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CLASSECAL SOLUTIONS OF BOUNDARY VALUE
PROBLEMS OF CARLEMAN EQUA’E‘!ON

- QIN TIEHU.(.%’;}\ )f{.)v*,:- .

-Abstract

Applying the exponential formula in nonlinear semigroup, the author proves the
existence of global classical solutions to the nonhomogeneous boundary value problems
of Carleman equation, and discusses the asymptotic behaviour of the solutions.

§0. Intrqducti(jn |

The purposs of this paper is to sbudy the existence and asymptotic nature of
the classical solutions of initial boundary value problems for Carleman equation:

ouy |, Ouy 2,2
o @ e b A >0, 0<a<1 0.1
>0, <1, .
au2 - 3U2 +'Mg Ui-’:o '
ot Ow :
u (8, 0) =91 (8), w2(%, 0) 92(73)’ _ (0.2)
us (0, 8) =1 (2), w0, @) =@5(). 0.8)

The pure initial problems of the Carleman equation (0.1) have been studied
by several authors. In 1963, Kolodner ™ proved that the initial value problem of
Oarleman equation (0.1) admibs a classical solutson for nonnegative data in C* (&) ..
In [6], Kaper and Leaf associated a nonlinear semigroup in I'(R) with
solutions $o eQuation (0.1) and showed that the results of Kolodner can be
recovered from the abstract results. Up to now, there are few resulis on the initial
boundary value problems for Carleman equation. Recently, Fitzgibbon ™
associated & nonlinear evolubion system in I*(0, 1), generated by a family of
nonlinear accrebive operators of varying domain, with Carleman equation (0.1)
and boundary conditions (0.2), so he obtained a mild solution of the boundary
value problem (0.1)-(0.3), represented by the exponential formula of Crandall
and Paqy™ for nonnegative data in L' (0, 1). However, in which sense does fhe
mild solution satisfy the boundary value problem (0.1)-(0.8)? And if the
nonnegative data are in O*([0, 1]), is the mild solution a olassical solution of the
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boundary value problem (0.1)-(0.8)? There is no discussion about these
important problems in [4]. One of the aims of this paper is to give an answer to
‘thess problems. : ' ' : :

First, we show that the mild 80111151011 for bounded nonnegative data @i, @,
given by the exponentlal formula satisfies a - system of integral equatbions
obtained from' integrating the Carleman System along the characteristic curves.
Then, we prove that this solution must be classical solution of boundary value
problem (0.1)-(0.8) if the data @1, RS 01([0 1]) Fmaly, we dlSOU.SS the
asymptotio behaviour of the solutions, and show that if 9:() =6:(¥) =a, then the
classioal solution of the boundary value problem (0 1)- (0 3) approaohes to (w, a)
exponentially as f~»oo, : :

$1. Main Results

Set
I*=T*(0, 1) ><L1(O 1), _
with the norm of 4= (ul, up) € I,
"u"m“”u:t”wo 17+ |t2] 220,13+ SR
Glearly I is a Banach spaee Let L denote the positive cone of It i e. . L
={u= (ul, uz) € LY u=0, u2>0}
‘Wo define the Operator A as following a

A(t)ur( o(l;t: i, tzuz +u2-—u1> Vu= (o w) ED(A®), (1.2)

where
D(A(®)) ={u= (ur, us) €L; uy, us €W 1(0 1), u(0) 91(??), uz(l) =92(t)}.
Now the boundary Value pr oblem (0 1) (O 3) oan be written as an abstrach
Oauohy problem - » :

dzfz?? .—,l:-:A(t)vu(t)%O,- >0, 1.3)

o Cw(0) =9, p= (g1, P2). P ’~'..='(1-4)~
From the results in [4], we have the following theorems -
Theorem A. The family of operators {A(t); € [0, T1} defined by (1 2) is @

family of acoretive operators on’ Banach space L, which satisfies -

(A. 1) DA®) =I4, is independent of ¢.

(A. 2) R(I—H»A(#)):L YA>0. ) .

(A. 8) There ewists & continuous function f: [0 oo)->L1 and @ onofone
gnereasing fmwtwon L: [0, c0)-=3[0, oo) such that.

T3 u— T ) b £ )~ () L),
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where M>0, J,(4) = (T-+A4 (1)) 2. - |
Theorem B. Lot gy, g20 [0, T1—>[0, o0) be continuous. Then for any o= (p,,
@2) € L}, there exists @ unique function w: [0, T1->Li satisfying L
w(f) =lim H( 1+2+ A(-f’- i )>—1<p. o (@.5)
© meroo gl . .

Mm*eow'r, if a strong solfwtfbon to (1.3) (1.4) enists, 4 can be repfresented by
(1.5). |
As the domam of A(t) depends. on t we shall make use of the generahzed

doma,ln introduced by Orbndall in [1]. Set .
D(A(t)) {u€ 2(5); 1~1m{|A,L(t)uﬂm<+co}, - (1.6)

where A,(¢) =A"1(I—J,(8)), 2(¢) —EO(ODRKD,, #)),D,.(#) =R(I+AA(%)). By using

condition (A. 8), it is not difficult to show that D(A(f)) is independent of #(see
[11). We set ]3==ﬁ(A(t)) for 0<<¢<T'. Because _
D(A())cD,DUAG)) =14,

clearly D L% is dense in LZ.

Now, we statie the main results in this paper.

Theorem 1. Let g4, g2 be nonnegative continuous functions in[0, T], and

p= (p1, o) €LY ﬂ (L=(0, 1))3,
4.’ 6., there exists a constant M >0 such that E _
Neallzeo. @2l o0, 0<M. (1.7)

Then u, defined by (1 5), belongs to ([0, T]; L L) and satisfies the system of

integral equations: | ’

g (o—t)+ j.’ (B —u) (s, o+s—1)ds, $<a,
U (, ) = (1.8)
- g1 (b—) +J (ug—u3) (s, w+s—t)ds, t>a;, o

¢2(a':+7§)+J (ul—uz) (s, z— s+t)cls <l—a, A
1y (¢, @) = ° ; T (1.9)
| g (w+.t—1)+j (@—~18) (5, o—s+8)ds, $>1~0.
Moreover, wf we assume that @1, @26 0' ([0, 11) and salisfy the compwtflzb%l@ty
condfbtfbons .
, R ?’1(0) 91(()) p2(1) =¢2(0), . L (1.10)
then u= (ul, uy) defined by (1.8) és @ continuous solut@on of the system (1 8) (1 9), 4
e., w1, us©O([0, T] x [0, 1]). A
Theorem 2. Let g4, ¢.€0*([0, T1), o, @2601([0 1]) be non-negwtwe and
satisfy the compatibility conditions in addition fo (1.10) _
¢1(0) =~ 5L (0) — g1 (0) +43(0), gh(0) =gh(D) —pd(1) +g3 (M. (L.11)
Then w=(uy, us), defined by (1.5), is the unique classical solution of the boundary
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value problem (0 1) -(0.3). _
Theorem 8. Let g1=¢2=0, where a=0 is a constant, p= (g, q)z) e Iin (I,
1))2, Then the mild solution u= (uy, %) of the boundary value problem (0.1)-(0.8),
defined by (1.8), approaches to (@, @) ewponentially as +—>cc én the following sense:
there are constants 00 and A>0 such that |
Ju(s, +) = (, @) I3<Celp— (a, a) i (1.12)
wher 3“'“"1241‘-'"u1||%“(o,1)+~"“2"§=(o,1)‘ for w=(uy, ),

§2. Proof of Theorem 1

Leb T'>0 be fixed.

- Lemma 2. 1. Let g4, g€ O([0, T']) be ndnnégwt@ve, o=(p1, @) €L} and
R lod 20,05 1gil o0 <M, 5%1’ 2 - @)
For >0, let : T . :
O <m<t>, w) =109 | | (2.2)
Then v € Ik and -
"’”4@“1}"(01)<M b=1, 2, VZ?EEO ™. . - .. (2.3)

Proof We need only to show (2.3). From (2.2) a,nd the definition of J, (t),
we have

- v1+7»( '?1 Zht0f—0} ) =1,
2.4)
: ‘vz+7‘:< (sz +'l)2 V1 ) =@a,
whioh are equivalent to |
(3: +hvy= (b—1)vs— (’”1—"02)"‘%,
i (2.5)
- da;2 +7w2=(]a—-1)w2—-7h(v§-v§) +gvg,
The constant & is chosen large enough. We write (2.5) as
) ~Q _
or _
=By, o A : (2.6)
where B = P‘lQ
As Kaper and Leaf did in [6], we oan prove hhat if €L} and
. loill 20,y <M, 71*—1' 2, ‘A - 2.7)
then ’ '

Q’UE L1 and " (Q’?J)gnL~(o 1)<kM = 1 2 S V (2.8)
Using (2.5) and (2:8) we obtain :
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Bo)a(o) =0 F g (@) +Lf T @@ <.

We have a similar estlmate for (Bw) . Therefore, 1f (2. 8) holds, then
. B’UEL and ” (B’D) “Lw(o 1)<M ’b 1 2 . - (299)
Bemdes if v, w both satisfy condition. (2.8), then we have

1 Bo—Bulo=+f_ |67 (@0)i- @0)2) ©)d |do
AL (Quyam @u1) ) i |do

<L [T 1@ @il ©wa

+_.j I e @0)s=(Qu)s| (©)dodg

I(lla 1~— ?\.(fv1+fw1)|]fv1 w1|+3\.('vg+fw2)lfv2 waf

Tt Ik 1 7\.(02+w2) I l’vz fw2+?\.('v1+fw1) l’vi""w:,I )d§
Take k>1-+2AM, the abovo estimate gives

|le-BwHL=\<1———>llv —wf © (2.10)

It follows J_mmedlately from (2. 9) and (2. 10) that system (2 4) a,dmlts a solution.
»C It and estimate (2.8) holds. The proof is complete,
As a oorollary to Lemma 2.1 we have at once
Lemma 2. 3. Under the assumptions.of  Lemma. 2.1, the mild solution of the:
boundary value problem (0.1)-(0.8), deﬁned by (1. 5), belongs to (L°°(O 1))? and-
satisfies : -
N2 (8) | 2o, < M, 7} 1, 2. o (2.21)

Lemma 2 3. Letpc Lk, 7\.—~-—~ Then the follorwmg hold Sfor 1<k<n:

(mmm) () = 1 1(2y TEg (G-t

4=0 B

(,Z“"D, [@-or e n@a

-+ zj __LJO (m-é:ye'-i— <w—f>f‘1 (kl—j J. () )(f)df, (2.12):

(HJ;»(M)éI)) (W) 7"'52:0 ;; l"}:ﬂ?)i 3~. 7" 92<(]0 ’1))?\,)
= A —o)e T ey |
7:—: A—%J‘ ("7 w)*e o mfz(]]J;(y?»)gv)(n)dn, (2.13)

whore f1(u) = —ui-+u3, fz(“) U1"'M1 . :
Proof For k=1, (2.12) and (2.13) follow a¥. once. from the definition of
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J (t) Usmg mduohve method, we can prove (2.12) and (2 13) for 1<k<n. The
detail is omitted. - -
Lemma 2. 4. Lot hEO([0, 1]). Then

1im $ L (uorytomren(-2) - {M")’K‘Kl’ (2.14)
s §20 9 n _O 0'>1.
- Proof It is known that . . . e ..
' lim e‘"“§h< ) <”°') 00 _he), Vom0 - (2.15)

holds for any bounded hEO([0, o)) (see [3])
‘We first assume thai; k(@) =0, Vo€ [0, 1]. If 0<o<1, let kl(a;) a.nd hz(a;) be
nonnega.tlve bounded continuous functions on [0, o0) such that
h(z), 0<o<o,
by (o) ={<h(w), o<w<l,
0,s>1. . |
and hy(w) = h(m) for 0<w<1 Then woe have o L
o 3 (...,)__(.WE_L<3-W E‘,lh ) (n2)! < gne zh ( ) <“"> . (.18
Both the limifs of right and left hand S1des in (2. 16), by (2 15) and the
definition of %; and A, are k(o) as n—>o0, s0 the lemma, holds for this case.’
For o>>1, let h3(x) be 2 nonnega’mve bounded continuous function on [0, o0)

such tha.t
h () {h(w) O<a,'<1

0, v=>0.
We have
—mn—l ('n‘o-> a0 (no )
2 UG <o S (n),, P em
The limit of right hand side of (2 17) is O as rm——>oo 50 is that of Toft hand S1de of
(2.17). -

If h(w) is not a nonnegative funehon then there exists a eonsisan’o M>0 such
that h(w) +M >0, Vo€ [0, 1]. From the result for nonnegatlve functlons, we. have
n—1 ’
Jim g=" 2<h< )+M) (rncr) : {h(o)—{-M 0<o<l1 . 18)
fi~»00 i=0r | ¢ . 0 o.>1
Noticing ) . C :
o S (fr?o‘) {1 O<o<1 t.
=0 U 0, o>1" '
(see [B]), we obtain’ the resulh of ‘uhe lomma from (2 18)
Lemma 2. 5. Lot g1, 9'260([0 TV, Then :

Eﬂg 711' (-—) 6 Agi((rn w)?\.) {(g)i(ﬁ>:’), w<t < l. . (2.19>
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o " 1 1l—o -2 gz2(@+5—1) m>1¥# | ‘
%%7’?( T > ’"_ g2((n—28)A) = {0 oty ’ ’ o (2.20)

for ¢€ (0, T, z€ [0, 1], rw‘hefre‘

A=-l,
—.

Lemma 2. 6. Let pC I, 9\.=—;-andi€(0, T]. Then

. N P I Y Sy 0, o<t . »
lim 2" (p—§) "2 F ¢<§>d§={’ ’ (2.21)
noeo (M—1)1 L | te pu(o—1), &>1, | __,_)
(n—a;) n1g 7O, (n)dn={0’ o>1—%, (2.22)
(n 1)|[ . 2 _,¢2(m+t—1)_,'w<l-t )
in 11(0,-1).
Poof Set

. , o
(T12p1) (o) =7\‘_1J‘0' o 5" ,{) p1(€)dE.
It is easy to verify that . o

_________(nh“;) ! J (o—§ )""1 e~"(w—;)gvr,(§)d§ (J 1,501) (m) ©(2.23)

Lot A4; bean operator defined by ’
- D(4y) = {llfe W1 (0, 1), zb(O) 0}
A1tll —~—~— V¢r € D(Ai)

1% is not difficult to verify that A, isan m-aocretlve operator in I* (0, 1) Thus
Aj; generates a semigroup 8;() in L0, 1). From the exponential formula of
linear semigroup, we know that

| 81 pi= hm pri - (2.24),
in I} (0 1) and 8 1(t) @1 is a strong solu’mon of problem
6161 6u1
% oo
u(t, 0) =0, %(0, ) =¢1(a;)'

if 9, € D(4,), that is
S 0, <4,
8, {
( 1( ) @1) (2) = o1 (5 — t), o>
(2.23); (2.24) and (2.25) imply that (2.21) holds for p,€ L*(0, 1). Snmlally, we:
can prove (2.22). The proof is complete.
Lemma 2. 9. Let by, he € L0, 1), A>0 and € [0, 1]. Then

[2of! @m0 07 a(®) =16 [nan <M—lslzan,  (2.26)

(2 25)

n ;;'—, L (- a:)‘ —-(n—m) [P ("7) ~ by (ﬂ)]dn HL‘(O <Ak~ hal noye  (2.27)
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Proof Nohomg

1 1 ‘
e (B —£) N
L (w—&) %+ ° do< oI,

we have

” )“_‘J (2 5)’ D (s (€) ~Ra(§) 1€ 10,1

<AL e P anlie) -m et

<M 7y — hz“.m(o 1)
Similarly, we can prove (2 27).

Lemma 2. 8 Let the assumpiions of Lemma 2.1 hold and ¢ € D. Then

]:mn:: A ¢j (o—§) ie"T(“‘—f) [_f:( H J (GA) gv) &) ~f1lu((n—2)2)) (§) ]dfﬂmw 5 .
=0 . . , _ (2.28)

and ' ' ' : |

1'33:."2; ’;,"j (r=a)'e ™+ [ £(11 7, () «p)(n) fz(u((w ) () Jdn s
-0 ’ | - (2.29)

hold for $€ (0, T7, ?\,-—-—, where f1(u) = —ul+uf, f.o.(u) =uf —uj,

Proof We verify (2.28). By using Lemmasg 2.1, 2.2 and 2 7 11; follows that
ﬂ 7:—: 7;-*} (o) (f1IIJz(37~)‘P>(§) ~Faulln - %)M)@)]dg“n«o.n |
f1<H Jw(ﬂy\')‘l’)_ﬁ(u«%“%)?\'»_ 140,1)

<ot S {5 72 Jomria (o
I___Ii J1(jA)e )2"'“2 (("‘_";’_) A) £40.1) }

<MK ’?zf‘,‘.-fl":'-?l”i{<n—'v:>"%+p<<n—@>%‘n-1t>}

<Ex

20, 1)

<2MK73”2(% 4+n 1o(tn~ 4)), . o 2. 30) .

where K is a constant and p(r): [0, T]——>[O p(T)] is a non-deoreasmg function
satisfying hm p(r) =p(0) =0, In the eshlmate of (2.30) we used Proposition 2.5 of

[2]. Now (2 28) follows 1mmed1ately from (2. 30) In the same way we can prove
(2.29). ‘
Lemma 2. 9. Under the assumpmons of Lemma 2.1, (2.28) and (2.29) hold

for ¢€ (0, T'] and ?\,———

Proof Since DNIL is dense in L, it is not difficult to show that there exis
o™ = (o, ) € DNILL(k=1, 2, --+) such that
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lo® oo o<M, 6=1, 2 k=1,2, =, = - (2.81)
- lo®—g] 10, as koo, - (2.82)
where M is'a constant. ‘
Let : s
o - .
.u(k) (t) 11m H< I *____ A< ":; (1,)) o™,

| oo i=1

Then the nonexpansiveness of the resolvents J. 2 (8) 1m1§1ies that

[w®@) —u(®) lu<lg®—plx. . (2.32)
Using Lemma, 2. 1 2.2 and 2.7, we can obtain RERNE

o O R S TEAC IO fi(nmx)«p)@ %oy
S (M+M)ﬁ||¢(k)"‘?“m<o 1 ' - (2 34)
S @0 0T P P (i) (€) a0 NG s
< (U+M)t| P~ @] 1. S .. (2.85)
Mmeover, (2 34) and (2.38) imply that - - ' .
B o O [fi(n.mﬂxm)@)—fi(u((n @>><£>]d§ o
<2<M+M>t||¢<”>~¢nm+l‘20 L
[5(H 7 me™) @ A=) | Jae] . . (2.36)

Now (2.28) follows at onoce from Lemmsa, 2. 8 and (2.36). Slmllarly, ‘'we can. prove
(2.29). - :
Lemma 2. 10. Let the wssumptfbons 0 f Lemmw 2.1 hold $€ (0, T] and

kA
n

A=

Tren
_ e
f;f—boos ‘0 '?1! 0
thl(u<s)> (w—1t+s)ds, t_<a§',» . : A
= » X . (2.8
J’t_w F1(u(s)) (fl?—t+s)ds, > '

" (o—¢) e”'r“’“’fiw NG A

and ,

o : ?;:‘ o <°7““’)‘ M("—w)fz(u((n—w)?»))(n)dn
Ifz(u<s))(w+i s)ds, <1,

: - (2.88)

Jt f2<u(s))(a:+t s)ds, t>1—a

hold in I(0, 1).



No. = _ Qin, T. H. CLASSICAL SOLUTIONS OF OARLEMAN EQUATION 67

Pq"oof Set ' :
WG, @) =f1(u®) <w‘>.
By the deﬁmiuon of f1 and Lemma 2.2,

P, °) EO([O T7; L1(0 1))

“We first assume that (5, o) €0( [0 T3 %[0, 1]). Write the rlght hand side of

(2:87) as

=0 9
where

—-—»n SV (rncr) —-na" — Q.: . ’ o ,' .
o (a) = lﬁ(i o b, @~ at), o (2..40).
It is easy to verify that B . R :
[ (cr)l__ wr,_;l]ag nhlr(# 2|
and
| fim h""(d} ={¢'(1"t—0t‘, o—01), 0<q<;t,-_ ,
n-»co 0 0'>1

by Lemma 2.4, for 0€ [ , #] Then we, from Lebesgue theorem have

n~1

lim 3 J (zv ~&) ie“‘f“""’zzr((n m f)df

f‘p(s, x— t+s)ds, t<a;, ' R
(2.41)
| J't_¢lll(s, w~—t+8)ds, t>w,
No’oicing | “ ' _
S [ o (-t D] <1 e 1565 9]

= {0, TIX[0, 11
it follows, by Lebesgue theorem again, thab (2.41) holds in L*(0, 1),
Finaly, a density argument proves that (2.41) holds in I* (0, 1) for $€0([0,

T]; L*(0, 1)). This completes the proof of (2.87). Similaﬂy we can prove (2.38).
' Proof of Theorem 1 As a consequence of Lemma 2.3, 2. b, 2.6, 2.9 and

2.10, we have immediately the results of Theorem 1, The proof of Theorem 1 is
co:nplete.

§ 8. Existence of The Classical Solutions

This section is devoted t0 the proof of Theorem 2. Lot '@(t, o) € (0([0, T7 %[0,

- 11))? be the solution of the system (1.8) (1.9) of integral equations given by

1.5). Consider the following system of integral equations

nE-q ._).j..':.‘..J':(w—"g)'6-—%-(0*),151(“((”;@)7\.)) ©® d§=tjz—kﬁ(¢)da’ : (2.39}
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1
Pa(w—1) +2fo(u2vz~u1p1) (s, —t+s)ds, i<w,

01, @)= (3.1)

" S
LACET)) +2L (ugws~us01) (5, —4-+8)ds, i>w,

' t
s (@-+¢) +2‘J¢(uw1—-uzfug)(s, o—t48)ds, I<1l—a,
0a(3, @) = - (8.2)
lots—1) +2j (Wi t05) (5, a—t+5)ds, $>1—0
Wl‘bh unknown p= ('vi, !vg), Where ' ' ' ' ;
1 (e) = — i (@) — 92 (@) +03(®), Pa(2) = ph () + 92 (2) — 0} (w) (8.8)
~ By the compatibility conditions (1.11) and the expressions (3.3) of r; and s,
we have ¢1(0) =¢,(0) and 2(1) = g5(0). Using the Picard’s iberative method we
can prove the following '

Lemma 3. 1. Under the wssumpf,@ons of Theomm 2 the system (8.1) (8.2) of
sntegral equations admiits a unique continuous solution v (3, ») = (v1(¢, ), v2(¢, )).

Lemma 3. 2. Let 0= = (01(3, @), v2(%, @)) be a conitnuous solution of tke system
(3.1) (3.2) and

o t . , ,

a3, w)*sve(m)—l-fov;(% o)dv,-i=1, 2. : (3.4)
Then . - ' |
w, (3, @) =u (4, @), V(¢ o) € [0, T1 %[0, 1], ¢=1, 2, (8.5)

Proof Without loss of generality, we assume that I'<<1, Let M be a constant
such that

l0s(t, @) | <My [, @) | <My VG, m)E[O T % [0, 1],@ 1, 2, (3.6)
‘When x<%, noticing i

[Wio=05=0:0) ~p1(2) +[ [ph(o—5)~p(o—)1dr,

[l —t -1t~ @i—at) o+t —0, 0o

| -—r j t+ﬁ_a]2(w2w2~wm)(w+a»—w, &Vdvde
=j (wi—ad) (s, m—t—l—s)ds—;]’tri 2(wzv;—w;w1)(s, a—-+s)dsihe

——J‘J 2 (wava—wiv1) (s, s—v+8)dsdv _
and the compatibility condibions, from (3.4) and (8.1) we can obtain

| . |
wi(t, ) =g1(t—w) +L (wi—w]) (s, o—i+5)ds
*f :f 22 [2(ug—wz) —v1(wa—w1) 1 (s, 2—7+s)dsdw

+J J :_’4,2["’2(“.2"‘”2) —v1(us—w) 1 (s, w—w—hé)dsd% - (3.Y)
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By using Lemma 2.2 and (3.6), from (1.8) and (3 7) it follows that
Jol"‘i(“’{ @) —wi(3, o) |do<< (M- My) } oL_z(iui“"’“(;’*'Iuﬁ'“wzl)(s’ w—i-+s)dsde
+2M1;[:J:J‘:( |1 —ws| + [us—~ws|) (s, o—v-+8)ds dv dw
%21&11‘[:}3‘:_“([1&1-—@01] S+ |ua—wal) (s, a;——-w—l—s)dsdfdzé
==(M+Mi)]‘w (gm0 | + |uz—3]) G5, m—ﬁ+s)d¢d§

o (‘3+
+2M1J' jow w(lur—wil—k[uz—-fwzl)(s, o—7+s)dvdsde -

t .
+2M1J0L : (Iui——fw-_'l+qu-—'wgl.)(s,‘w—.-z*-i-s)d'vdsdm
. -TJ 8 ) .

<O@) [ JuE — 0 lnds, e (3.8)

where O (T") is a constant depending on T '
* For the case where o>#, similarly we can obtam

| w1 (¢, o) =gy (@—1) +J (w2-'w1) (s, o— t+s}ds

+ f 20 (uz — ) —vs (a—w1) 1 (s, o—vte)dsdr.  (8.9)
From (1.8) and (3.9) wo havo tho following estimate
el m -, w)ldw<a<T>j WO-o@lsts.  (3.10)
By combining (3.8) and (3.10), it follows thas |
) = 0s Dl n<0® [ @ -w@luds.  @.11)

Slmlla,rly, we have

8 = 038) Do, <O [ )= @l (G.12)
The es‘vlmates (8.11) and (3.12) imply that ’

ﬂu(#) ’LU(#)"L1<0(T)j “M(S)"’ZII(S)"Lde - (8.13)

The "assertion (3.5) now is a consequence of inequality (3 18). The proof is
complete. S ' _

Proof of Theorem 2. For the existence of cla,ssica,l solution it suffices to
prove that u (¢, #) has continuous derivabives with respect t0 and x. This is a -
consequence of Lemma 8.1, 3.2 and the fact that u(s, ) is -a solution of the
system (1.8) (1.9) of integral equations. By using an estimate similar to thab in
Lemma 3 .2, it is not diffioult to prove the uniqueness. The proof is complete,
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§4. Asymptotlc Behavmur of Solutions

" In thls section we disouss the -asypmtobio behaviour, as t——>oo of the solution
for boundary problem (0. 1) (0 3) Wlth g1(8)=g> (t) =aq, where @ isa nonnega.tlve
constant : :

Set .

'wi—ui-w Wo==1s—0, . ' 4.1

Then boundary value problem (0.1)- (O 8) is transformed inbo the followmg form

36'11;1+ aawi +2a(wy—ws) +wi—wi=0, . (4.2)
%”i—%i+2a(w2—wi>+wg_—wieo,. o (4.8)

wa(t, ) =wy(4, 1)=0, = R XY
' w1(0 z) = m(m), 'wz(O z),= nz(w), . - (4.5)

where 713 (z) = 91(@) —a, 15(w) =p2(x) —a.

For above boundary value problem, we-have

Lemma.4 1. Let n,, 7)2613”(0 D, B

: : o —a<n, (@) < K; V€O, 1], b=1, 2 : (4.8)
where K ¢s @ nonnegative - constani, and w(t, o)y=(wi(s, x), ws(s, x)) be solution
of the boundary value pfroblem (4.2)- (4 5) Thon there ewist constanis 0 and A>0
such that : :
IIW(i) [2.<0e ¥ |nf%s. (4.7)

Proof Let N1, 172601([0 1]) and satisfy
: n1(0) =715(1) =0, o (4.8)
71(0) — (28+2(0) )02 (0) =0, | - (4.9
7e(1) + Qe+ (1))m(@)=0. (4.10)

From Theorem 2, under above coditions the boundary value problem (4.2)-(4.5)
admibs a unique classical solution w= (wi, w,) € (O*([0, o) x [0, 11))2,

Multiplying both sides of (4.2) and (4.8) by w. and ws,, respechively, and
integrating the sam of resulted eXpressions over interval [0, 1] with respeot to o,
we can get- | ‘ IR

J (w1+w)(t :o)clm—i—-—-—(w (¢, 1)+fw2(t 0))

+f (wi—w2)2(2a+fw1+w2) G, ®)do=0. = - k4.1,1)

From (4.6) and Lemma 2.2, we have
- —a<w;y($, ) <K, V(& 2) €[0, o0) x [0, 1], =1, 2 (4.12)
Therefore, taking infio account (4.12), (4.11) implies tha.t
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f (w1+w2) (¢, m)dm< (w (3, 1) +'w2(t 0)) - _’(4,13)
 Asin [8], set S | ‘
G (w) (m>=f+"<w§+wg) G, o)d. (4.14)

Noticing the equahons (4. 2) and (4 3) saiusﬁed by 'wi and Wa, d:ﬁ'erentlatmgb
(4.14) with respeot toa g1ves

@—G%”li“-’)- 2uf (1—s, 2) +2uf @+a, a;)+2f : (g~ wi) (ws-+ws-+2a) 4, 'm)dt.
| | | (4.15)
By use of (4.12), it follows from (4.18) that .- S
G @) > (K +a)6 ) @), (4.16)
G(w) (m)<e‘*‘K+"’G‘(fw) (1) L (@an
Sot B=T[1, 2] % [0, 1], then o
ﬁ"(éoiw:::) @, m)dtdKﬁGf(a'}) (0 do< A®+o I‘:wi(t, Ddt.  (4.18)

Sot
- | E(w) (t) f (fw1+w )(t )i,
By mteé'rahﬁg mequahty (4. 13) from 1 to 3 Wl‘bh respect o t it follows that )
| E(w) (3) B(w)(0)= j wi(h, 1)dt L (4 19)
Since E(w) (t), by (4 13), is monotone decreasing, usmg (4 18) we have
B(w) (3)< j Bw) ()ds< H(fwﬁ—wz) G, @) dido

< 34(K+0)I w?(3, 1)@; ' (4.20)

Combining (4.19) and (4.20) gives
_ E(w) (8) — E(w) 0)< —e “E+9 F (w) (3),
that is, ' '

E(w) (8) < (146 4E+0) 15 () (0). - (4.21)
Taking into account the monotonicity of B (w) (¢), from (4.21), we see that there
exist constants 0 and A>0 such that

E(w) () <Oe™E (w) (0). (4.22)

For the general case where ny, 7€ L= (0. 1) and satisfy (4.6), it is not difficult

1o see that there exists a sequence of funotions 1™ (z)= (n{(z), n:(2)) € (01<[0
11))2, k=1, 2, .-, satisfying (4. 6) and (4.8)-(4.10), such that

lln""*nllm%O. (4.23).
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Let w™(¢, @)= (w{®(t, @), w{’(, @)) be the solution of bounda,ry value
problem (4.2)- (4 B) with initial data 7§ (zv) and 97"‘) (w). So estimate (4.22) holds
for w=w®, that is, o ' ’

lw® @ [h<Celn®I3 (4.24)
_.Moreover the nonexpansweness of the evolutlon operafors gives
[0 (#) =) < In® —nllzs, V4E [0, ). (4.25)

Takmg info account the uniformly boundedness of w{® and w§” in L=(0, 1), by the
application of estimaite (4.2b), wo 800 that the limit of (4 24), ‘as k—>o0, gives
(4.7): The proof is complete.

Proof of Theorem 3 Theorem 3 is & simple consequence of Lemma, 4.1,
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