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HOW BIG ARE THE LAG INCREMENTS OF A TWO
PARAMETER WIENER PROCESS?™

Lvu CHUANPONG (1%; ) ® B

~ Abstract

The author discusses how big the lag increments of a two-parameter Wiener process
are and proves the same results as in [4]. These results extende and improve the results of

the increments of a two—-parameter Wiener process in [1—3].

§1. Intro’duétion:

" Let w (@, ), 0<w, y<oo} be a two—para.meher Wlener process and- let 0<ay
<P, by=>T** be non-decreasing function of T. et R={a, 2] >< (1, ya] € Y.
A(R) (wo— 1) (y2—y1) denotes the area of R. Let ' N

(R> AW (o, y2) — W (s, y2) — W (@2, 92) +W(w1, yi), o
Dy 2 Dyp(bp) ={(w, &) .my.<T, 0<w, y<bT}, x
2D} (br) ={ (@, 9) 2oy=T, 0<w, y<br},
Ly & Lp(ag, bp) ={R:R<Dy, A(R) <ar},
* ALt (ag, bn) ={R: R Dz, M(B) =ar}.
. Csbrgd and Révész™ have discussed how big the increments of a
bwo-parameter Wiener process are. They proved '
Theorem A. Dofine '
| 8r={2ar(log Taz*+1log (log bTa;1/2+ 1) +log log T) } V2,
Suppose thot ‘

(1) 8y is @ non—increasing function of T,

(i1) Taz* is @ non~decreasing functton of T,

(iii) for amy §>>0 there ewists & Go=00(8) >1 such that

llin sap ng/‘o‘gm<1+s
of 1<6<8y. Then ‘ '
lim sup sup 32| W (R) | -—11m  sup su'p dr|W(R)|=1 a.s. 1

oo

If we also have
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(iv) lim log Taz’ 4-log (log brap 1)
log log T
then lémsup can be instead by Vom én @.
Lin Zhengyan'® weakened (1v) to
o 13 JogTaz+log (logbrart? +1
‘ @v) rlpl-fg : — logi)fg_lggifnl'm )_oo
and defined C

Ag={2az (log Taz'+log (log braz?2+1)) }~22,

Suppose thab Ar is a non-increasing function of T" and for any 8>0. there exists a
fo=0o(e) >1 such that ‘
. (31 llm sup Nex/ 7\,9»+1<1+ 8

lf1<0<00 Then
hmmf:up MIW(R)]—%-]mamf sup ?\.TIW(R) 1 a.s, @

Kong Fanchao* proved that if the conditions (1) (11) and
10,9; Tay 1—Jr-log (log bTw /2] 1)
I 1 T T
<1V ) Tevon .. loglog? -0 .. .
are satisfied, then

0<rr<oo .

llmmfsup 8| W (R) ] ——llm 1nf §up 'o‘TIW (R) | =y

T-w RELy Yol O
Tim sup sup&lW(R)l-hmsupsup HE®I-L @
hmsupsuleW(R)l-— 11msupsup A.T[W(R) ]—" i 6))

The lag 1norements of a one—pa.ra.meﬁer Wiener process have “been disoussed
in[4] and [5]. In this paper, we discuss: how big ‘uhe lag- mcrements of a two-
parameter Wiener. process are. Leb R

Lz (3) 2 Li(4, br, T) ={R:RC Dy, agyy=T}; ?\,(R)—-t},
Ly () 2Lp (4, by, T)={R:RC Dy, wgys=T, MR <t};
Tr(t) 2Le(t, by, T)={R:RcDy, oaa=", ?\.(R)<t 1<t KT},

Br.. 2 B(T, t) = {2t(logT t‘i—i—log (log byt 7+1) + log log t)} 7 '
Here and in the sequel we shall define log ¢=1og (max (¢, 1)),
log log t=1og log (max (%, ¢)).
It is easy %o see that Lh(t) Ly () NLr (), _ »
D = L) Le(®), L L) = {R:RcDy}.
‘Theorem 1. Define | |
Vo= Br,o={2T (log (log brT /2 41) +1og log T) }‘1/ 2
Suppose that
() Yrisa non—%mreasmg funct'bon of T,
" (b) for any >0 there ewisis @ Bo=0,(e) >1 such that
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llm sup 797:/793u< 1+ 8

F—>oo
$f 1<0<b,. Then . S
S  limsupsup sup B(T, t) IW(R) |-=1 a. s ' (6)

T—»o0 0<i<T R EL?{.(t)

lim sup sup sup B(T t)IW(R)I—l @ 8 o D

T - O<t<T REL2(:

lim sup -sup B(T t)[W(R) 1 as. _ (8)

Teroe D<t<T REL(h)
Theorem 2. Lgt >0, £=0. Suppose. that -
(a). B(t-+a, @) is a non—increasing function of @,
(b) for any 8>0 there exisis @ Go=00(e) >1 such that

B(¢+6", 6°) 17204 L
sg%) B+ 6772, gvT) <0'*(1+s), ‘ (9)

(6(»-—-1)70 91&)

n>~1 —B(a™, 6% <1+8’ S | (10)
ﬂ;f integer n>0 cmol 1<0<90 Thrm we hwve E |
limsap sup B(t+a, a) IW(R) [—1 @8 (1)
800 0<t ReL*m(a n P
lim sup sup ,B(t-!-w, a) lW(R)l—-l a. s. (12)
a~»00 0<.t R€Li+a(a) ot IR
Jim sup sup ,B(t+w a) [W(R) |=1. a. s, (13)

g-»e0 0<% R €Tivatad

Theorem 3: Let 0<wT<T w,:-—x»oo and condv,twons (w) wml (b) of Theorem 2
are satisfied. Then 3 :
hmsup sup . sup B(t—i—aT, wm)]W(R)|<1 a.s. (14)

“T-roo . 0&t<T~ay R €L¥*tvar(ar) -
limsup sup sup B(t—i—aT, aT) IW(R) |<1 @s. . (15)

S Teroo . O<t&T 0y RE€ Lisan(ar)
If ar is onto and 7y satisfies the conditions (a) and (b) .in Theorem 1, then we:

have equality in (14) and (15)
Furthermore, if we also haye. G
(6) ap—>oo continuously: as T—»co and B(T ), wT/T is a non—morea,smg -
function of T' and ¢, and.

() 1n 0BT+ og (og ra "4 T) _.
Peson Tog log ar : et
then 11msup can be instead by lim. and we have equa,hty in (14) a,nd (15)

7

§2 Proof of Theorem 1

1°) A% ﬁrst from [1 Theorem 1. 12 4] we have |
the left hand 51de of (6) >hm sup sup ’)’T[W(w, y) l =1 a.s. (18)

-0 (HY)E
and ib is easy to0 see ﬁha,t
the left hand side of (6) <the left hand side of (7 ). _ Coe
<limsup sup sup ,8(T ) |W(R) | - @n

P00y 0<t<T ReI ()
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9°) In order to prove that = = = ' »
limsup sup sup BT, t)lW(R)|<1 2. 8, . (18)

‘Poroo  O<t<T REL2()
we take real numbers #>>1 and »>>1 such tha 1<2(+ 3)2/((2 i—s)B) 1+28 (¢'>
0). For n=1, 2, «=: b=+++, =1, 0, 1, +=+, by, denote T, =", #,=6%, where k,=[((n+
1)log v) /log 81 +1, B=2/¢', bo=[(log8) 1, k= [ (log 8) ~*log (T'n1(log Tw) 4)]1. Here:
ad is the integer part of real number o, |
When T, <T<T,.1, we have
sup sup B(T, &) |W(B)|

0<t<T ReT (1)

< sup sap [2tk. (log Tty +1og (log brtii) +

—oc <7¢;<k,,-1 Reir,.u(tmtx-u)
log log t2)} /2| W (B) | o - ,
& sup Ank’ . . N - } (10)

o<l <ty —1

where i!‘,.u (tk,, Z}H.j,) {.R RG Dtl(bT) tk<7b(R) = t<t7¢;+1. <<t <T”+1} '
‘Since Ll'n-n (tky tk+1) CL.’Z’mz (tk-i-i) bl‘y n+1) {R RCDTm-x (bT) )‘<R) <tlﬂ+1}) US1ng
{1, MTheorem 1.12.6] for —oco<k<k,, we have '

P(4,=>1+¢)
<P{ . IW(R) I

R GL!'"-u(tm tkﬂ) ’
> (1-+8) {2t (log T't51+log bt +1) +log log 1) }'/*}
<P{ sup |W (R) |t

ReIr,11(trirsdzr Trer)

> (1-48) (2072 (log T'iteir+1og (log batieiZ+1)))Y 2}

n+1 n+1
<03 (1+1og )(1+1og

by
Vbesd )
2(1+8) / n+1 }
exp{ CEEY \log s +10g (log \/ k+1 +1>>
<0(6k+1,v—n)28’ (1+10g 'U"+10 -k~ 1) :

Here and in the sequel O denotes a consbant, and can be assumed to be different

values on each of its appearance even within the same formula. Hence i follows
that |

= P14
| i ;2 (9—;5,0—7»)2«; log (,vn+107a) +0 E (Fo+1) (933825' <§o. . 0 |

For the case ke<k<h, —1, from [1, Theorem 1.12.6], we have
P(A=1+ 8)

<0 T"+1 <1+10g T ><1+10g

by { 2(1+8)% (1 Tasa
;H_i)exp 2+e)0 % tisd

+log <log \/_... + 1) -+log log % )}
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Yot > (logt )—-1—23' (1 .‘_loé: Tn+1)

k+1

<0 <
By the same dlSGllSSlOIl as [5], we have

3.3 Plawmlra<e O
and: o | : _-
P{A>1+e}<o0, o (22)
so that we get | |

531_”{ sup An=1+ e}<<>°

S oo <K Ry

and (18) follows by the Borel-Cantelli lemma Thus mergmg (16) (17) and (18)
together, we proved (6) and (7).
3°) In order to prove (8), it is enough to show that

I= lim infgup sup ,B(T t)]W(R)|>1 a s .. (23)

T-»oo O<¢{<T REZL(L)

Denote n=[T], Tn(1, bs) ={B: RCDy, owrs=t, (B =1, 1<t <npLa(1). ot

=[5 (552 ] o —-—-—->—1

where [= max{@ i< (n—1) b3}, It is easy fo see tha.t AL, (1 6T) A<<i<I+ :

1), I~Cnlog (b3n~) and we have
I=liminf Sup, B(T 1)|W(R)i

o0

>1lim inf sup {2(10g(n+1)+10g(Iong+1))} “2W(R) |

T-ew ReL,(

>1lim inf max {2(10g(n+1)+10g(10g bT+1))} 1/“’IW(A)|

T>oc0 1<is

By using the Wellknown estimate of the tail proba,blhby

77(_ 1)3XP<“_><1 O@) <5 ¢§“ GXPV( 2) (@>0),,
it follows that : B s

SIP{ max |[W(4)|<@(t=¢) Qog(nt1)+log (logbs+ 1))}
o ‘ 2 1
< 3 {1 exp(~ (1) (log (n-+1) +Tog (log bs-+ 1) )}y ™18 ()
< E exp{—0(nlog b,)*} <o,
Hence, by usmg the Borel- Oan’ﬁelh lemma, ib 1mplles that (23) is true

§ 3. Proof of The'orem 2 -

Lot 1<0<f, be as in (b), a=06", |
Lkm=La'tk(@k; bank), ._I—/t,u,,,,(w;a)c{R: RC:.Dt_.,.ak, R(R)gllk, w2y2=t’<t+ak}.,_.
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we have Lmk (wk) CL,,,,,, f01 ak‘l—wk<t<a,,,,—ak Denote

A= sup - sup - gup ' B(+ay w;,)W(R)

2<n<oo an- 1;.—a;,<t<a";,—-ag RELHak(ak)

From [1, Theorem 1.12.6] and (10), we get

EP(Ak>1—‘-28)< E S1P{ Sup B, “k) IW(R) | >1-+8} :

k=1 n=2 Ligyn

Q,ﬁ ﬁ: Q“’i"l-'(1+10g ay ™) (1+1og ba”kak’l/ 2).

v 2+
03 367" (+nilog 9 (og) " (L+log n Syt Loo,

e exp{ -?-——(1—4-_—8-2— (log w"“1 + log (log ba..,‘wk o2 1) + log log ak) }

k=1 7L'—2
By the Borel—Oan‘uelh lemma that implies -
E ' - limsup 4;<1  a, 8.

K-»o0
From (a), (b) and this inequality we have
hmsup sup sup B(t—i—a a) |[W(R)|
awes 0t ReXiia(a)

=limsup: sup- sup sup . B(t+a, w)[W(R)l

k->oo akéaéa,‘u 0<t REL+a(a)

B (t’l" Ay ak)
<timmpmp o B o ¥ W lge
QIIU;SHPAM 01/2(1+8)<91/2<1+8) a 8. . R .

if 1<f<0,, s0 we prove ‘
limsupsup sup B(i+a, @) IW(R) <1 a.s. L

, @->co, 0<t RGZHa(a
In order to finish the proof of Theorem 2, we noiuoe that
lim inf sup - sup. B(t—i—w, a) !W(R)

a0 Ot R GL*Ha(a

>lim inf sup B(a” w)iW(R)l-—lunmf sap. ,B(T \/‘)IW(R)I

ig-se’ " REL¥g3(a) Taso0 - REL¥H(T?)
By the same proof as in the step 3 of the proof of [1 Theorem 1.12.5], if we bake
.aT—T we-have . IEEEEC . .
liminf sup B(T J—)W(R)>1 %, 8,

il RGII*T(\/T) )

§4. Proof of Thesrem 3

1°) It is easy to see thab (11) and (12) 1mp1y (14) and (15) If wT is onto,
from [1, Theorim 1.12.4] we have
- limsup sup sup ~ B(¢+ar, wr) iW(R)l

Pesoo ~ Q&i<T=—ay REL¥4a(Cr)

>limsup sup B(a@, aT)IW(R)I——hmsup sup ,B(T T)IW(R)I

Tmroe. RE L:,‘.aa.(am) ReL¥s
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>limsup sup V¢|W (e, y)l==1 a. s.

T-s00 " (@yy)ED¥*y

2°) If (o) and (iv) is satisfied, let us now to prove that
liminf sup  sup B(t’*'w[p, ar) |W (R). [>1 8.8 (24)

T  0€t<T—ar RELEtay (2)
Not loss of generality, we can assumethat ay is non—decreasmg. In fact, let ap=
sup ay, then {a}} is’ non-decreasing; continuous and "sstisfies (iv), and there
o<i<T : :

exists a T" such that 0<T'<< T, =ay for large T. Therefore. we also have
the leﬂ; hand side of (24) >lminf sup sup ,8(#+ an, a) [W(R)|. (25).

) T-)oo 0<t<T-—a', Renha,( a’,
First we prove that there exists a sequence of mtegels {Tk}, Ty 1 oo (h—>00),.

such that R L ‘
’ Lim inf sup sup B(t—i—wz’,‘. am,,)|W(R)|>1 & 8. ... (26)s

k-)oc 0<¢<Tx~Cr, RELYiak(Cry)

In the oase of lim /T =P<1, denote thab Ei-—{T bTwT1/2>TaT1}, E'2== {T

T=d00 .

braz?<az'}, and we may as well agsume that.the twosets of positive feal numbers:
are unbounded. Take _ L - i .
I} T-— ~—~ @y > < ,T-—.CUT >i : T'+1 ‘l s » .;,"
4= [( 7)o (=) be] %[0, = a'T')”b—T] 6=0, 1, e 4,
where [ is the greatest integer satisfying g (r- —ar) ‘0. Then we have wys=T,

A(4}) =ay and 1~0 —'T- log 2, By the estlmate of the taﬂ probablhty, 1-D(a),,

it follows that
P {max B(T, ar) |W (41) l<1— e}

<{]--—(Ta;1 (j +log \/ >10g wT)-(i_s)}OTTaT“iliog b%Tv—'i» .

“d-sy logd?T
<exp{ (Taz* (1+1og braz'/®))® (log @) T4 X—l-ag%v}'l_/:} : . @7

Since (log 52T/ (log brazt/?) =1 for 1a1ge T € Hy and from (iv) we have
' (Taz*(1 +1og bpaz*?))*(log ar) "2~ (log ar)*. S (28)

Let us take T’y such that @y, =6#*. Thus, usmg the Borel-Oa,n’uelh lemma together
with (27) and (28), we get
hmmfmax BT, 6%) [W(A') [>1 a.s.

ko0

So we have
liminf sup ,B(T;‘, g% [W(R)l>1 a. 8., _ - (29)

koo REL¥p (67
and then (28) is true for Tke Hy. .

For the large T € H,, we take 0= zvo<a;1< L Oy < bT<a;,,,+1 0 that (0, — 2, i)g/i
=ay. Here y;=bg, if 0<i<<dy; yi=T/m, if '1/o<fb<m+1 bo= [Taz']+1. It is easy o
gee that

m>[Taz ]~ 1+ (log b3T)/ (log T (T — az) ) >Tazt ~
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Take
A= w1, @] ¥ [O vl
Sinoce B(t+ar, ar) is a non-inoreasing funetion of ¢, we have
the left hand side of (24) >11m inf max ,B(T ar) | W (4) l

and log bpaz?<log T'az'=o0(Taz*) for large T € B,. Then by the estimate of the tail
probability 1—® () and (iv) we have -
P{ max IW(A,) |l<(- &)B(T, az) A

<{1 O(Taz*(L-+1log bra;"z)log @)~ ‘)}"’
<exp{— (logaz)®}.
Lot us take T, such that ar,=0@*. Then by the same dlSG'ﬂSSlOD. as above, it 1mphes’
shat (29) is also true. So it proved thab (26) holds true.
For the ocase of hm ar/T =1, we can disouss it S1mlla,r1y as. in [2].

The remamder of the proof consists of ﬁllmg in the gaps of the- sequenoe T,,
For any given I'>0 there is a & such that Tp<T'<The1. We have o
sup  sup B(+an an) |[WEB)|

0<t<T~ay REL*s4an(Br)

> sup  sup B(t+wm,wa~)lW(R)l

. 0<t<Tx—Gre REL¥yiar(ary)

—4 sup sup  B(t+an, wr) IW (R) |
0<i<T—0y RELttax(Gr—~0ry)
ATl+41,.

From (26) and the conditions (a), (h) of Theorem 2, We got
liminf I; > liminf  sup sup  B{t-+an, ar,) |[W(R)]

k>oo K->oo  O<t<Tr—tny B EL*ttars(lny)
k+1 %41
B(t+0 - Hk ) 1.
B@-+6% 6%
On the other hand, from the proof of Theorem 2 we have

X

limsup I 2<hm sup sup B(b+ap—ar,, Gr—~0ar,)

P00 0<t<T—(a¢-Gr,‘) R Erﬁ-a;‘-am‘(a:’—dr;‘)

X lW(R)| B(t B<t+wrk, aTﬁ)

+ @p—ap,, Gr— wz',‘)

g B+8%, 6%
<lim sup sup B(t+0"(6’ 1), 6°(0—1))

when 6->1. So it proved that (24) is true.
Remark The corresponding conclusions of (2) and (3) can be reached, for
example we have | | '
Theorem 4. Define
AT, t) = {2t(10th’1+log(logbmt‘1/2+1))}‘1/’
Let 0<ar<T ar /100 contmuously and supposs

-0

(") A(t-+a, @) is @ non-tnoreasing function of a,
(V) for any given 8>>0 there exisis a Go= 00(8)>1 such that for any k>0 and
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1<0<6,, we .kzwe
sup A (0‘"‘1)",‘_ g%y /A (6™, %) <1+e.
and | | |
sup A (H—é?” 6%) I (t+97‘+1 6"“) <62(1+ e)

%f (iv’) ds satisfied. Then
liminf sup sup  A(t-+ar, ar) |[W(R)|

T—)oo 0<i<T~ar RE L*H—a:l'(az')

=lim inf sup sup 7\,(25+wT, am)[W(R)I-—l a. s.

Tyo0 0<t<T—-az~ REL:-mz'(aa')

The proof of Theorem 4 is similar to the proof of Theorem 3 and [2], so it is
omitted here..
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