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GENERALIZED CLIFFORD TORUS IN S*AND
' PRESCRIBED MEAN CURVATURE |
FUNCTION

HUANG XUANGUO (—g— e Esj ) ®

“Abstract

Given some funetion H(X), one can find & Acozﬁpajct hypersﬁi-face in §7*1, which is
homeomorphie to s (1) % 8*m(1) and whose mean curvature is given by H(X).

| Introductibn

The followmg problem is very 1n1;erest1ng .

Let H be a real valued function on St (n>2) Fmd suitable conditions on H
to insure that one can find a closed hypersurfaee in ;S’“*i ‘which is homeomorphio o
Clifford torus 8 x 8" ™(2<m<n—1) and Whose mean curvature is given by H,

In this paper, I obtain an existence theorem,

§ 1 Fundamental Equatlon

In this section, we shall derlve an equa,tlon for the mean ourvature of
generalized Clifford torus in S (n>3). : a
For the unit sphere §"** in Rrt? (n>3), we know the Olifford forus

P o= -

is & minimal hype1surface in S™*1, Where S® (fr) denotes a P dlmensmnal sphere

with radius r. The position vector field of M, m caem be ertten as

Y—J—T+J“ mp: L (1.1)

Where RBri?= R"’”’1><1LZ"“”'““l r is the position vector field of unib sphere S™(1) in
R™1(m>=2), and p is the pos:duon vector field of unit sphere §*"(1) in R ™4,

{, > denotes the inner product of two vectors in R**2, At any fixed point, {#,pd=
0. | | |
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Weé introduce the generalized Olifford torus A, whose position vector field is
given hy

X = A L T 1.2)
: RN \/l—l—e‘“ P’ .

where u is a dlﬂ'erentlable funotion on 8™ (1) . M lies in S and is homeomorphic
Yo M, ., R
We adapt a Tocal orthogona.l fra.me {61, @2, e,.+2} in R"*2, such that resbricted

Yo R™* 64, 6, are tangent to 8™ (1), e,.1 is the radical direction on S8™(1), and
restrioted to R"™™ g,.1,+++, ¢, are tangent to 8§* (1), en.a is the radical direction
on ;S’”‘"'(l) Lot {wi, ws,+*,@nsat be the dual frame., The indexes 4, §, &, I,--run
over 1,-:-,m; & B, ---run over m-1, -« ,n; 4, B, .- run.overl, «-, n. M=X(E"(1)

X §n=m (1)) A%t a fixed point X (P) of M, where P 8™(1) x.8"™(1), we choose the
normal coordlnate. Then

r(P)=e,(P), r.(P)=0,

p;(P) 0, Pa(P) ea(P>) (1.8)
where the subsoripts ¢, « express the covariant demva,hves with respect to
d1rect10ns O €, respeo’olvely A% pomtX (P),

\= "(1+32“) -3/2 [u;'r-l- (142 ry— e“u,p] 1.4
By vn:’oue of ug= O we ean see ab pomb X (P, _ o
X (1+ 32“) “12p,. | (1.5)

The metrio tensor of M is
9u=<X;, Xp=o™ (1+ 6* 2 [ug;+ (146*) 3],
L Yia “gar—<Xa, X>=0,
Gap=< X, Xpd>= (1+6*) 8,5 (1.6)
At point X (P), the inverse melric tensor of M satisfies
g”—e 2“(1+ ¢®) [dy— (1+e2“+2 wr) ~ Y],

ge=g%=0, .
o= (1+6™)Bas. | @.7)
The normal vector 7 of M in 8™ satisfies ' S :
n, X>=0, {n, X;>=0, L, Xa> 0. N ¢ X))

, By a caloulation, at point X(P), We can see

n= (1+32"+2 uf)~2(— r+e P+2 usTs) o (1.9)
We caloulate the mean curvature H of M atb point X (P) By the definition
a.nd Wemgarben formula, ' ‘ _
nH = =3 g**dn(es), Xsd |
= ’“g: g¥dm (es), Xi)"%ﬂ“ A dmn (es), Xap.
| (1.10)
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By a straight caloulation, we obtaln ab pomt XP)

dn= ——- din (1+e2“+2 u?) n—r- A+ 32"—1-2 u?) 1/2{3“2 Uy ;P

-+ 2 [2 Upien— oy T;a 2 uawﬂ' + 9"2 @pPs}- ' (1.11)

So we have A
{dn(e), X;>=e" [ (1+e*) (L+e™+ 2 wy) ] 2% (g — vt~ 5;}),

{dn (ee) Xa> '[d+e™) I+ 92“+E u2) 170 @)

Insertmg (1 7) and (1.12) mto (1.10), we obtam
(1+32“+§ U 2 Usj ”;j Uy Uj Uiy

= (1—n-+m-+me )™ ui+ (2m—n) e*+m— (n—m)e*".

. : ] v i
et (14 e2) T2 (14 o2 4 2)3 2 4 : . )
ne (1 € ) (1+3 -+ Z‘ ui) H (»\/l peo -4 \/]_7 o P |

\/1_6: = '+ v, 11 = p_) is assumed %o be indepen-
@u @ R o .

dent of §*7(1); in other words, we can write

In this paper, function H (

(¢ .1 \_ (.JL_ ) | 1
Bt Tt AT P)=H( ) (1.8)

and the right side of (1.18) can be written ‘as B(w, u, Vu), where o is a poih’ﬁ" of

S™(1). Equation (1.18) is a quasilinear elliptic equation, when function H(X)

€0"*(N), where N ={X€ R"*|0<|X| <1} and integer k=1, 0<a<l. Of conrse

X=8r, 0 <s<1, » _
It is well known that if we could prove there exists a constant O

independent of ¢ such that |u]eenu)y<Qi holds for all (u, §) € 0%*(8"(1)) x [0,1]
sabisfying

(1+e“"+§} u?)_E uﬁ-—Eu‘ us =8B (2, u, Vu)+ (1-—t)u, | (1.14)

then there is a solutlon 0 satlsfylng (1. 13) Tt is enough to prove tlie above
statement for € (0, 1]. :

§ 2. EX'istenCé Theorem

In this seoiuon % denotes a SOlU:blOD. of (1 14)

"Lemma 1, For the gfz;fum func#wn H(X) in O"’ (Y, @f there are two constants
81, S, where. : '

| 1>si>,§/ 18>0,
such that
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: '2uku‘,ﬁ,=—u,(|w.12+1).1n<]va|2+1), o (2.10)

From (2.10), we have
' Eukumu‘——— IVu|2(|Vw|2+1)1n(|Vu[2+1),

Eukumuju,‘—lvm (|Vu|2+1) [n(|Vu|2+1)]2 (2.11)

Using (2.8), (2.11) and the second formula of (2 .9), we obbain
0= (146 | Vu|2) In (| Vu |2+ 1) z’u,,

+ (| Vu[*+1) 2 (1 +e>+ |Vu|2)2 ug
+ (]Vu[2+1) -1[(1"1‘32“'*‘ qulz) XE Ui Wgz5— %uiuiukum!]

-—-2(1+62")|Vu|21n(]Vu|2+1)[ln(Vu|2+1)+1]. (212
Not loss of generalization, we assume |Vu| (wo) >1. For |Vu| (wo) <1, we have Vo€

8D, | Vu|2(z) <e”—1, S (1)
where . ' .

' S-S

02 . Sﬁ ( 1= Sz) 11’12

. Differentiating (1.14) and using (2.11), we can see

(1+62u+lvul2)2umui zu%ukuiil& )
=t J[B @ v, Vu)huk+2lwl (]Vu|2+1)2[1n(|\7u|2+1)]2'
+2|Vul2[(|Vu|2+1)1n(lVu[2+1) e“‘“]Eu,,

+ Q=9 |vult. | (2.14)
Using the Riocoi formula of §™(1),we can see ' o '
'2 Uy g5 = 2 w Ui+ (m—1) | Vu |2, (2.16)

Utlhzmg (1.14) and (2.11), we have
2 uy= (1+e*+ |vu|®) " [tB (z, w, Vu) + (1 —5)u

— [V |2(|Vu|*+1) In(|vu|*+1)]. (2.16)
By the Cauchy inequalibty, we can see -
2 ufy= | Vu| =2 2 77 2 uly = | Vu | ;E(; U Y )
= (|Vu|2+1)? [1n(]Vu|2+1)_]2. 2.1
By use of (2.14), (2.18), (2.16) and (2.17), (2.12) can be reduced o the
following form o
0= (1+6”) | Vu | ?[In(| Vu |2+ 1) 12+8tB (w, u, Vu)ln(|Vu|?+1)
+ (| Vu|241) "% ;[B(a;, %, Vu) luup—0s| Vu | An (| Vu|2+1), (2.18)
where all of the items are computed at point w,.

From the expression of B(w, u, Vu), we can see
'8tB(w, w, Vu)In(|Vu|?+1)
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== Stne“(l—!—e"")”i/z(l—l-e"’“-{-[Vul2)3/2H1n(|Vul2+1) 04]Vu|21n(|Vul2+1),
(2.19)
[Vu[2+1)'1t2[B(m u, V) utty

— g (1+6%) /2 (1+ 6™+ | Vu |2)3/2[(1+e2“)‘1H ~8HIn(|Vul*+1)
+(|Vu|2+1)'12Hkuk] 05[Vu]21n([Vu[ +1), (2 20)

where H =H(71-_—T_1:‘;—2—- > Set P={X=8SrcN [;3’2<S<Sl} Os,. 04, 05 are posﬂnve

constants. They rely on 8;, §; and max | H(X) |, and they are independent of .
» ax are 1nde]
. By a straight caloulation, we have - _ _ _
-;H;auk/ — o e"(1+62“)‘3/2IVu|2 Oy | Vul. 2.21) .
. T+ei®
Inserting (2.19), (2.20) and (2.21) 1n’ﬁ_o (2.18), we can see
0= (1+6*) | Vu|?[In(|Vu[2+1)]2
—tne¥ (1+46™) %% (1+e*+ |Vu|®)%2 | H - H(Sr o A
e (1) (Lot | T [Hot i D) |, et
— O | Vu|?In(| Vu|2+1), ' (2.22)
where C, Oy are positive constants, relying only on §; S giaic |H(X)| and
- (P

max |VH(X) [ "and independent of &.

Now, we estabhsh the following theorem
Theorem. Set - :
. N——{X-S@‘ER’”“|O<S<1}, -

where v is the position vector field of umit sphere §™(1) CR™? -(2<m<n-1).
 Suppose thas the function H(X) € 0%*(N) (K=1, an integer and 0<a<l) satisfies
the following two conddtions:

Q) There are two constants Sy, s, where 1>81>J %—?Sa>0, such that

m—nS?
H(Sr)<———————ns~/ —

when 1>8>84, and )
. m—nSZ.

| | H8r) >————= ST
@hgn 8,>8>0.
(2) Set P={SrcN|S,<S<Si}, a% [SH (87)]<0, in P.

Then, there ewists @ compact hypersurface Myx My in the (n-+1)-dimensional unis
sphere 8™ whose mean curvature is given by H(X) and depends only on My, where
M is homeomorphic to S™(1), M, is homeomorphic to 8™ ™(1). -

Proof By the condition (1) in Theorem, all of the above argunients are
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valid, and
S2< \/1+ o ((170) <Si . (2.23)
- Using oondﬂnon (2), we can see '
—[EEr) +8 55 H(Sr)] P ) (2.24)
~/1+eW °
By (2. 22) and (2. 24), ab onoe we. have _ _
ik (wo)<08, (2.25)
where Oy is a posibive constant, and mdependent of ¢. Then Vz & 8™(1),
) -
where Op= GRS ln <03+ 1),

Remark. There are many- funetoms sa,tlsfymg the two conditions in
Theorcm; For example

m— nS* *‘

H (‘S r) Sk+3 (l ;5'2) k+1)/2 +f (r) ’ ‘

where consbants
m>-3-n, 0<k< m ’

J(#) is a smooth function on §™(1), and
FEO) <=+ D) (a—m)2e,
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