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ON THE OPERATOR EQUATI()N f(A) A db

TAO ZHIGUANG Fij ~7_E,) .

Abstra.ct

This paper d:scussm the exzstence and uniqueness of the solutmn to the -operator, - -
eqna,tlon f(A) =4 and genera.hzes the main .results obtained in the a.uthor s paper: On the
operator equation f(A) =4 (Acta Ma.th Smlca, N, S, 1 (1985) , 327——.334).

| §1.‘
We follow [1] for notation. For the convemenoe of the rea,der, we reoall that
H denotes' a complex Hilbert space and %’(H) is the a.lgebra of all (bounded
linear) operators on H: By leH(A) or snnply L(4) we ‘mean the set of all

opera,tor—valued funotlons f from the open unlt d1so 4in the oomplex pla.ne C, i
e., 4={z€C: |z| <1} mto .jfé’(H ) suoh that f takes the form '

f@=FBefores, L@
where {B,}<B(H) and the series is convergent in the uﬁifdrm $opology for every

. zin 4; in’other words; f is'an operator function anslytic on 4 (ef [1] or [2])
For f& .M(A) and TE @(H) Wlth a(T) <4, it is easy $0.500 that

- .

" def i B T"

f (T) _

is ]usiuﬁed
. The purpose of this paper is to take further aocount of the followmg problems
as in [3]: under what condmons does there exist an operator Tin X;={Ac#(H):
A commutes with f and-o:(4) <4} such that f(T') =T? When is'such T unique?

And we generalize, among others, most of the results obtained in [3].

- 'Wer begm with. the followmg I T R A RS

¢ - Proposition 1, Let fGM(A) twkes ‘the- foa"m (1) amid swtesfy the. fouowmg
cormdeteoms

ORIO) ||<1 fofr every z tn A= {z: |z|<1};
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(ii) By is normal and commutes with f (5. e., BoB,=B.Bo for all n>0).
Then BiBy< (I BsBo)*. -
‘Rémark. For two selfa;omt operators A and B, by A>B we mean \ that 4B
is positive, i..e., <Auw, m><Ba:, m} for a]l @ in H And A>B means that A—B is
both positive and invertible. - )
Proof By (1), [Bol = | £(0) | <L. Define

F@)=(f@—B)(I-B} of @) fore€d.
Smoe B, is normal, by Fuglede 3 theorem. We have BB, ~B,B} (Vn>0) Am

apphcaﬁlon of Lemma 5.1 in [1] gives "F(z) ]|<1(z€ A) OIearly, F (0) =0, and

hence F is of the form F (z) —=zh (%) where k is analytio on 4 and |A(2)] <1(z€ 4y
. by the maximum modulus prmclple for analytw vector funotions ([2], p. 100),
Observing that '
- et e DO =F(0) =By (I - BoBo)'1 -
‘,one oan show, by usmg Lemma 5 lin [1] agam that [lBi(I B*B) “ill = llk(O) <<
1 if and only 11':' BiBi< (I BOBO)" Whloh oompletes the proof
o Rema.rk Here i is Dot neoessary tha.t B, and B, commute for all n,
Corollary 1 1. Suppose fisa scala,rr functwn wnalytw on. 4 fwzth] f (z) l<1 (z&
4. If | f(0)| =1, then £(2) -—e“’z fwhefreH isa rreal constcmt
"> Proof Clear. -
-~ Corollary 1.2, ;S'uppose fe&xd(d) is: of tfw fo'rm (1) such that-{B,}.is & seguence
of operatarsicommuting pairiise:: If-|f @) <1 for all z in 4 amd a-(Bi) c:{z Iz] 1},,
then each B,(n+1) is.nilporient.: . oL { (i A
Proof Let % be the commutative Ba.naoh subalgebra of Q(H ) genera.’ued by
i1, B,, n=>>0} and let M denote the mammal ideal space of . Take any m in ZU? anci
deﬁne ' :

i ._'\\.,u {7

ot i

A
%

R L S,

N S

h®- BB Ged.

ABy the Gelfand representamon theorem for’ oommutatlve Banach algebras we see
that i g s B : '

o v
R SR

lfm(z) l = lf(Z) ("n) |< Ilf(Z) <1 (zE A)
From Corollary 1.1 above, it follows bhat fm (z) =¢" and hence B, (m) 0 for n#1.
The proof is complete.
Proposition 2. Suppose ¥ is a commuiative Banack: subwlgebm with the identity

operator of. B (EH) and: suppise f! 6.%7 (4) is of the form : (L) -satisfying the followmy« :

conditions: | :
(i) B,e¥% for all n=>0; B O IO
(ii) Ilf(z) <1 fO’l‘ all zin A _‘ S

(L) 10 (By)j -1t Feved i
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(1V) there ewists am operator T in X ;={A€W: ¢ (4) 4} such that f (T) =T and.
T is normal, that is, T is @ normal fived point for f in Xg.

Then T' is the-unique fized point. for fin X4, .

Pa”oof Observe, first, that by the Gelfand representation theorem wo have
f (X, cX;and hence the problem of whether f has fixed points in X; makes sense.
Since T' is normal and hence the technique employed in the proof of Theorem 5 in
[8] still works, we leave it for the reader to show that T' is the unique fixed point
for f in X ;. The proof is complete.

Remark. ¥ in Proposition 2 above is not necessanly generated by {I, B,

o} and may he much blgger '

- Next theorem is the main ‘result of this note.

Theorem 3. Suppose X is @ commutative W*—wlgebm and suppose f€ Jai (4) s’
of the form (1) satisfying the fouorwmg condiitions:

(i) B.€¥ for all n= 0,1, 2

Gi) |f@ <1 for all zin A= {z |2 ]<1} o

Then that f has @ fived point in X;={AcU": cr(A) 4y (W denotes the commutans
of ¥, 4. e, U= {AE g(H Y: A commutes with every element of %}) implies that f has
@ fived point in X ={AEYA: o(4)4}; and has @ unique fived point T in X; if and
only if 1€ Gy (By) (the point spectrum.of B1) and T E X;.

Proof Step I. Assume that lea(Bl) and T' ig a fixed point for f in X . We
olaim that T€¥ and T is-the unique fixed point for fin X}, ‘

Lot 2 be the commntative O"-algebra generated by {I, B,.. Vn=>0} and % the

commutative Banach algebra generated by T and %, and let I, My represen’ﬁ the
mammal ideal spaces of &, %, respeotively. For m& Ik, write fu(®) = EB (m)z"

for z in A We show tha’s there exists one and only one point ‘A€ 4 such that
Fn(os) =M. Clearly, {AB: AC %y, BEm} is & proper ideal of %y, containing m.
Hence there exists an my €My with {4B: A€ %1, BEm}cmy. I is readily geen
. that m=my[] & since the latter is a proper ideal of Z with m bemg inoluded in
i, Observing that {B,} sz, i8 a sequence of normal operators commutbing palrwme,
we see thab : ' |
| B,(m) =28, ("mi) for all n=>>0.
Put Ay = T (m1) Then

P -—T(M1)=EB (W)T"(mi) ZB ('m)?v —-fm(hm)

by the hypothems that 7' = 2 B, T" Since 160'(31), it follows from Theorem 7' in

n=0
[3] thab A, is the unique fixed point for f(z) in 4 which is what we-.want fo.
show. Now deﬁne a soalar funotlon £ on 4by §(m) =Am. Where: A, is the umque’ _
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fixed point for f,(2) in. 4. We shall prove’ that £(m)€O0(M), i. e., £(m) is a
continuous fanction on M. Suppose {m,} is a net in M and converges to m in M.
~ By the discussion above, we have {A,}co(T). Since o (T') is compact, we may
‘assume that A, —>A with no loss of generality. Observe that |f(2)]| <l (z€ A)
1mphes that |B. <1 (Vn>0), and that r=lim|7™"|*"<1, Then

e = 33 Bu(m)” | = ’ 3 B ()~ 3 B2

éBn<m)N'-"+2§}r" w

, Wthh ShOWS that ?\. ZB (m)?»” NOW Shat Bi(m) #1, we se0 ?\. ). Henoe 1

o). So by appeahng 0 Gelfand’s representation theorem, we have BE Z such

“that B(m) =£(m), or B(m) =M, for every m in M, and hence B=f(B). Further-
more; by the trick employed in the proof of Theorem 5 in [3], one can easily show
’?}hat B is the unique fixed point for f in X and therefore B=T, which substan-
'fiiates our olaim alb the beginning of this 'Siz:ep. In facﬁ, this is a result obtained in
Sbep II. Asslume that 160',,(B1) and T is a fixed point for fin X%, As above,
' we shall show. that T'€ ¥ and T is the unique fixed point for f in X, as well.

Let E ho the spectral measure of Bi. Write K= a(B;) ‘and K, {z €K,

]l z]>

— ) } for n=0,.1, 2 v Set P,=E (K ») (n=0). From the speotral theorem

"([4] p: 67), we have P, =TP, and P Bk—BkPn for- n, k=0, 1, 2, ..., If we pub
"._f»(z) =f (z)P (Vn=0), then ' '
 fo(TP) =f(T) P,=TP,

Note that 1€K,and o( f,, (0)) =o(B1P,) K, By Step I, TP is conbamed in the
_commutatlve 0*—a.1gebra 9, generated. by I and QIP,,, and moreover, TP, is the

‘:unlque fixed pomt for f, in X,={Ac¥.: o0(4)c4d}. Since K~{1}= U (K -

,.-1) Where K_i= g a.nd E ({1}) =0 by hypothesm 1’0 follows tha,t
: I= 11m E(K,) (80T), |

T=LmTP,(SOT).

Therefore T'€ A. Now assume that there exists another operator § in X' suoh that
J(8) =8. Then we have f,(SP A) =8P, for all'n=>1 as. well, and:hence SP,=TP,
_;vsmee both ;S‘P and TP, belong o X, and fohas a umque ﬁxed pomt in X7, Thus ;
A - §=lim8P,=LmTP,=T, -

: which substantiates oul assertion seb. forth ‘at’ bhe begmning of Btep. II

Step IIT. Suppose 1& cr,,(Bi) We shall show ‘that if J hes-a fixed : point T in
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X4, f has 1nﬁn1tely many fixed points in X}, -

" Let Hy=ker(I—B;) and P be the projection of H onto H1 We elarm that for
any AE 4, A,=AP+T (I~ P) is a fizxed pomt for f in X, and 4,€¥.In faol, for =
in Hy we have

,.m==B‘,,Bim .B:[B,,w,

. Bf,a: B*Bm+BB:a; :
and henoce : B

e 'PB,=B,P for n>0, -

- Write g(z) = f (z) | Hy (ze 4) the restriotion of f on Hi. Since 4 (0) = Bi|Hi=1pg,
it follows from Gorollary 1.2 above that ¢(z) =2, namely, B.P=P, B,P=0for n+
1.0n the other hand,-it is easy to prove in a similar way that Hy is a reducmg

“gubspace of T as well. Then T(I P)=f(T)(I—-P)=fT(I-P)). Since 1&
o f (0) (I— P)) we derive from Step I that T(I—P) is an element of the
commutative 0*—subalgebra gencra’oed by {1, By, By, Bg -+-}and hence T(I—P) €
9. Now it is a simple verification that for any A€ 4, A,,-?nP—i—T(I P) is a fixed

' point for fin X! and 4,€ % (note that ¥ is a W*—algebra) "which i the claim.

- In faot, the proof is complete. :: '

Let I denote the open rrght half——plane. i.e., [I={# Rez>0}. In the followmg
corollary we are concerned with operator functions f analytic on H and f (T)
where I'¢ ,%’(H ) and o‘(T) cIl. For the deﬁnlblons and rela,ted results the reader.
1s referred to [1]. v
_ Corollary 3. 1 Suppose QI is @ commutatwe W*~wlgebm wnd .suppose f € M (H)
satisfies the foZZowmg condmons "

). f<2)€9i for sory zin IT;

(11) Rof (z) (f(z) +f*(z))/2>0(zé H) .

Then f has fived pozm‘s in X! = ={4€W": a(A)C[_[} 'z,f omd only 'bf f. has .ﬁmeol
pomts in X;={AcU: o (4) <1} and f has @ unique fiwed point in X if and only q,f
f has a fived point in X; and 1€ y(4f' (1) - f(l))

Proof By Theorem 3 above, one can employ ‘the teohmque in the proof of'
Corollary 5.1 in [3] o show the desired resulbs. . SR ‘

Generally speakmg, a funotion f under the above consulerahon may have no
fixed points in question. In what follows we glve a. Very general eondrinon on. f

~ under which a fixed point exists, R ' R L

Theorem 4." Let %, f, and X be as in Theorem 3 above. I f there, eansts a 1}208’&#’&’0&
number r<1 so that ‘

: Max{|f@)|: || =r}<r
holds, then f has a fiwed point T in X;. 3

Proof Oase I: 1€0(By). |
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" Lot 4 be the commutabive O*-algebra generated by {I, B,; n=>0} and M the
inaxinal idael space:of #. For this case, we shall show, indeed; that there exists
~ #n’operator T-in % such that o(T) = 4 and i = =T. For any-m in M, put

RO = 31 B,(m)z" for 2€ 4.

Then f,,, is a sealar analytio functlon on A such thab

max{|fn(2)|: |2] =r}<r<i. e
‘Smoe f is continuous on {z: 2| <r} and |fa (z) | <r for 2| <, it follows from the
well—known Brouwer fixed point theorem ( [5], p. 468) that Sm has a fixed point
hm D {22 |2| <r}. However, that |fm(z)|<1 (2€4) and. f'(0) Bl('m,) #1 implies
thab Ay is the unique fixed point for f, in 4 ([38), Theorem 7’), Define

- , g(m) =M\, for me M,

We claim that g is a continuous funetlon on . Indeed, this is a smaple verlﬁca’alon

and one can do it in the same way as in Step I of the proof of Theorem 3 above.
Hence, by the Gelfand representation theorem, there exisis an operator T in %
such that T’ (m) =Ay, for every m in M, Thus -

T(m) = 33 B,(m)T2(m) (mEM),
N S T=£(T). o
We consider, next, Case II: 1€ 0y(By) and then Case ITI: 1€ g, (By) as in the
proof of Theorem 3 above. So we leave it for the reader. The proof is complete.
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