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- ON THE APPROXIMAMATION OF DIFFERENTIABLE

FUNCTIONS BY EULER MEANS
XIE TI‘NGFA.N_‘G%};@_ 7%) *

| Abstfdct

Let féC’ Denote by &,(f, ) the n~th Euler mean of f(z). Thig paper gwes the
asympto ic replesentatlons of the deviation &,(f, ) —f(z) and the quantity
| . sup max|6,(f, ) ~f@)| . |

FeWrH,,
Addltlonally, some applications of these asymptotic representations are obta,med

‘§ 1. Introduction

Let Oy, be the class of contiriuous fanctions of period 2w, For fE€ U, denote
by

. éan(fr w) 2-"20 sk(f; w)
the n~th Euler mean of f(x), where

ny
0= = m
sk( b a;) is the k—th partial sum of Fourier seriesof f (w) Let o(f, 8) be the
modulus of continuity of f(&). For given modulus of continuity w(8), define the
subolasses of Oy, as follows:
H,={f: f€0,, and w(f ¥ <w(®), 0<d<wm},
W'H,={f: f€ 0z, fPEH,},
where r=0, 1, 2,+--,0}; is the subseb of Us;——the class of all functions, which have

r-th continuous derivabives.

On the approximation of funoctions by Huler means, recently there are some
new results. In 1983, 0. K. Chui and A. S. B. Holland™ proved that, if f& Lipe
(0<a<1) and it is valid uniformly on » thab '

2
x| Pa ;;U > — @ (t) (
J , : | di< Mne,

then

Manuseript received April 28, 1988,
¥ Department of Mathematics, Hangzhou University, Hangzhou, Zhejiang, China.



Xie, T. F. ON APPROXIMATION.OF DIFFERENTIABLE FUNCTIONS 81

No.1... +:Xj

16.) = Fl =0,

1 : ' Lo
?a(t) =5 f (2+1) - 2f (@) +f@—}
Our work™ also got more general resul’o by another dlfferent Lne’shod Recent-»
ly under the enhghbenmen’o of §.° M leolsklf‘“ ' Eﬁmovm esbabhshed the

following theorems: SOUD e
Theorem A. IffEOzm Bhem .ol Lo e e

4m+=i

- ( f(m+22) 2j‘(m)+f(a: %) )sin zde

é".(f, ‘U)"‘f(‘”)"g 2 Eo m+1f

vo(o(sd).

Theorem B. Lot w(8) be a concave modulus of continuity. Then
e N Inn [ <4z ( <1)>
sup |£, ()~ fl =22 Joco sin edz-+0(o ().

Tt is well-known that, on the approximation %o dl_f:f_erenha,ble functions by
the parbial sum of Fourier series, A. V. Efimov eamsé to a famous conolusion (cf,

e

(1.2)

[81):

2l (3@@?"’&4 v T

_’esggw IsaCF) "f"=—(n—+—l>,—w,r .
(1.8)

Therefore, it 18 nabural to ask: If f€0z, what asymp’uotw representations
|

have the deviation &,(f, «)— f(a;) and the quantﬂ;y sup u(,,@ ( f) fl? The

purpose of this paper is to answer this question, the.eonclusmn is thab
2t

Cn (f’ x) — f(m>"‘ prr é, (= kl) J(f(r)(2+2ﬁk+ ) f(')< +24— ;b—> |
f(r)<a; 2%——-—) f(r>< 2tk+ﬁ—))sintdt,

0% ol )

I'

(1.'4)

where .
o kw  rw oy kw  wo {fr}
tk—' 2 y tk 7 + 2% .?’)” - 42- »e

In a,ddﬂ;io_n ,:_f

|  olnn(f (4 o1y
sup llé” (f) fli= Z nnj‘ow < z)smzdz+0<7%— w(i)) (1 B)
In § 2, several lemmas will be estabhshed In §3, (1.4) and (1.5) W111 be

proved. § 4 will give some applma,tlons of (1 4) and - (1 b), and raise some open

problems.
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§ 2. Lemmas

To prove (1.4), we need some lemmas.
Lemma. 1. For nwtwml numers n and s, we hwfve

2‘"’;0 F+1) <2 S (n+1)"5,
- Lemma 2. For natural numbers n and k=0, 1, <=, n we .kwve

% . 1 T4y 1 ( L 1 ) :
ey e L Ny ey
“The proofs of LLemmas 1 and 2 are not difficult, we omit them here.

‘Lemma 8. Let f€O ;. Then it is valid uniformly on o and E(O<k<n) that

. o ’sin( 2k+1 t‘-—F—-T—UE
(f, ) ~F(0) = s (SOt~ @) ——— 2 Lt
- » : ‘ Zs1n—2-
‘O n-+J. I _
" +0( o1y "’(f( g k+1>)’ |
where - |
' 4w dov
e[ U5 ]
'Pa_“oof Tt is known that (of. [6] or [7]), whenf € 0%,
' " 105) Sln( 2/‘;;1 U 2 .
sk(.f; @) — f(w) WI (f " (z—t)—f (”)) - dé
2

1 ( w L >>
+O( S U =W
It is easy to see, for 0<k<n, thab

2 .
o1 bt TI5 )

[ G0 @r-fo@) (3 — dt‘—'o(‘*’f‘”’ﬁjf %)

28in —

2
oo (s, o i)

Henee Lemma 3 is estabhshed ,
Lemma 4. It is valdd un’bfoa"mly on t that

g-» Eaﬁi’,s n(gk;1 L2 )=2’fcos”+’ Lsin (nt+1— 2”’)*"‘“"" +o( )

Ptroo f Since
o r ?2?10;,+,=0(—)

we have-
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23 0kt sin( 2Ly 1)

2 .
| —o-n 2 Ok, sin (2]0-—24”—;—1)t+frw +0 <_3;>
Noticing that ' '

we oan easily geh

g - (QL : 2fr+1)75+frm: iy ,..;, x (fn,+1--fr)t+a”av
20n+r9111 - ) _ 2 cos 2_:_s 5 e

I e et C \ Y- ( G A

80 Lemma 4 is proved

§3 Main Results

Theorem 1. Let f E 02,, Then wt ws 'valzd un@mely on @ thwt

8.5, 83— £y = 2 [:27” (= W[ (f<f>(w+2t+_2i)-f<f>( +2m—%) .
B G R ) L

o2 ee<f«>,-;e>>,

where o
Proof Without lossing generahty,- assume that =0 and write
B (k1) rov
“gin 5
Ak—-j FLIORRLIC) R S
2Sln___— ' Wt e A
~ From the deﬁm{non of (a“’ ( f, 0) and Lemma 3 L
&5, 0) f (0) 27 Eak(sk(f, 0) f(O)) , o
PN " nil ( o 1 )
2 20 ua+1)f Ak+0(2 Eon e (L ———kH) SENCEY
Applying Lemma 2, we can get T B
—n % 1 '
2 EO (k—i—l)' 4
- r —-n 1 L 'L
—2 » 2 Oﬁir -A-k+0 2 EOEW 'A”l) § (3.2)

and applylng Lemma 47 |
-n r 1 . ’ Y
2 kg(;' Oﬁir 7 Ak | IR
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_r 1 f‘”(t) _f(") (O) nir b (fn+1 —r) bt-ra .
= WL,, 5 ; cos™*t 2 B - df+40 (-—-— w(f ® ""))
Sln—2— . ’

O (3.8)
where we use an obvious estimate S

J . LfO@) —f"0) ] dﬁ,<,2f;@(f ;" , 8) _dt=0( awl O, .%‘_))

g

Since 4;=0 <fn,o)< o, i)) from (3 1) (3 2) and (3.3), 16 is follows that

N 2 & ) .
=g @ T [ IPOLOO) £ gy etLpistrn
: 31n'-—2—

+0(2'"20’“-@1—’*1§r—ﬁ o1, )5 o7 )

- (3.4)
However by the property of ﬁhe modulus of continuity =
1 n 1 '
@ o L - T
“(f ’k+,1.> F1 "’( ’ rn) (=0, 1, = n—1)
it follows that , ’ . S
—-n % ’n:'f"l (r) —n+1 (%+1) 1O} _1__
2 20 (b4-1yr+t ( )<2 20’“ (]g+1)r+2 (.f ) n_)
- n 1
=0 (- o2 ).
. Hence (3.4) implies a
_ FO@ = f0(0) cog™ L (%+1 — )b+ row
Elf, 0 =F O =757 Ln 28111-;— ' .2 , 2 a |
n 1 |
+0< (f“ )) (3.5)
To deduce Theorem 1 from (8.5), Wnte : '
® Q)
Ii”‘J FOW) - j; (O) u+r 5 ('"'+1 ’72‘)754-'!‘0!7 dt,
4% :
- 2s1n-2—
2 e ; PR
I, J [P0 SO jogrir L sin (nt1. Dt g,
2sm 5 :
where
¢'=4{_Z_},
_Therefore (3 B) becomes : o
1 o
8.8, -0 =2 Tt Iy +0( - 4(so, L)) - @)

Beocause
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n (n+1—0)t+1'm éin’ nb+ 1o

8l g ST
R ot
2sm-—2-
St L (r=D
oo8 s L L, sin e

_ gy bt 3 1) g mttrm SR

2 9gin b 2 9gin L.

2 2

and from the monotone of the function cos™" —;— in [0, w]and the differentiability ;

-of funotions _ e
coe TRt - g (12D

2 1 4. 2

2gin — 29111—-—

2 2

in (0, o], it follows by integration mean value theorem and common caloula-
tions that -

_ f(")(t) f"’(O) aty & . ni+row o 1)
Ii= 7 - cos™t 5 sv n—-—-——-—-—2 Aclt+0<a) <f’, —n—»

71-

27::

Py ‘”(2”) —f (')(0) s”*”t.sm (nt+~—;>;zt+0( (f"’; —%))

So

I= J‘i f (')( U — '——') fo (0) cos n+'(u~%>éin nw du-{-.O(w < Fo, %))

2% : _rmw
" u 2n
' — T
2n :
where
PR B
T 2n

. . W w
sinco in [, ] .
. IGOS ”*“'(u—i"tk) —OOS"+&tk]'<ch ’;*r(Aﬁ'k'_._'_._a_'l'_fl')—:OOSM-r( tet _V_E_)’ .

2n
f(r)@“f,ﬁi)t 120 -0 (ma (_"’ )

We h’éve :
' [ n~1 = . ’
) PE) ) £ — £
11____ 7;23 (_1> ¥ 0og n+rth‘ 3 f (2u+2tk) .f (0)
: on

sin nu dy
U+ by
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n—1

+O(1)([ Z‘] cos"“( -—-——) oos”+’<t+ >) (fm 1\ ( o, i))

Hence

el IO Fo(m 2 )= 120 |
Ii= 3 C ) €08 ”*'t J ( ) : si'nudu+0(w (f"",—l—)),
k=3 —1/2 - R - n
, : -""'+tk S
_ L 3.7
"It ig'not difficult to verify o
s
0< ~cos "*'t;,j SRY < 12?
-2 2y
P
and it decreases as & moreases "By Abel transform, =~ =
[ ] k w/ n (¢ .
R D" gy SO0 =] © s udum0(a (£, 1))
%=3 ‘ —-x/2 u +t n/
so (8. 7) 'imp]ies | v _
i ' . 2'14 g
-1 f O = +21, f ® (2ik)
Iy= é (= 1) CO8 ”*’tf ( ) s1nuclu+0(co (f " —-1-))
¥=3 . ~@/2 . . o
n
Notieing that .
1 n n
_ ==(;(
% +, kaw 702)
we eé,n ‘get -

Iy= = é X (— 1) cos "t J—ar/ (f(r) —_ +2tk) ._}(r)<2ék)>éin'qdu+q <w (fS"’, 710,))'

_ (3.8
By some direct caloulations (of. [81)
[-1:2:1_-] 1 wiry [v7] 1 { o
2 oSl = pleosti—1]=0(1),

80 (8.8) implies | IO IR
I;= W*En] (- 1)” j_m (f"’ -——+2tk) }ff"(',zvt_k) )éinudHO (co (Ji(-')’"qia‘))‘

- (3.9)

Similarly S f ’
Lm 3 G (-2 -2 )=o) Jomuiut 0o (79, 2)), ¢
E (8.10)

Y. ;

where
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. .
n —F 2n :

b=

Oombmmg (8.6), (8.9) and (3.10), we have

6.(f, =10 =2y 5 D F (o5 o) -rocm

=3

- +f"’(—-———2t’) FO(= 2t,,)s1nudu+0( (fm 1) 1)

(8.11)
In other words

8, 0) - f(O)-é x [,Lg]( —1y* (o0 (fw(z“ +2t> fw(zﬁk 2y
fm(‘____:__ pYa ) - f<r><2§ -2t >>sin udu+0 (co (f ) %&- -},—>

n
o (3.42)
Thus the proof of Theorem 1 is completed. _

From (3.12) one can see that if f€ W'Hw, then : -v S
18,05 ~fl<Z ln"”f” g,(““ >smu.zu+0(-$_ o(2)).

0 'Yb

- Using We11~known methods, for the given modulus of oontmmty m(&), _we can

construot easily a functmn Jo€EW'H, such that

“éa (fw) fw“> 2 1lnn j‘vr/z . <4u )Sllll?;a‘du—E-O(-—— co(———))

0

and if () is a concave modulus of oontmulty, then there exists. fa,E W’H such

thatb . o N
.15 m-—zIMJ;”@<fg—>sw+o'<%w<.-:;>>< .

Thus follows : . :
Theorem 2 For rmy gfwen mtegerr =0 amd modulus of contmuwy w(a)
we have

mlecn-n- sanf! (4 );1;;;@5(;_@(_))” |

where 9 E [ ]and f.=1 wf w(8) s @ concave fumtwn

-§ 4 Corollaries and Problems
In detail, 1;he conolusion of Theorem 1 is

éa (f, w) f(a;>__ or [§1 (= kl)k Jw/z {f"’( . 2kau+21;>

=1
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n n

smudu—i—O( (f o 1 ))

comparing it with the case r=0, we get
Corollary 1. If f€O0L,, then

&t ~F@ =2 &9 (£, 0= L2)~ “’( ))‘*‘0( o7 3)-
- Corollary 2. For any given modulus of continuity w(b‘) |

52 16.(H=fl= 2 sup |£,(7) fll+0\—— o).
Corollery 8. Let fe 02,, Then o s

1) - fu—-o( )

—f"’(m-— v 4. 2o —2u )—i—f‘*"(mf'_ww - 2l 2 )——f‘”(w—- v'w _ 2k —2u )}

i V]

of m@'onw if
169 ~F Ol =o@).

We see that the disoussion above is under the restriction tha’r. ris a nad;ura?
number. Hence we raise. the following.. '

. Problem -1. Are there any results 81m11a1 o, Theorems 1 a,nd 2 for the
'derlva.tlves in Weyl meaning?

We also know the (general deﬁmtlon of Euler means is

mq(f) w) (l+ )n 20 n—v’g (.fv a’)r

where q is & given pOSl‘blV@ number Usmg a Well—known egbimate

8u(f, w) f(w) 0(_1_2_1_(%—_5}% ( “ @+1>)
for fEW'H, we have = .

1£0s(F) =11 = (1’1“ (‘*))

Therefore we raise the following

Probem 2 For ¢=0, whatb asymp’ﬁohe representation has the qua,n'blty

A Ene(H)= Sl

re W"H

Insbead of WH, o consuiermg the elass of funotlons defined by Stechkm

Wzﬂw={f=f<w>=-‘-‘1+1f <p+<m+t>% GOS@; g0 Hw}

where »>0, 8 is a glven real number By the. same method we can establish thes
following theorem: '

Theorem 3. Legi r>0, fEWeH,. Then BT T
6.5, 2) =1 @y =28 o o= £) =0, (- L)) 40 (5 o3))
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. Therefore

b e e b o S e SIS AL a2 st

ung formly on B and ©, where B = 4{-%}

From Theorem 3 it follows
Corollary 4. Lot fr>0 Then -

sup 1= Eu( ) l=25 mplf-,(H1+0( of ).

Yew Hd,
In particular, if ,8————, we g'et ﬁhé héorem a,bout the conjugate function,

Theorem 4. Let r>0, f& W'H,,,. Then
2., o~ oy =2 (& 19, o~ —,;—) f"’(w— ))+0 (—-— w(-‘))

where f(m) is the conjugate fwrwmon of f (m), A

o sp [E,()~Fl =2 supl£.() fu+0( ( ))

- About the case r=0, we have R T
Theorem5 R T T

B - Fe@=a(f w—-—) -f(é--”f)-*'o‘l(w'(f’%))'

where

o f@tgm 0,

Hence

EPIAG, 9-Ty0 |- mplen- f"+0( (—-))
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