APCop(P),
VPe P},

Definition 1. 1. ™ A subsst o of L(H,, Hy) ts said to be reflewive if o =
OpMap o7; A map p: Pi—>P, s called reflewive tf @ =Map Op p.

Let ¢ be a join-continuous zero-preserving map from £, to &,. Define the oo~
map i Po—>%; of ¢ by

Manuscript received Maxch 5, 1988.
Department of Mathematics, Qufu Normal University, Qufu, Shandong, China,



No. 1 Han, D, G@. ON REFLEXIVITY AND HYPERREFLEXIVITY 41

Y (Po) =V{P,€Py: ¢(P1):<P.'2} '
If the range of ¢ and z{: consist of commuting pro;ec’mons we call ¢ a commutative
subspace map., R B

Proposition 1. 2. I f & is & reflevive subspace of L(H,, Hz), then ‘

(1) Alg{p(P): PEP:}={T'€ L(H): T/ S/}, - S

(2) Alg{y(Q): QE P} = {SGL(HD 8oL, - SR
where p=Map & and y =co-map of .

Prroof We only prove (2). Suppose /SC.7. For any. P such:that o (P)<KQ,
[/SP]C [/ P1=Q. Hence SPT(Q), which implies )S’lp (Q) (@) by bhe defini~-
tion of co-map. Therefore § belongs to the lefh side of 2. ' :

For the opposite inequality, let Syi(Q)Z (¥Q) for any QE F,. If Q=9 (P), .
then P<{/(Q) and so SPT¢/(Q). Hence [ASP]=Q=[/P] for any PE P, which
implies .o/ 8.7 by the reflexivity of o7, .

The following proposition is an immediate consequence of the definition of

'reﬂemvﬂ;y and Lemma 2.1 and Lemma 4.1 of [8]. :

Propos1t10n 1.8. Let & be a subset of Li(H 4, Hy). Then the followfmg statoments
are equimalent: .

(1) o is reflexive.

(2) Z=0p p, for some py: Pi—>P, - :

(3) A={T € L(Hy, Hy): Twc [u] for any o€ Hi}

(&) A—{TCL(H, Hy: TPCp(P), YPE Rango 4.1,

(5) L={TE€L(H,H): Ty(QCSQ, VQERange p},
where p= Map o and r ¢s the co—map of ¢. : e

In [6] J. Kraus and D. Larson generalized the concepts of hyperreﬂexxvfay of
unital algebras to general subspaceés of operators on Hilbert space, and this was
used to show that there exisit reflexive algebras which are not hyperreflexive.. For
subspace of L (H,, H,), here we also give the following definition. -

Definition 1. 4. A subset o of L(H, H,) will be called hyperreflewive if there
ewists a-constamt K >0 such that for any TE€L(Hy, Hy)

dT, &)<Ka(T, o), : o (™)
where a(T', o) =sup{|Q'SP|: Q€ P,, P& Py, Q*AP=0 for AC A } The smallest
K for which (*) holds és said to be the hyperreflesive constant for <.

It is obvious that the hyperreflexive subspace is reflexive.

Proposition 1. 8. Les of be o reflevive subspace of L(H1, Hy), p=Map <7, 1[;
is the co-map of @. Then

D) (T, o) =sup{|<Te, p>|: | X[ = II?JII =1, {4z, y>=0, VA€ L},

@) (T, o) =sup{|I—p(P))TP|: PE P} |

®) a«, ) =sup{|(I~¢(P))TP|: PERange }.
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(4) a(T, L ) —Sﬂp{ || (I- Q) T¢' (Q) !l Q€ Range <P} .

. Proof We only prove: (2) and (8). The others are left $o the reader, -

First it is obvious that a(’_l’ &) >sup{ lo(P) lTPII Pc 9”1}>sup{ ||q)(P) TP
PcRange i}, S :

To provide the opposﬂie 1nequa11ty, let QE 9’2, PE 9’1 and Q-AP=0 for any
A€ /. Then ¢(P) = [/ P]SQ. Thus

QTP <| (IT~e(P))TP],
whioh' implies « (7, o) <sup {|I-¢(P))TP|: P& P} and therefore (2) holds
- For .each PEZ,, lot. P=A{P"€ Range y: P'>P}, Since the range of i is
complete with respect tp meets, it follows that Pi& Range ¢. By lifting theorem
(Thoorom 3.8 n[3]), p(FP) =p (P, Therstore | L—p (ETPI<| T =g (TP,
Wthh implies that -~ |- .-
sup{|p(P) ‘TP I Pe 9’1}<SUP{II¢(P) lTP II P€ Range y}.

And hence (3) holds by (2). . _

Corollary 1. 6. Ifpisa nest ‘map from Py to Py, that s, one of ange @ and
Range s {and hence both) _fz,s‘totcdly ordered, then Op @ is hyperrefievive. ‘

Proof This is an immediate consequence of Theorem 1 in [10] and (8) of
above proposition. : Vo

Theorem 1.8. For any A€L(H; H 2), o = {kA} 48 hyperrreﬂewwe with
hyperrreﬂew%e constant 1. - : : »

0
Proo f Let /= < o )E L(H 16-)1:'[ o). Then & is hyperreﬂemve“ 9 with

hyperreflexive constant 1. Thus for any T'€ L(H 1 H 2) let T

: T=(O 0>.
o : T 0
Then ° - :
d(’—” M) d(T &y =sup {|<Tz, 9>|: |zl =yl =1, w,yEH1®Hz
{S%, ¥>=0 for N2

=sup {ll<VaJ il Ile— lyl =1, o€ Hs, y€ Hx Ao, o= 0}
This oomple’nes the proof

-8 2. Von Neumann Type Subspaces

- In this section we will disouss the reﬂexivi’ﬁy-and hyparreﬁexivity of a olass of
subspaces which are oalled Von Neumann type subspaces. _
Definitoin 2. 1. = A weakly-closed -subspace A of L(Hy, H,) is said to be @ Von
Neumarm type subspace &f MM MM .
A mup @ s said to be @ Von Neumann type map of ¢ is reﬂea;fbve mwl Opg is @
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Von Neumunn type wbspace } . : :

Brample 1. If UE L(H 15, Hp) is a unltary operator then {AU} is a Von
Neumann Hype subspace,

Eaxample 2..© Any woakly closed *-algebra of L(H) and ibs Weakly closed 1deals
(left or right) are Von Neumann type subspaces. T

Theorem 2. 3. Any Von Neumamn type subspace 8 reflevive. .

Proof Let :# be a Von Neumann: Yypesub space of L(H4, H,). Define o7 and
% t0 be-the Ven Neumann algebras generated by {./% *M, I } and {,/%/% * I} respeo-—
tively. It is easy to verify that cn ‘

j —
L\ B b
isa Von Neumsann algebra of L(H,@H,), and hence. .,[ is reflexive,
Now suppose that T'€ L(H,, H,) such that Toc[ A w] for any o€ H1 Leb _

0
(T O)eL(Hi@Hg

Then for any s@y & H,@®H,, we have T (a:@y) 0@Tw) € [% (w@-)y) Jand therefore
TeH which implies T' €A . Thus .4 is reflexive by (8) of Proposition 1.8,

o (M .//)

Corollary 2.8. Any weakly closed *~algebra of L (H ) and its fweakly closed ideals .

are reflewive. - :

Corollary 2, 4. Let L be a Von Nevumann algebra.such that <" is commutatine.
Then Jor any weakly closed (two side) ideal M of & with property (*) (cf. [B]), we
have O (A, M) =Alg Lat A, Part@culafrly, c (&i M ) gs freﬂem%fve, whefre o (.,Q(/ M ) ==
{T:TA~-TAc M, NAct}y.. .. .~ R

Proof This is 0asy. to prove by the . proof .of . Theorem 11 m [5] and above :

Oorolla,ry 2.3, : :

Hyample 3. Lei; H, be a Hilbert space and H 2—C It is easy to Verlfy that
any weakly closed subqpaoe of L(Hy, Hs) (=H,) isa Von Neumann fype subspace
and hence is reflexive, Using @ of Proposmlon 1. 5, wo see that i is in fact hyper-
reﬂexwe by a very simple- oomputatlon o

- Lemma 3. 5. Let A be a Von Newmann type subspace of L(H 1, Hs), M B and
./é’ be as in the proof of Theorem 2.2, I f A is hyperreflexive with bypefm eﬂewwe
constant K, then A is also hyperreflesive with hg/perro’eﬂewwe constant less than K

Pq"oof For any T€L(H, Hy), let

- [0 0\ 2
7= <T 0) € L(H:DH,).
Since Lat A# C{PPQ: q:(P) <Q, PEP, QEP,}, we ob’ﬁam
a(l, #)=a(T, ,///)<K sup{|B-TE|: E€ Lat a//}
<K sup{| (PO T (P+Q)|: 9(P)<Q, PEP, QC P5}
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~K sup {|Q'TP|: p(P)<Q, PE Py, QEFs}
<K sup{| I—p(P))TP|: PEL},
- which completes the proof. »
- Corollary 2.6. Let ¢ be a Von Neumann type commutative subspace map. Then
If 1€ (Op )*(Op @), Op ¢ is hyperreflexive. SR |

Remark. This is analogous to Lemmia 3.1 in [11].

‘Proof Let .#=Op ¢ and 7 e as in the proof of Theorem 2.2, Since ¢ isa
commutative subspace map, it can be verified that ' is commutative, Thus A is
hyperreflexive by Lemma 8.1 in [11]. By above lemima it follows that -# is Hyper—
reflexive, - :

For the hyperreflexivity, it isan outstanding open question whether any Von
Neumann algebra is hyperreflexive. This is closely related to similar problem of
representation and-derivation problem of O*-algebra (See 2.4). -

 The following theorem is an immediate corollary of Lemma 2.5,
Theorem . 7. The following statements are equivalent:
(1) All Von Newmann algebras are hyperreflexive.
(2) .All Von Nemann type subspaces are hyperreflesive.
(8) All weakly closed *—algebras are hyperreflexive. ‘
(4) ATl weakly closed ideals of Von Neumann algebras are hypem‘eﬂewibe.
: The author is very grateful to Professor Gong Weibang for his instruction,
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