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AN UPFER BOUND OF CLASS NUMBER OF
CYCLOTOMIC FIELD Q)

Wane LaN(Z ﬁ.)*
Abét’radt

Let %, be the class number of eyclotomic field Q({,), where pis a prime number.

Co—2)/2
Slavatski ® proved that h,<2o( )""

(p—2)/2
1 (35 7)

Let p be an odd -primé number, h, and k} the olass numbers of @ Z,) and @ (¢,
+&,) respectively ({,=e®**/?). It is well-known that hy|h;. There are several
works™ &3%n upper-bound of h; =hy/h}. The best result is given by Feng®%:. -

y \(@-1)/¢ : —1 \(p—1ye 1
2 = .
hy 23’(%) IL_ L@, "sz(’-s ) wtim1 |2 (2) —2]

w-B=-1
2p<_8_(_27/1‘1,;;%m)“’"”’4, if 2|1,

- ,210 ( —572%:-11-55,—,— )(9—1)/4’ if2$Z, ‘- | ‘ | .. @)
wsrdore=)

where y(~1) = —1 means ‘that.y passes: through all odd. characters .of module D,
L(s, ) is the Dirichlet L-function, [ is the order of 2(mod p). In 1986, Slavuski®
proved the following upper-bound of A,

2)/2 - .
hy<20(Zp)" (for p>110).

In this paper we improve it by giving the folio_wing result,
')(1:—2’/2' _ '

13 « The author improves it by proving h,<

Theorem A <10(16 P

Proof . For p<67, the result can be verified by ohocking the table of %, at the
end of Washington’s book™, From now on we supposs that p=>71. .'.I‘he s'tg,i‘t’ poi'nh_
is the class number formula (see, for example, [5], p. 37):

hoRy=3p(2m) /T3] T |11, )], @

where R, is the regulator of Q,, d= (—1) %~ D/2p2~2 jg §he disoriminent. of Q(C,)
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~ From formula (1) we know that

O
(1) IL(l x>|<( 2p ) x(—g[—d [x®—2]" ®)

Now we estlma.te( 1)[[ |L(1, %) |. For non—tmwa,l even oha.ra,oter x mod p
. %(=D=1,x%%e

wehavs (see for example, [5], Theorem4 9)
| L, x)l“:7=2%('r)1nl1 l, t= Zp

.Let B= EX(rr)lnll C’|—§]%(2r)1n|1—§2'l Then

(2_-x(2))B= 21 ()| 1= 1+£’ 1—-_i 7<f,~)1nltg wr_| def. za D
Thus |
o | 1’ P o

x("{l)flyz*z |L(1, X) l =P oot (x—l)I:J!:,z*xo m z(-—l)q,x#:xn lL(i’ x) Io (4)

' But

1z, k‘)le%" 5. Sieueonls |1n]tg

2(—1)=1,%%%0 20~1)=1,x#% 8.,=1

=Sl =i }tg Ex(S/'r)-l)

A(-0)=1

;. ' -1 2
=222 2(111 tg 2L ) ”Eln]tg_ﬂ_
where we use the orthogonal relaﬂalon of charocters
f = +1(mod
> @)= { Hamsimede)
H=D=t 0, othervnse. ‘
—1
Since 9-1 tg Il | =p, we got _
L(l x)z 2(p 1)5’ In2p,
(-)=, 1%#%0 .
[} 2
where §= 3} <1n tg ——) , q=£—‘——-. Therefore
r=1 -
; L, )2 (V2 /2
( I 1L, x)|)2/(9—3)<(x(—1) Swwse I x)l ) _ 4(p—1);S'—21n’p) ,
211951, xbe (p— x)/2 p—38 *
Thus LT
» (9-—3)/4
7 4( p— 1);5' 21n D B)
z(_é-,l)?},xa#zel (’-Z)V_lg o p-3 ) o : ®) :

We hare to estimate 8, for doing that we need
. Lemma (Euler- Maclaurin formula") E;S’uppose that f(x) has derivative of

secone order f" (a:)m[w, b], p(a;) —---— {m} ({w} is the Jraction pa/rt of w), N

a(w) j p@)dy.
Then
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2 J @ [ 7@+ p®F O = @@ +o@F '@
| B OY 4 (b)+f o (a) " (a) do.
Taking f(a:)=<1n tg L;’-) =<1n ctg 7)2, a-—-—%—, b= g=l’:_1.. _
in above lemma we get o

w
Llmtg =L LTINS 3
S= m(lntg p )dm = lntg p 8 <2 tg._'“'."'.. Plnﬁg %
T | ST By |
; . W(U 2 ".q. |
+L,2°’<”> [0 tg =2-) 0o
w/2 w/4 w/2
‘.’fj'o‘ (Igtgg)2dyjﬁ_(fo. + ,,q,p)(ln tgy)dy . N
i o 2 o f ( wr ) "
+ (1”3——) top gyt "<‘”>[ nfg =) e
: - sin— :
' =Sl+Sz+Ss+S4+Ss
Since
w/2 ' ! o 3 .
J_ (tg @)° dp= ————E—-(c is a variant),
we geb P o -
C U fw/2 Lo, A\
- (gp)?dp| =]+
Uo . J 2’00327_5_

2
Letting ¢=0, we have '

3

oY w2
2qp=_
Jo (Intg gv? do 5

So ._ ,.
| s 2 (ntgyray= 22, ®
8y=— 2 (J"m__ j::; (lntgy)“’dz/—- PJ (In tg y)* dy
B (e ) o e}
=—(1ntg——-> 410]:’2,”13222; Inctgydy. q

Since In ctg y— ~Intg y>0 for 0<y< -2-2-)- and yctg y<1 e ha.ve '

%/28 or otor
YCY 1n otgydy < I
Jo oy nogydy\ — 1 lnctgydy
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Al w J'”’/z” Ly 2 4J”’2’yo‘bgy
: 3[2p lnctg 210 o singycosy dfy 310 1nctg2 a4y

20w 4 4 w
<3p 1ntg P+3 T
From formula (7) we know that _ .
. o ) . _

32

8 w
IRI\—~3 n ctg 95

| | N
It is easy to verify by using y ctgy <1 that

0<1n ctg —”-;-)- <Inp.

Noticing that <lntg i ) =(Inp)?+6;Inp, | 6?1[<1 we have

82+ 8= — 5 1n*p+ln p+9’, |ol<-—+ < |e'|< @)
Since S1nw>._"/2:w for 0<w<_6_, we get
| E L e ®le® 2 By VB |
|84 B G In ctg ) <'2p. 3w Inp T;np. - (9)

::‘.’.["helastSQis” e ':‘ o o
- [@ [(ncs 5T

Ty (E—1 _zv_oz_)
J o () (T 5 Incig p "d:v

Since |
0<0 () <-§-
and >

(-—-—15—-— Inctg —”-'-;2-')'<0,
gin =22 »

we have

Ss|<

Jr ; <____3:.__ In otg ___) do

' 2:ma;

sin
2 -
Inctg FL 1

2p

W) 1 ‘1nc‘.u‘W’:
e g__.
2p n-—-—2”q Sin— 2p

P
w1

» s;in—”E
P

1n otg . i <2~é— lnp | (10)



94 © ' OHIN. ANN. OF MATH. Vol. 12 Rer. B

Putting formnlas(6) 8), (9) and (10) together we get
S=-_-—-p __1n2 p+60lnp+ ¢, !6’l< +\/_ |0’I< (11)
From formulas (2), (8), (4), (6) and (11) we obta,m

1) \@-1/4 1
hyRy<2p (2m) ~@~1/2p(s-22 .i_(l'L_.__.> O-8/4 T e
S ( 2" LTy

2p
( 4(d—1) [ p-—--—-—ln P i—@lnp-}-ﬁ"‘] —21In%p )_(’_3)/4
10 —5 — ,

: (9814
p—1 \o-r % 10<p 1)~ 2p1np+4(p - 1)8 Inp+4(p—1)8" |
=2p9/2<________> . -

k)

* p(p—3) |
1
Let I be the order of 2 mod p Then
l (9—1)/; bl
. lx(z) a7 -1 | x(2) o= (@-1)° .

For B, we have the following hound (ef. [6]or[2]).
Let By be the regula.tor of an algebram ﬁeld Ic Then

2R16
W

where W, is the number of roots of 1 in k 1 and 2rr2 are nnmbers of real an&

>0. O4exp (0 46q~1+0 14*2),

imaginary imbedding of % into the oomplex ﬁeld 0. For cyelotomio ﬁeld k= Q(C,),
Wi=2p,11=0, ry=(p—1) /2. Thus | o

R,=0. 04pexp(0 05 ( p 1)) (14)
From (12), (13)and (14)we get

o (p—1)em0® Nt
he<sop (gl )

. _ (9-8)/4
( —agip(p-—l) —2p1n2p+4(p-—1)01np+4 (p—i)@’_) ’ " (1B)

| p(p—3) _
It i easy %o see that if p>>127, then I>11 and

(2 —1)%'= (21— 1) #/11=3 9996448+~
From (16)we getb |

-2
h,,<10< p>( v - >aa).

For 71<p<127 we ocan ver1fy ib dn-eo’oly
S -

@272
h,<10( = p)" " s,

This complets the proof of the theorem
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