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ON THE FINlTE GROUP WITH A T E,,
SYLOW P~SUBGROUP |
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o Abstract

This paper studies the relations between T. L. condltlons and eyelic cond1t10ns on the
‘Sylow p-subgroups of & finite group G. Asexamples, the following two results are provedo

1. Let @ be & finite group with & T. I..8ylow p-subgroup P If p=38 or 5, we~ E
suppose G oontains no ‘eomposition £actors isomorphie to the.simple group La(2%) or S5 (25)
respeetively, If G has normal subgroup W such that p[ (lW[, [G/W|), then G is -
p-solvable, o

2. Let G be a finite group w1th a T I Sylow p—subgroup P Suppose p>11 a,nd P is
mot normal in G. Then P is cycho if and only if G has no composltlon factors Li( ™) (n
>1) and Ua(p"')(fm>1) ‘ ‘

The finite groups with oyclio Sylow p—subgroups isa Very 1mportan1: class of
finite groups. It containg all simple groups of finite order "The followmg theorem
plays a funda,menta.l role in the theory of ﬁnlte groups Wlth oycho Sylow p-
;subgroups - ' -
Theorem 1. Let G be a ﬁmte grroup with cycl'w Sylow p—subgroups I f thefre
@m@sts a normal subgroup N in G such that |(|IN], |&/N D then G ds p—-solwble
'W. Feit first proved this theoremm, employing ’ohe abs’oract group theoretto
:method. R, Brauer gave another elega,nt proof with the modular represen’ﬁatlon
‘theory. In 1985, Blau™ proved that the oyolio Sylow subgroups of any sumple finite
groups are T, L. sebs. If a non—oyolm Sylow p—subgronp P:of a finite group is a T.
1. set, then the structure of @ is much restrioted ag shown in [4]. In thls pa,per
-we will study when a T. I. Sylow p-subgroup is cychc‘
_ In this paper, all groups are ‘assumed %0 be finite. 'I‘he notadnon throughout
ithis paper is standard and follows tha.t of [3] and [7]
Lemma 2. Let G be a finite grroup with a T, I sot H. If M<G, then H n M is
aT. I.set of M. , '
Prosf leta€EM.If (HnM)"ﬂ (H N M) =ﬁ1 then H®N H+1. Since H is a T
1. set of G, H*= H (HNM)*= H’nM‘-HﬂM SoHansaT 1. set of M.
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Lemma 8. Suppose HisaT. 1. subgroup of ﬁmte group G‘ Let N be @ normal:
subgfroup of G such that (I¥|, |H|)=1, Then HN/N isa T. I. st of G/N.

Proof Set @=G/N. If He ﬂ H #1 for an element »€ G ‘then there exist hi, ks
€ H such that BN =#;N.. <h1>N <k2>N Smoe ( FH [, | N|)=1, there exists yEN
suoch that <h“’> <hEp, hi=(hY)* for some'integer 4. CHY N H ><h§>q&1 oy € Ne(H),
8€ Ng(H). Hence H=HN/N isa T. I. sot in @.

Theorem 4. Let G be a finite group’ witha T, I, -Sylow p—subgo‘oup P. If p=8
or B, we assume that G coniains no composttions factor isomorphic to the simple group
Ly(2%) or 8z (25) 'mspectwaly If there exésts @ normal subgroup W in G such that
pl(|W|, |G/W)), then G is p-solvable. - T g 0T

Pfroof Suppose the theorem is not. true and let. G be a mmlma,l oounterexam~
PlopThon.. ooy v ien nm e i B L Tre e T

(@) Oy (G) =1, If 0,: (G‘)aél by Lemma 8, it ig- eeSy to see that G‘/O,,z(G-)
' sabisfies the conditions m “the ‘thebrem.* "By “the ‘minimbtm “of G, G/O (G) is p-
solvable, so is G, contrary to the assumption on G,
_ (II) Let Hbea mm1ma1 normal subgroup of G‘ suoh that H <W Then H
1SS1mp1eandp||Hl o ,

By (I), p||H|. If H is p-solvable, by (@), 0,(H) #:1 0 (G‘) 94-1 Smoe P is a
T. I. sob of &, p is normal in @, G is of course p-solvable; It is.absurd. So H is not
p—SOIVable If H 1s not s.unple then H= 81 ><S'2>< ><S,,,, Where ;S’; is 1somorph.1e
o Si for 'z,=1 2 “ m, S; is non—a.behan snnple m>1. Lebt P, be. g, Sylow
subgroup of S suoh that P5<PnHE Syl,,(H) By Lemma 2, PN H is a T. [. sot
of H. Then N E(Pi) <N H(P n H) Olearly, 6’2<N (P, Then: 8,<N. H(Pz) P2 is.
normal in ;5’2 oom:rary bo the srmphorty of 82 Therefore H, is simple, . .

_ (III) G PH. By Frattlm argument G -Ng P ﬂH)H Smce P.jg a T, I
set of q, NG(PnH) <NG(P), PH is normal in G It is. easy to see: that PH
’ sa,tlsﬁes the oondltrons of Theorem 4 If P.H 1s & proper subgroup of G; by the
mmrmum of G PH 1s p—solvable so is H contrary o the snmphoﬂ;y of H. Hence.
G=PH. " - o
(IV) G/H < Out (H ) If there exrsts an element a;E P suoh that méH and @
induces an ianer automorphrsm of H, . then there ex:rsts ) p—element o€ H such
thab a;yEOG(H) Olearly, (PﬂH)”—-PﬂH (PnH)“ PﬂH Smce PJ]H is.‘a,
Sylow p—subgroup of H, yE .P n H, wa pr n P for any b€ H Smce Pig a T I, set,
hEN a«(P). 8o P is normal in PH = =@, P nH is normal in H contrary fo the.
smxpholtyofH . : » COUERTLT I e
‘ (V). La,st oogtradroiuon By Theorem 1 P i3 nat oyo;lio Olearly NG(P) is &
strongly p-embedded subgroup of G, By 15, Theorems 4 29 and4; 249_’[ o have
(a). p==2 H ~L3(?"), n=2,. Sz(22"“), nkl OF. Us(2”} n>2 S
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(d). p#2, H~L2(p) Us(p™) or Asg. S

(0). p=8; H=Ls(4), *G2(3"), Mz or G#Au’u(Lz(Z?’))

(d). p=b; H~2F4(2)' Mo, M(22) or G‘f"Aut (Sz(32))
: "'I(e)'.‘ p=11, "HJ,. i s I A SR I R :

. T4 is well-known. that. [Out (S) | |4 for - any-'sporadio srmple groups and
a,lternative groups .8.80 H ig'not a gporadio simple group or albernative group “If
H is a simple group 6t Lie bype of characteristio p ‘$hen H has ‘only:twoe p’-blooks
one is-the;, prmolpal :p-block, $He other. of idefeot zero. So.thers: omsts oRly " ‘onbd
jrreducible ordinary chraacter X of H such thab p ¢| X (1), where p° is the “order of

PAH. By-[8], G has. & p~block of defect. zero, Liet X e an's breducible” ordma,ry ‘
. charagter of G such'that |P| IY(i) ly (6, Gorollanes 1129 and «6.197;" Yl g

eEX,, Where t>1 et l|G Hl X#X, X,;(l) X(l), z%g Y(l)—etX (1),

¢=1 :

,;o lX (1), i= 1 2 ,t By the properby ofH Xp—X t 1 a. eontra,dlotlon By

’ohe assmup’aron on G we have p=3 apd H ~L3(4) or p= B\and H ~2F4(2)’ -Butb
the order of the oui; automorphlsm group of 2Fs (2) is 2, ib leads to, tha,t p=3.. So G

: <Aut (L3(4)) By the chara.oﬁer table of .Ls 4, (see [7]) the Sylow 3—subgroup of
G 1s not aT. I set oontrary to_the assumptlon on G. The con,tradrciuon proves

the theorem o SR
| Corollary 5 Le., @ be a ﬁmte gfroup wfbth @ T I :S’ylow p—subgroup P Suppose
#3 5. If. the're ewists @ noo"mal subgrroup N of G suoh thwt P (|N|,, |G/N|), then G
s p—-solwble
Corolla.ry 6. Lot Gbea ﬁn’bte group 1 fw%th aT.. I Sylow p——subgmup P,. Supposa
shere ewisis a normal subgfroup N on G suoh tha,tm ([N{ IG‘/NI) If; |Pl#p%, f,henG
s p-solvable. -

; .’/A
PR I I A

Proof Suppose the corollary is nob true. Lot G be a mmlmal counterexample

Mlmlc the proof of, Theorem . 4. Then G= PN and N 1s 8 S1mple .group. By
. Theorem4 ‘we have p =3 and N L2(2) or p 5 and Nf:mz(25) Smce G/N<

Oub(N), G< Aut(N ). The Sylow 3—subgroup of Aut (Lg (23)) is of order 7, and the
Sylow 5-subgroup of Aut(82(2°)) is of order 5% 0 P is of order 25 contra,ry to the
assumption on G- ‘Hence G is p-solVable
- Theorem 2., Let G.bea pysofvable, group. with, @ non—'{wf{‘mwl i L Sylpfw P
subgo‘oup P. I f psé2 then Pis cycl'w If p 2 and, G s gugtern@pn—fme,l then. P .is
cyclic.

Proof Since @ is p—solva.ble anid P s & TE 1, set, by Lemma 3, POy (&) /Oy (G
ig a T. 1. setin. G/0y (@), POy (&) is anormalrsubgroup of @. Let P; be a Sylow
pi—subgroup ot' 0 (G} such thab P<NG(P5) and P1P2 P O (G) If Op(PP,) =;el
for. 'z,==1 Dy evegt m,, -g1nice: P ded 'ﬂ i set 4P Py, then 'P.is normal in PP; ‘It follows
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that P is normal in PO, (@). Then P is normal in G, oontrary 0 the assumption
on P..So there oxists a j such that Oy(PP;) =1, By Lemma 3, PP;/Frt(P;). has a
T. I. Sylow p-subgroup P, where Frt(P,)) is the Frattim subgrouo of P;, If

O,(PP;) 1, then P is normal in PP, P aots trivially on P;, so does on P;. Tt is
absurd. If PP;<kG or. Frt . (P,) #1, by induotion, P is oyolio. If PP;=@ and
Fre(P)) =1, P, is elementa.ry abelian, P;=A4 X B, whete 4 and B ar> P-invariant

subgroup such that PA =P X.4 and P aots on B with no fixed points, OIearly, B

1, PB is a Frobenius | group with kernel B. By the assumptlon on @, we see that:
P is oyalio, ’ : :

Theorem 8. Let@be @ ﬁmte group with @ T . Sg/lo'w p—subgroup P, Supposs
p>11 amd P is not normal in Q. Then: P is cg/cl'w if and only of G contains no-
composision factors Ly(p™) (n>1) and Us(p™) (m>1),

Pa"oof We only need to prove the “1f” part. If the result is not true let a
be & minimal counterexample Suppose N is a minimal. norma.l snbgroup of @, If
pl (N, IG/N D), by 'I‘heorem 4, G is p-solvable. By Theorem 7, P is- oyolie,
contrary to the assumption on G. So pL(|N |, |@/N]): If b2 |N|, then @=G/N

share the same proPerhes as &. By the mlmmum assumption on @, @ has a oyolics

Sylow p-subgroup, so does G. oontra,ry to the assumption. Therefore || N,
p}|G/N|. N is simple as shown in the proof of Theorem 4, By the minimum of @,

G'=N. Since p>11, by [4], N =La(p") or Us(p™) (L(p) has a cyclio Sylow: b

subgroup, so n>2), contrary to the assumptlon on G The contra,diofnon proves:
* the theorem, ‘

Corollary 8. Let G be a finite group 'w'bth aT. I. Sylow p-subgroup P, ;S’uppose
p>11 and G és Ly( p)—free. Then P is either cyclic or normal in Q.

Proof Since Ls(p) is a seotlon of Lz( p") and Ug( p™), the corollary follows
Theorem 8 1mmed1ately

‘Theorem 10, Let G bs o finite group with a nonnormal T I. Sylow p_gubgmup o
P. Suppose p>11 Then P is abelmn of and - only if G has no composotoon ftwtors

Us(p™) (m>1)
P'roof Mimio the proof of Theorem 8.

- The author would like to tha,nk Professor Taan Hsjofun and professor Shi:
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