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'DYNAMICAL BEHAVIOR IN THE EQUATION OF
| J—J TYPE WITH LARGE DC—CURRENT o

SHEN WENXIAN ,f;, ;({J;) ®

s Ab?tracta.i..-»...._ Sedlair |
This paper studies the dynamical behavior in ‘the equation of J-J.type ‘with large
de-current by using rigorous mathematical analysis. The problem- is: completly - solved.
The conclusion is no chaotic motion; takes place, every trajestory.is asymptotically periodie
or (jua,si-perigdie. - v
\{Tc-'i,'% : R Vo
§ 1 Introductlon

\'\,

‘ Recently there has been conmdera,ble mterest dn. the study of chaos Ain

nOnhnear dynamwal systems One of suoh systems whloh can exhibit a wide Vanety
of chaotm phonomena ig that of the J osephson J unciuon‘1J Now, much /Progross on
the dynamwal b"ha.vlor of the J—J sysbem has, been mada by numenoal caloulations
and by expenments It is 1nterest1ng %o note that various roubes fo ohaos have
been observed, e. g. via (i) per10d1e~doub11ng blfurea.tlon"" (11) mtermlbtenoyts’
and (iii) quasiperisdioity™. L ; ‘ '
- In this paper, we will study the dynamical behavior in the equation:

: w+,3(1+sf’(a;))a:+f(:v) p+bg(t) _ 1.1)

where f(s), g(o) satisfy ‘the following condltmns fe gE O” L '
S(=2) == (@), f(at2m) =f @), f(@+m) =~ f (@), [{w—a) =f@),

7@>0, a€[o -—) lr@lst, lf’(w>l<-

O, me[_.% g.w..%]. .
9(=D<=g0). g0T) =400, A+g)==00. g(———t) 0.
g’(t)>0»::te[o, ] Ig(t)l<1 U (13)
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- p>max {1+ b, 2 » 8>0, b>0, s is ar'bitrary. We say (1.1) is of tho J-J type.

2

For p not sufﬁomntly large, but ,8> + [6]<1, we have studied in [5].

For B, p, b small, g(¢) =sin t, we have proved that chaotio behavior actually
takes plaee by usmg Melnlkov s method“” :

For 0 < ,3< 1 3 and moderate p and b, through the numenoa,l computatlom

of the Lyapunov exponents, power spectrum as well as the phase curves, we found
two kinds of chaotic behavior: | |

a. The penodm—doublmg chaotio behavior (with a fixed volta.ge)

‘b. Intermittent chaotic behavior. =

.. Felgenbaum oconstant appears in case a™%,

The idea’ we adopted to ostablish our main result in this paper is the
followin g: for a two dimensional non-autonomous poriodio Systeﬁi, theé existenoe:
of an invariant olosed curve of the Poinocare mapping can be proved by an argu-

. ment similar fo Poinoare——BendikOn Theorem supplemented by a kind of apriori—

estimation concerning the derivative mapping. The latter can he worked outl for
equation (1.1), aetually for its variational equatlon The mvanant ourve .is also
unique and atiracting’ globally The methol we use in this paper can be applied!
to study many other two dimensional non-autonomous periodio system, e. g. for
the system with tangent disoriminator and frequeney modulation mpuii o+ (a+
Bss0? ) z+y tgy = Asm ot, We have proved that when 0< /.b<,8, (a+/8)2>47>0

« 1
there oxists a unlque perlodlo SOl'CFblOll w1th penod T = 2:: .

§ 2. Properti_es of the.-Poin_care‘ Map

Instead of considering equation (1.1); we consider the foIIOWing equations:
RS AGRAUN o
| y=—f(@) +p+bg(®).
where f, g€ 02 and satisfy . 2) (1 3) p>max {1+b -—} B>0, =0, & is arbi-
trary. '
System (2 1) is PSIJ.OdJ.O Wl'bh penod (27;. 2@B), i. e. let P (=, 2 ) =y— B+
8£(@)), Q. 3. ) = — (&) +p+Dg(s), then P(a-+2m, y+2a8, §)=P(a, 4. 1), Qa
+2mw, y+2apP, t) =Q(a, y, £). So wo can consider this system on a cylinder.

Let 0<k< BQ+[e]) +N/B;(1+ISI)A+8/W be a constant. (#(t, 2., 0). y (¢, 2..

0)) be the solution of (2.1) with initial condition ¢=0, =0, ‘Y=yo, where zy==
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(@0, %o)- - 5
_ Deﬁmtmn 2.1, le map M,: R2—>Rz, 20->7 (T, 2, 0) 2 € R”, z(T 20, O) =
(@(T, 2o, 0), y(T, 20, 0)) v;s callod tke Pomwafr'e map of (2.1). Also we deﬁ'ne M': R* -
—>R?, 25>zt 2, 0), tER’ S
‘We will denote M, by M for mmpho:d;y
o If (@(t+pT, 2o, 0), y(t+pT 200 0)) = (& (2, 20, 0). ¥ (&, 20, 0)) + (2mq, ZauBg) for
any t€ R, where p, ¢ are ‘the smallest non-negative m’oogers satisfying the above
~ equality, then (a;(t, zo, O) y(t 20, 0)) is oalled a periodio solutzon of (2.1) of

(p. ) ’ﬁype

Let : y=Bu-+B|s |+£_tg-t£ ot y= - Bls 1+P_—z_}- and SCR® be a

closed region bounded by i1 and T. .
Lemma 2.1, For amy zoe R2, there i8¢ 1,0, such that z(to, %, 0) €S. For zoe
S, €10, T), and Vt>to, we have z(t. %o to) ES where z(t. 20 to) (m(t. 2os t0)» Yy (s

20, to))» %0= (@0 Yo)- :
Pfroof First assume zo to be above li. For an arbltrary point (@, ) above Iy,

we have z=y—B(s+sf(®)) >_Pj'_%i'}_>o, i. e., @ inoreases as $ inoreases and

dy|_| —f@tp+bg®) | o prdtl _ _Blp+bdiD g
Wl | 7-BGtef@) | y-Bltef®@) = ptb+2

(8 is the slope of Iy) . So there must exish a £>0 such that z(to, 2o, 0) €8. _
Nex# congider a point (z, y) below l,. Since p>b+1, for an arbitrary point

(v, y) below lz, we have y=— f (&) +p+bg(t) =p—b—1>0, i. e. y inoreases as £

increaes. If z=y— B (a+sf (@) <0, ‘obviously, the direction of the flow below I, is

toward §. If z=y— B(m+sf(a;))>0. then o= y(w+sf(w))<;8w BI |+-‘—)——-I%—..—1—'

~ B(a-+af(@) < L=g== and-

—f(w)+p+bg(t)> p—b—1 >B(p—-b D _g,
dm y—B@+ef(@) " y— ,B(a:+sf(w)) p—b-1

whioh implies the direction of the flow below 15 is also toward S So there exists a .
#o>0 such that z(f, 20, 0) ES. '

Similarly, it can be shown thab on the strzught lines Iy and Iy, the dlreo’mons '
of the flows are toward the inside of 8. So for any 2€S, € [0, ‘T] and 1=k, We

have Z(t 20 to) ES
Definition 2. 2. 4 curve y==h(a:) n S ws called a k—homzonml owrve, @f h is

eontinuous, h(w+2m) = h(a:) +2m8 and
b(@am 2y <h (o) ~h(a) < 2 (1"*"?')*7/'3 ACELIESTENCREN

(4722{01) .
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The distance bhetween a point € R? and the k—horlzonta,l ourve Z g/ h(m} is
.ﬁeﬁned by f (z, 1 =mind(z. (w. h(w))) ' : - '

The dlstanoe between two k-—honzontal ourves I y hi(m) Zz y h7(w) 1s
deﬁned by & (14, 1,) max}hz(w) —hy(@)|. Obkusly._d(h, Zz) = max [hg(w) h1(a;)|

A set HcS is called a k-—honzonta,l strip if H= {(m y) |h1x(a;) <y< hg (m), S

R} an ha(w) by (2), where y=hi(s), y=hs(w) are k-horxzontal curves. Ry
- B={(, v) | @) <y<h, (»), 2&.[0, 2.75]} is called a, generalbing element of- H
The width and the area of a generating element of H={(z, y)|h(2) <y<hs(w),
€ R} denobed by IIH |- and S # are deﬁned by IIH II = ma.x ]hz(w) h1 (@) |, and

SH = J Ihi(w) --hz(w) Ida;

.- Lemma 2.3, Suppose p>b+1+2,82[sl .Foﬁ‘ cmy zOGS £ € [0, T), z(t 20 to)
%s the solntion of (2.1) with snitial condition.z(t, 2, to) =7, Wiwfre (b, 207 fo) = (a:(t '
e, to) Y (&, 2o, £0)). If |@(%, 2o, 4o) — 0| =d where t>t,, then

. Bd N . R
p+b+l+2,8"l | LAy Yy 23%]

Proof By equation (2 1), L= ,B(w—l-s f(a:)) For (w y) €8, Wwe heve

So L=~ 1}3 232' |<w< prtb— 15232'8' By Lerama.2.1, forzOES z(t 1) €

R

8, anyt>to, we have' j IR A
o p‘b 128 ¢] (t to)<a>(t 0, to)__w<p+b+1lg-2,3 ls! (t t)

- 8.
for any t>t0 Smee p—-b 1 2,6”ls|>0 weget .
P+b+1+2,8”| s <t~ p—b—i— 2,9‘—’131

for ¢ satisfying (3, 2o, to) —wo=d.

Lemma 2. 3.~ Suppase H is the Ia—homzonml strr'&p 'm S sz denotes the ares of
the region: {M(a;, ) |(o.9) € H, o€ fo, 275]} For any. o, 0<0<BT, there exists &
po(B, &, b, @) >0, such that as p>po, we have sz<e “Sg. o

Proof - Leb. D=A(z: y)| (=, 9) € H; 2€ [0, 2a]}. Obvmusly, .”dwdy, Sum

Hldet (CZM) ldwdy, where dM aM* and dM ¥ samsﬁes the equatlon °
D
o [~BO+sf" @ D)) -
o i - < @t D) 0

By the theorem ‘,%beeﬁz;t%?@?g?ir_@?‘%?11i?_1;9%?. system, wo get ..

dov@ml) =oxp (~ [[BC+of @t o OE) 2 -

) M,



g f (m(t Zor 0)) ='_'— for tE (t2,+1, tzﬁ.g), bl (:v(t, Zoy O))<— By Lemm‘éf

> B( l__-_‘_g_ o S SIS B( + > PRI
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<exp ( ,BT) exp (

N

I:f, o zo’o) ) l) |

Now we egtimate J' f’(a;(t 20 0))dé.

Flrst we' assume 0= to< t1<t2< <t2,,_1< ta,,,mT satlsﬁes that for te [tzf, #3,_11,

¢ ,;_f':'éa&.fr' fau

p+b+1+28?
Thus we geb the eshmatmn

j f @G, % 0))dt

R B

P+ +I+2e%s [y pmb—1— 232; |

o] 88 1<w<m—1 t2;+2-izs+1<

b 1 218"l| ey 0<z<m—-ﬂ

T

p—b6—1-2@%s[ |

S8 'W+2)““_-
-1=

: S T(p+b+1+2ﬁ32]e|) [ _’B<W—%> . _: 52?3(“ ) ]
2B (W_--_z_) T Lo 142 e]  p—b— 2;8‘ [e]
T w p b 1—2:34[ l .

. 2 2 Lo B
_r_ T W+~; P+b+1+2§?l=3|7_,;;,_2._~ /8(%_*-?)
v @ 2 p-—b——"i'42,3?|s[" w p—li-—l—-2,8”]s
P ,
Next, assume O=t{,<t <th <-- <t2m_1< tz,,.=.'l’ satlsﬁes that for tE [ta, tg“.],],

f’ (m (t. %o, O)) = -—:“" for te <t2¢+1, tzu.z) f’ ((U (t 20, 0)) > —— By Lemma 2. 2, tg;.;.;g

_t2;> +b+1+2,8‘[ i as <q, 9y — tz¢+2"' 2;+1< —5= 1 2‘311 T as 0<Séi<m

¢—2. )
Thué we got th‘e foilowing estimalidn:

; d [N }_

< tD) Eieed) , aled) a
- |

~b 2,8”131 p+b+1+2,8‘| [ av p b 1 2,3‘58]

b—1- 2§‘|§l,__, P P-b =i 23218l

2 -
<I Tt p+b+1+2/3”|sl T2 B(”H' p) SR A
p—
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By ths above two estamations, we krioWn that there exists a number po(8, 8,
0, 0g) >0, such that as p>po, Idet (d‘.M) | oo <e““° holds for any zOES So. when p>
po(B, &b, o)} Sun<e™*Sy.

Lemma 2.4. For fiwed B>0, b, & and 0<k<p, there ewists p1(,3, g, b, k)>0,
such that for p> p1, M maps a b-horizontal curve in S to a k—homzontwl cume in 8.

Proof We only prove that Poincare rmhap M maps a smooth k-hpnzonta.l
ourve in § 10 & smooth #-horizontal curve in §. Leb I: y=h(x) be a smooth &~
horizontal curve, I =Ml. By Lemma 2.1 1 is a smooth ourve in §. We have only to
prove ! is a k-horizontal Ourve in §. o v

First of all, we express [ in parametric form: g= s, y h(s), ER,*. Let (=(%,
8), ¥(¢, s)) be the solution of (2.1) with initial condltlons to=0, a}o—s “Yo=h(s).

If we denote ¢ (i) =Mﬁ>— 1.7( ) = dy(f' s) then €W, 2@®) satlsfy the sys’aem

{§ n— ,8(1+8f’(w(t S)))f, (2.2)

) 77— "f(d?(t S))§,
and the 1n1’o1a1 oconditions I3 (O) 1, n(O) =HK(s). Beoziise of the per:odmlty of (2.1)
and I, we know that ! is also periodic. So what we have to prove is <Lzl (L)

. Hon
B(L+]e]) +\/1323(1 T e )2+8/w , £(T)>0. For this purpose, we oconsider the.

following two equations:

(2.3

£=n—RB (1+-2- 8) £
(ot
and o o
s 2\
E=n—8 (1"';; 3) &
{ - : (2.4)
2 | ¢

n pul S

Teb ¥ =k + .gﬂég_@l”. (Z;, n0) = (1, k), (&1, 12 e the value of the solation
of (2.8) with initial condition fo=0, £o=&o, Mo=10 ab t= B __ | (ﬂuAPP'Oﬂe

—b—1—-282|s
p>b+1+2,32| I) (§2 m2) e the value of the solntion of (2.4) with initial

o= == ‘ BW _
eond;’mon to-—O §o é, 770 m, ab t= +b TI1 28 |8| By the properiues of f(x)

and Lemma. 2.2 as well as the properties of homogenous linear system it is obvious

that we need only to porve £,>0 and -2 5 2 >¥,
2
By solving equations (2.3) and (2.4), we have
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(PG i 2 ),

Bw

(ti‘ e 2,32|s|) B

("B(1+ 8) )[M(ﬂt;ji)“-) Jro(l)

| 52=exp<“’(1‘ ) "><gi+<m-’;‘(1""s> ))+o<——)
| (tz p+b-+f—i752182|"3l.) |

B REC

. So we have :
9 N

fz. exp(M)-(1+<I¢;—M> £1+( | (1——~8))t2 +o<—~) ..

+

. =exp( ,3(t1+t2) ) <k+( 187‘;(1—}-%8)___ 2) ti-.

ey,

‘Thus, as p is large enough we have

AR g
R e RO
., k+§kt1+o(%) __h{+BH) e ) .

1+ (26— B)t%(i) I @R
=k (1+Bts) (L~ (2~ B)t1+o( ) k(1+(2,6 2k)t1)+o(..)

o 2k(;6 k) 1\
~bt o Tl +o( ) end. >0,
O'bvmnsly the direstion of the flow of (2. 1) on

B(l+]e |)+\/ﬁ (l+~|4.,) f-S/:n: .

. 7=
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.§ >0 is toward ) the line, n= ,8§ , f >0. Thus we know: that there exists a number

(or, g,.b, k) >0 sueh that‘ p>p1, —‘g,-—>70 §2>0' We haverproved ‘the result.

Letp ma,x{po(B, & b, ), pi(B. &, b, B)}.
Lemma 2. 5. There evists o vumber a>0 “Such that fofr every k~homzontal strép:

H in S the followina 'mequwl@t'bes oa||H 12< 8 A< 2w |.H | hold. ‘
The proof 19 emltted Readers can refer te [5] __,;_,‘,_ A

Corollary 2.5.1. For any froE N, |MrH 1< 2”3 uﬁu, where p>7.

Theorem21 For ﬁcced ,6>0 b, s and 0<k<p. p>p, thea’e oxists: @ unique
K—hor izontal curve 1: fy =h(w) in S such that Ml=1 and faa‘ any zoe R2, d(Mnz, 1)—0
when n—>co , o R “ SR

Pfroof Denote the straxght lines y= ,Bw+ ,8!8}(+-3—'*—°—Ig—ﬂ, y =Bx—Ble|+

k-t j Obkusly o lg are- k;horlzonta.l cuTYves- m B By Loemma 2.4,

~for p> P M by, Mz are also k-horizonbal curves in §. On the mterval [0 2m],
M.}y, {M ”12} form a sequence of uniform bounded and equi-continuous functions,

By eempao‘b argument and the ;penodlelty ‘of M 1 M, there ex1sts a'sequence of
:na,tural number 1y and k-horizontal curves Iy, Ta such that (M ""h, 11)—0, & (M1,

. d)—0 (n;,-——>oo) Let H be the k-henzontal stnp bounded by I, Ta. Obvlously H>

MHDM?H>---. By Oorollary 2.5.1,"| MoH ﬂ-—->9 Therefore ‘A —-12 and @ (M, I)—
0, ¢ (M"y, I5)—>0 when n—>oco. Let ! —Zi—iz Jis ebvlously the unique invariant
curve of map M, i. e. MZ b and for any ZOER d(M"zQ, p)—->0 When n~>00, The
proof is completed. et T
For p>p, let I,: y=h, (a;\ be the unique. Ic-horlzental .0UTYe; mvananh xander
';bhe Pojnoare map M,. Now we consider the rela,blonshlp ‘between 7, and p.
Theorem 2 2 2 depends ctmtzmuously on.p; 4 e é. (Z(l,u l,,,) —0 whew p—po.
] + o _b 1

Pfroof Let l1 y ,8:0-{-,8" ___.’Z_'tl Tt y ,351; ,B[s]+_l?____18_

~ %o the proof of Theorem—2 1 for\ any >0, IN such ’aha,t AV, 1) <o (=1, 2).

. ""Smee M“’ depends continuously on p and the inibial pem’o (w. y)™, there exisis a
_'e>e such that when lo= ol <8, BT, ML) <o (i=1,"2). Therefore & (MY,
' ,,,)<2e', Wwhen {p— g <35 Bince lZ “is Bébween M ﬁ’L and Male-vwe have &, 1) <
2@, When {p—- of 4‘0‘ We have pr.o.ved Theorem 2 2 ‘

( \ :\'

Aeeordmg

,.\<.

Characterlstle of the p—V Curve

in this sechion, we: alwaays assume p> P —Leb zo==(:v, Yoy E R a,nd z(t zg, fo) =
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w(t, 2o, to), y(zz 2o, To))- be the. soluhon of (2 1) w11;h mlblal oondﬂnon t=to, e

o, il/ Uo If hm o, m"'t Yo, 0) ex1s1;s. then We deﬁne

"‘*"‘ﬂ 4,::_ . ) . '._ ] - .o N »-\A 1.: L L "._"
' /L as(t a;o, Yo, 0) Cee -‘\_‘
, = lim - .
(wo ?/o, P) 20 tokes, '

28 the average vol’uage and denohe V(p) {V (wo, yo, p) l (:vo, yo) GR” V(wo, yo, p)
emsts}

onsuder the o= V(a;o, Yo p) (p V) ourye. The honzontal segement V(mo, yo,
) _Q_ for any p, Ip POI <8 Where Po 18 ﬁxed is called 8 sta1rease of (p, q) type.,

In the. followmg, we will: prove that V(wo, \Yor, p) oxists: for any: (a:o, yo) € R"
and is. md'apendent of (wo, yo) SoV (p) is a smgle value funotion of p. We shall
prove that V(p) i8 a continuous fungtion, The dyna.rmca,l property of the sysheﬁ
is determined by V(p) *when V(p) is'a rational number, the aﬁ;ra,otor; eom od
«of periodic solutions; when V (p) is an irrational number “the J abbractor is ooniopsect Lo
of quasi-periodio motions. There is no ohaos.: |

Let M, be ‘the Pomoare map, of system (2 1) Z,, y=h (:v) (p>p) the unlque k—-
horlzonﬁa,l curve 1nvar1an’ﬁ under map M, R G

- Definition 3. 1. By BB ws the map a;——>II M (a;, by
Pprojection operator towwrd w—ww’bs oE o T A

Lemma. 31 F (w+ 275) =F (a;) +2:m amd F q,s a s’bngle 'vwl’we strmc"l j *‘mwmsfang
continuous funct%on of . ; ' '

Deﬁmtlon 3 2 Let F 11'51—>R1 be the 'map ‘m-->———-aF (27:;:0) omd f,,’ ;S”-—a'Si
ezom;_aedmﬁ‘p(a) 0<m<1 e e

Obviously, ,,(w+ 1) =F () +1 amd F s o sfmqle fva,lue sta"wtly @ncfrewsv,ngv .
condimuons funot@on j‘,, de cwlled cm omentatfaon pq’esea*mng hqmeomoa'phwsm and: F @s
called a Vift of £, :

Theorem 8.1. For any #€ R V(m, h(w), p) exists and V (z, h(z), p)=

Fr ._a.;_
lim ____(nEﬂ_b'__ This impiles that V (, h(w), p) is éndepemmt of .
Lemma 82, Forany p>0, | 26D T2 |\ L 1, nep.

- 2mn 20t
Theorem 3.2. For any (%o, ¥5) €S, V (20, 0, p) ew@sts and s mdependent of
((Uo, ?/o) ‘ .
Theorem 8.3. V(o) és @ continuous fwwt'wn of p(p>p). i

Theorem 3.4. If p makes V (p) =2 o rational number, (p, ¢ are. relgtively

pitime), then f% has only p-periodic powts and M, has only (p, ) pea'q).odda points, i. 6,
. A80‘mf9~_(a;, ho(2)), Mi(a, hp(3)) = (@, hp(@))+ (2mg, 2mBg). Fm° thhs kind of p, b
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system (2.1) has its attractor composed of (p, ¢) subharmonics.

Theorem 3.5. IfV (o) és an irrational mambefr, Q(fs) iseither a nowhere dense:
complete set of St or Q(f%) =87, there do not ewist periodic points of any kind for M,.
System (2.1) has its attractor composed of quasz—perwdw motions.

By the above theorems, we know for p>p, B>0, that system 2.1) behaves

either periodically or quam—penodlcally, henoe the ‘bsence of chaotio moiuon in
this case.

Finally, we shall estimate the range of p for whwh a staircase of (p, q) type
exists, '

Theorem 8.8. A staircase of (p, @) type can only exists for L Y B~1<p<‘-% B8

+1, fwhefre T =2, _ _
Remark The proofs of the lemmas and theorems in tlns seoinon are all
ozmtted Read\rs oan refer to [5] .
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