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QUASI PERIODIC SOLUTIONS OF NEUTRAL
VOL’I‘ ERRA INTEGRAL DIFFERENTIAL
EQUATIONS WITH lNFlNlTE DELAY**
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Abstract

- Thig' pa,pex :deals with the: muqueness, ‘eXxistenee and non—exmtence of quasn penodm
. }utxons of:neutral. Volterra. mtegral .differentia): equations of theform: - v Wh T v i

Ve cda f'-,—(W(t)+f :D(s~ t)m(s)ds)"'f(t)"**j O(t ib‘)ﬁ?(s)ds (1)

and

(a,-(t)+f D(s-t)m(s>ds?“.-__-"¢<t>+ f 0(s t)w(s)ds+f(t) (2)

:'Some new umque emstence crltena, and non—e:nstence cr1tena of gua,s1 penodlc solutlons
" for (1) ah& (2) are- obtamed ! _°‘ "

H Rt

C

This paper dea,ls with ‘the unlqueness and ex1stenoe of quas;. perlodlo solutmns
of neutral Volterra mﬁegrai differential equatlons of the form

2 @)+ [ Ds—t)o(s)de) = f<t>+j O(t, Do@ds, - D

kN _'_@_ (a;‘(é) +j B =)o le)ds) < Ba() +j OG- st f(t), @
where € R B, 0, D are n Xmn matrlces 0 D are, oontmuous, f is a quasn perlodlo
iw-dimentional vector funotion, S o S _
The existence and uniqueness of almost periodio solutions'of Volterra integre-
- differential equations have been stndled by many authors“‘“ Using the techpique
of [B], we present some new umque exusbence orlterla for (1) and (2)
If o= (w1, @3, <+ w,.) con A= (w,,) 18 an ' nXn matrlx deﬁne

lwl—-leJ 4= I“ul

Definition'l. A contqmuou_s fmwt'bon F(t) R—»R" is said to be @ guws% psmodw |
" function mf
() f(a)j,t a)zt ooy co.,.t)
whefre f (u,_, Ugy ***y Um) R”‘-»R" s @ cotfbnuous wnd pe»modw funcmon of w1, *+y U rw%th
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period 2m, and w1, +-+, w,>0.
Definition 8. 4 quasi periodic function
‘ o F(t) =f (@i, +++, opt) .
is said fo be a strong guws@ pemcdw funcwon of ¢ 'ot swt@sﬁes the fouowzng cond@twom
1% f(ug, =, u,,.) €C-, thus F (#) cam be ewpanded into Foumer sories
F@)= 2 @ie Bt g, 0" 3 > |aw]| <o, -

‘ where b= (ki +++, km) Gs the integer vector, o= (co;, oy 0p) and (k, o) =Zmlk,w,;

2¢ there is a k(w), such that

| | (B, @) | >h(w). (8>
Let SQP be the set of all strong quasi periodio functions. Deﬁne loll =3 aw],

- for ¢€8QP, g=2aye'®¥*, It is easy to see that (SQP, ||+||) isa normed vestor $pace..

For fixed w=(wy, *+, wn) sabisfying (8), let w-SQP denote the set of -all
fanctions f(wt) =f(wit, +++, wxt) in SQP. '

Lemma 1. (0-SQP, ||) isa Banach space for wwy gwen ® samfymg 3).

Pa"oof If Fi(wit, », ont)= Ea")e“’f'”" j=1, 2, '« and {F3 is a Cauchy

“sequece of (w—SQP, [|-]), then {a{} j=1, 2, .. is a Oauohy sequece for every

fixed %. Suppose ai’—>by, j—>o0, and G (t) =3bf*“* Then G € w—SQP and §Fy—
G]l-—->0 j—>oo. Therefore, (0—SQP, |+]) isa Banach space.
Lemma 2. If F(ui, u,,.) €or, wnd w= (01, *+*, Op) satisfies

| (8, @) | >F () (Elkfl) T 7«7(w)>0

then the de ﬁn'l}te q)ntqgml G(): J F (co;s, oee, w,,,s) ds is quast pefrfbodw of O¢, where
7= 2(m +1) +s.
' Lemma$8. If the gua,sz periodic fw:wtfwn F (cos) € SQP then the deﬁmte mtegfra.li
G@) = J F (ws)ds is in SQP. |
This Lemma is a corollary of Lemma 2.
Lemma 4. If F (’co't.)_AE‘SQ,P, @ (t) = J ZF (ws)ds, ‘then |
1GI<E @) | F).

Proof If '
| o © F(wt) =Saexp (i (k, »)),.
then |
| G@) =3 T (k oy P (R, 60) t)
Thus |

Jo1-s dml _cs 1ol i,
sl 2,(,0, T <3y @Il

Lemma 6. If O(u), D(w) are continuous and
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“',':J’i |0 (w) |du< 400, b’=fi | D (u) | du< 400, GEw—SQP,.

@) ® =] _06-0E©ds (B ()= j D(s-t>a<s>ds

then QG, RG € w—SQP and [QG| <a| &, IIRGI|<5"G“
~ Proof Sinoce

@®) =] _0G-@ s 0wau+dm
if G () =g(wss, -, co,,,t) =aoxp (:z}_(lo_, w)1t), _’qhen _ ‘
@)@ =[_0Wgl@rte), v, onlurt))n

= J_“O (w) Zakexp (i (%, ) (u+ t) )du

-=zakj 0D lh @) @)
Thus

||QGl‘<2|¢k|Ji”[0(u)‘du=w“G“, -
Let 2

(29) (o oy U) = J 0 (S)y(w1s+ui, , b,;;s+u,,.) ds.
Then. (Q&).(t) = (g.y) (w;t : m,,.t) 80- QG JS a quasiperlodm funotlon

'Since . T
lekj O yoxp (i h w)u)du|<j |0 [due z|a,,| —-lewkl <o,
the condition 1° of Definition 2 holds ‘ '

Smce

- 3’”“ v bfm 0 . | aﬁ'l"'"l“m - .
auh 3%"" (Qg) (uir' et um) =J_ O(S) """—— 9(w1s+u1. oy wmsfi—um)ds

‘we have gg€ 0. The same argument holds for Rg

I.emma. 8. The maps @, R: 0 —8SQP—>0— —8QP are contmuous
Prroof If g, hew SQP, then

Jag-aui<[l_106-01196 ~p@1ars |0 9Gut) ~huo s

<lg-ni_l0Gw|du. : |
Therefore, |Qg— Qh|—>0, as |g—h|->0, and @ is continuous. ‘The same argument
holds for the map R. | - S
Lemma 7.~ If G(t) g(wit ‘ w,,,t) € w—8QP, then RG is differentiable and
(RQ)’' € 0—BQP. | S
Proof If GE—8QP, I R

oy 0 =[[_P-0a0yi=[[ D@t
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since GE 0%,

5 @D O=[_ D(M)G'(u+t)du J DG ag{m(ua-?;z:f ,’u‘"‘,’S'(““.Lt)) cod

Thus the Lemma is proved
Theorem 1. If : - | N
1° fE»—SQP, S
20 -—j |0) |du<oo, b-j |D(u)ldu<—-,' w<(1 2b)k(a>), |

then equation (1) has one and only one ‘solwtion in co-—SQP . g
Proof If f€w—SQP is: given, deﬁne map P o— SQ,P-»—)&) -SQP by the

following way ' ' B
B )=, 7O+ @) ©) ~ (B @)as

From Lemmas 2, 4 5 6, o the map P is d 11nea.1' oon’nmuous map of o—SQP into
itself.

IngQ—SQP then . AT by .‘:"'.? l,a G e
(Pg) () = J on (Qg) (s))dS~ (Rg) @+ (R9) ),

1Pg1<| j (F+49) ) @] + +21BgI <k 17+l +21Rg)

<k(w) (If] +algl) +2b Ilyll =k'1(w) llfll +(ab™(w) +2b) llyll
Take M >0 s0 1arge that (1 wk"i (w) Qb)M >70"1(w)
If £ £0, Tt oo ; - o
S= {ng SQP "y"Q.M tf"} s Lo e
Then |Pg|<M|f]|, for g€S, so P is a ma,p ofS into 1tself Lol
If 9. hG;S’ then

|Pg- Phu<" ! (7+a0) <s)«zs f’(f+Qh>(s)ds +olRg- A
<l ety <s>ds},'+2nR<g » ll<(w70'1(w)+26)l|9‘—kﬂ

Therefore P is a contraohon on §..The contrao’mon prmelple 1mp11es there is a
umque ﬁxed pomt g “of P on S’ tha,b 1s Pg =g* ' : :

(g @)+ (RgD ®) =F &+ Q9" ®.
Therefore, §*(%)7is & solutmn of (1) on 8. If- (1) Hhas another co-—quasz pemodm!
solutlon h“ (t) then SRR : -

RO - [C00 + @9 0= @ 61 0).

ey

Sinoe 4* and J (f (8)+(Qg) (&) — (Rg) (s))ds belong to w—-SQ,P, k“ ©) €= 8QP,
that is, £°(0) =0. We'cani taks' M >0 86 ‘large that’ [A°) gm‘gﬂ Phen 1° is a fixed
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Since S < _
FO+QE-B® oy j 0Gs-) OB LN
=f1(t)+a+j a(s—t)g(s)ds—f OG- s)dsB

= f1 (). +f O(S—t)g(s)ds=(f1+Qy) (t)Em—SQP, |

we have Pg€ w—SQP, and
- Pyl <t7(w) | f2+Qgll +2IIR(9-B) |<#~*(w) §fal +2]| BB] -+ (ak=* (@) +25) IIyI

If f1#0, take M >0 so large that

| (- 2b)k(w)—w)M>1+27o(w)MRﬁll/H.fiﬂ
and let
. 8={g€w—5QP: llgll <M|lf1ll}

If f1= 0 let S={g€ 0—8QP: | gl <1}.- i

By the same argument as above, we can prove that P is a contrae’omn on S
Therefore, there is a unique fixed point-g* of P on 8, that is,

F- j (F®+Q(g"~B) ()ds— (R(g"=B) O+ (R(’ O,

((9 B)(t)+(R(g *,3)(#)) f(t)+Q(g B)(t),:

and ¢* B is a solutlon of (1) in w— SQP(—BR" s
If bhere is another solution A* (t) <y of (1) in w-SQ,P@R” then o

((h"(t) 7)+(R(h" —7) (t)) f(t)+(Q(h’-7))(t)»

a,nd_ : . .
P — () -+ (W) &) i) © j (Fir+ Q@) @) ds— (dy—a)t.
It follows that Afy a=0, 7= B and A (O) =0, (Rh*) (O) =0. Take M>0 so large
Yhat ) <M|f], and h* is & fixed point of P on §, thus, B = g This 1mphes the
uniqueness of solubions af - (1) in w— SQPG—)R” The theorem 1s proved "

Corollary 1. If A issingular and T i

1% f=fi+a, f1€m SQP, a€ AR",

90 =[ 10 @) |du<os, b= j" 1D (w) iz L, a<(1-2b)k(co),

then (1) has infinite guas periodic solutions.

Proof Since A 'is singular, there are mﬁmte B such - that: AB =a.; By ’ohe-
same argument as in Theorem 3, we can find SOlﬂ‘blOD. g " ()~ B of (1) in @—
__SQP@R" for each ﬁ It 1s obvlous that these solnhons are d1ﬁ‘eren1: froni eaoh
other : SR
Theorem 4. I _f A 'as nons'mgular and
1° I Ew-—SQP@AR" o

*
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point of P on §, from the uniqueness of fixed points of P on §, "= g*. This implies
‘the uniqueness of w—SQP pemodm solution of (1) ' o

If £ =0, lot § = {g€ 0 —SQP} | gII<M} The remamder of argument prooeeds
a8 in case fqéO _ o e,

Lemma. 8. I f B is an nXn consmni mwtm:v tken o

' DTN . . Bg€ 0 —~8QP, for ng, SQP,

and llBgll< IBI |I9I| a

Proof Suppose L :
| g (@) =Xaexp (G (k, w)t).
Then o
 Bg(®) = ZBayexp (i (k, »)2).
Thas, Bng -SQP, snd o | o
| IlBg|l<2lek|<2lBHwki |Bllgl
Theorem 2. I f A is nonswfngulwr amd e

19 f€ 0—8QP,. S S

2 _j 0w du<oo, b_j DGy <,

- " a+|B|<h(e) (T—2b),

then equation (2) has one and only one solution, in. w—-SQP

Proof Suppose fEw— SQP is glven Deﬁne map P w— SQP—-»w SQ,P by the
following way A

(Pg) (® =jo_<fg§>‘"i’f{1?§;”<_s"> - &Qg)*’@)ds‘-i (Rgs ® *?3@ ©, for g€ 0-SQP.
We have B '
| P gl =%* (@)1 f+Bg+Qgl +2|lRy|l <k‘1(w) llfll + (k'i(w) ( IB | +a) +2b) lgd.
Take: M >0 so lagre that S _
_ ((1 2b)lﬂ(a)) IBI-—w)M>1 |
| Iffaeo 1e’nS {g€w— SQP |lg!l<MI|fll}, if £=0, lot 8~ {yew—SQP l|y|l<
M }. The remmder of a.rgument proceeds as in oase B 0, -
. Let A= j_ O(u)du, AR"={da: aER"}, and w——SQPC—DAR“ (e fEw—
8QP, o€ AR}, | R '
TheOrem3 2 If A ds nonsfmgular and
fem—-SQP'AR" e .
o 29 a={ w(u)lafu@o b=j |D(u)ldu<—-,' w<(1 2b)k(m),

_ ﬂwn Equwt%on (i) lms one ‘and only oné Zuwon 'm m-SQ}.’G—)R"

' Proof - Suppose f= f1+a. i€ 0—8QP, o€ AR", There is a BER" suoh that
AB =a. Deﬁne map P: o —SgP—0-— SQP by the following way. '

®o®-[, 0 +ao- <s>>ds -(R(g-8) <t>+<R<g 0.
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2 - f;la(u)wu«o. b=[" 1D |au<,

a+ | B| <k(w) (1—2),
then (2) has one and only one solutbon n w— SQP@R".
The proof is S1m11ar to. Thearem 2, S0 we omib if,
Corollary 2. If A is s'myulwfr and
12 fE0—SQPDAR";.

20 a=J° |0 @) |du<oo, b=J° | D) [du<.,

o+ | B| <70(co) (1 2b),
then (2) has mﬁmts quash periodic solumows n w—-SQP@R”
Theorem §. If

19 f=fi-ta, fLE0—SQP, a€ AR",
29 'Jo |C (u) ldu<oo,Jo | D (u) |du<oo,

then (1) and @) have n‘%glu%ows in 0—SQPER".
Pa*oof If g(t) BE Bd—SQP@R" is a solution of (1), that is,

((y -8)®) +R(g~B) @) =f()+Q(g—B) ©),
_ahd

sO-90+ (Bg) (&) — (Rg) ©) j (f1+Q9) s~ (4B=0)t,

it follows that AB—a=0, and $hisisa contradlotmn Therefore, (1) has no solumon

in w—-SQP@R" The same argumen’s holds for eq'aa.iuon 2.
' Ewample 1. The equation

(m ) +—-j 6~z (s) ds) 2 con ~/— ¢ +-—J ;(s— f— i) ~2g (r) ds -

has a quasi per10d1c solution which has the form

x(t) = Z(w,.con\/_t—i—b sm~/—t)
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