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STRONG LIMIT THEOREMS FOR BLOCKWISE
m—DEPENDENT RANDOM VARIABLES AND
A GENERALIZATION OF THE.
; o CONJECTURES OF MORICZ"

Lz DLt (:}’:jﬁ,h)* _WAN_G XIANGCHEN (E@ppe) ™ . -

Abstract

The a.uthors mtroduce the deﬁmtmn of block—mse m—dependent with respect to some -

“positive real sequence for random variables ta,kmg values in a separable Banach space,
‘prove some geneml results on the strong convergence of. blockvwse m—dependent random
‘variables, and in pa.rtlcula.r, give positive answers to Mbricz con jeetures ([5]) by a
:sha.rpel theorem.

§1. Introduction

The purpose of this paper is t0 prove some results on ghrong limit theorems for
“blockwise m—~dependent seqénces of B~valued random variables which appear to be
- new even for real-valued random variables. In pa.rtioular_, our resulfs will setitle
two conjestures raised by Mérioz ([6]) when the random variables. take values in

.B. Before sta,bmg our results preocisely we prowde some background and motivation

for these matbers.

Definition ¥, If {X,; n>>1} is @ sequence of random variables ('z’,n wbbmumm'om
.. '8) and m is @ nonnegative integer, {X,; n=>1} is termed blockwise m~dependent if
for each p large enough, the two sets . :

| : {sz-l+1; oo Xk} and {Xh Xl+1- e Xzs}
of r.v.'s are zndepmdont provided 291 < F<1<2? and 1 —b>m.

Difinition 8 ® " If {X,; n>1} is @ sequence of r. v. 's satisfying BEX,=0 and
EX < +oo (n>1), {X 4 n>1} is termed blockwise quasiorthogonal if for ea,ch p>1
there emsts @ nonrandom sequence { Fol9); g =0, 1, «oo, 20721} such that

|B(XX) |<fol|b=1)) VEXIVEXT (27i<h, I<®)  (L.1)
and, | - |
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291 o o
2 fp<3)<0 (1.2)
awhere O d(motes @ posq,twe absolute cornsmnt | |

In [B] Moncz proved the following results.

~ Theorem A. If {X,., n>1} ds blockwise m—dependent 'wzth EX, O EXi<
+oo(n=>1), then

2 oo - .8)
dmplies o o : o S |
”12330 > Xi/n=0a.s. | 1.4)
‘Theorem B. If {X, n>>1} is blockwise guasiorthogonal, then
| 3 @XD Qogryi<te @)
4mplies - 4
i X, ooqwergéncé a. 8. 4 1.6)

: : n=1 .

In [5] Momoz also raised the followmg con]eotures

Conjecture 1. For every a>>1, there emsts a sequence {Xu n>1} of T, v.’s
such that BX,=0, X< +o0 ('n>1) and. (1. 3) is satlsﬁed {X,., JUEAS ( p+1)4}
is indspendent for each p 1, 2, -, bub- : :
T

Conjecture 2. For every a>1, there exists a sequence {X,; n=>1} of r. v. ’s

such that BX,=0, EX2< +oo (n>1) and e

hmsu =

n-b-l-oo .

_+§°’-a.‘s. L (1.«_-7)

31X (tog (n+1))< oo s
is satisfied and R : | -
, E(X X)) =0 (b#1; p*<h, I<(p+1)% p=1), 1.9
butb A ' o _ '
lim sup—l— éX;l=+°§ a. 8. : S 1.10)
e 0 |51 : L

Let B denote a real separable Banach space with topological dt;;al :B* and norm
| Il |: For oonvemenoe we introduce the followmg definition. .

.. Definition 8. If {X,; n>1} is a seguame of B -'vwlued r. v.'s, mis a
‘ Wgwtws integer. and {a,; n>1} is a segumwe of -positive real numbers with a;>1,
B —Gn>1 (n=1) and (Gpes—aa) 1 +oo, {X,; n=1} is termed blockfwzse m—-dependant
with respect to {a,; n=>1}idf foq' oach n large enough, the two sets

' {X o1y oo Xk} and { X, Xz+1, Xl:a,m] o
0 f B~wlued r. v, 's are 'mdependent promded: @<k, 1<aps1 and 1—FE>m,
‘Obviously, in the rea.l—-valued case ‘the Moéricz blockwise m—dependence is
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equivalent to the bolockwise m—dépendence with respeot to {2 n>1}.

In section 2 we present a general result on_sfrong 11m1t theorems for
blockwise 'm—dependent sequences of B-valued r. v.'s and some corollanes From
one of the corollaries Mémoz s Theorem A follows Ib nught be worthwhile o
mention that the methods of this paper are oapable of regardmg Méries blockwise
m~dependeut . v, ’s, in some sense, as independent r. v. s in dealmg with the
strong law of large numbers (SLL‘N) -and the law of the iterated logarithm (LIL).
In section 8 we give positive answers to the eonjéotures raised by Moriez.

§2. A General Result and Some C'orollafies

' The following Theorem 2.1 is of basio 1mportance in our werk,

Theorem 2. 1. Let {X,; n=>1} be blockwise m-dependent B—valued r. v. 's with
'respect to {2" n=1}, {¥,; n=>1} independent B—mlued r. . 's such that ]"oo~ each n=1
X, and Y, are identically distributed, S,=X 1+ 4+ X, Sn)= Y1+ -+, (n=1),
SA—Z X, wml S(4) = Z]Y,, where Ac{l 2, } Let g be a sam—norrm on B.

Fwtherr assume {b,., n>1} ® a pos'otwe sequence swtzsfg/mg L ‘
bt oo, 2 bor<O+ban and- bgn<o bom (1), - (2.1)
where O i @8 & absolute constant If there are two constwnts 0< 4y, 43< oo such that

Im sup P(Q(S<A) >/1) =a<1

fim>koo AC{RA-141, 0, 27) . bgn '
and . .
- th(S(%) )<A2 a.s., T (2.9)
ahoo . .
Tmg —§—><80(m+1) (Ai+dy) as. - (2.4)

_ Theorem 2.1 easily implies the followmg oorollary
Corollary 2.2. Lot {X,; n>1} be blockwise m—olependent B-valued r. v. 's with
vrespect to {2% n=1}, {¥ . n>1} mdepemdent B-valued r. v, 's such thwt f0fr ‘each n=>1
X, amd Y, are fwlentwa,uy distributed. If * ' ' :

S(n e
L M,}l’fw ni,,,) _o a5 B

pordos AC(2W7141,0,20)

then
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where p>0, and 8,, S (n), 84 and 8 (4) are as in Theorem 2.1,
In regard to SLLN, -the following -corollary extends Méricz's Theorem A to.
the B-valued case. : : :
Corollary 2.8. Let {X, n>1} be blookfwzse m-dependant B~mlueo‘5 r.ov. s fwztk |
respect to {2"; n>1}, {Y,; n=>1} zndependent B-valued r. v. 's such that for each n>1
X, and Y, are identically distribused. If EY =0, B|Y J2<+oo (n>1),

and : . B . ' v
hmz Yi0 as, o (2.9)
fi->boo §=1 n .
then o
. X,
Em M i=0 a.s. . - , (2.10)

padood=l T -
- In Theorem 2.4 it is proved that in regard to SLLN and LIL 1dent10a11y
dls’ombuted and blockwise m—dependent seqnenco {Xw n>1} and the companion
sequence {Y n>1} have, in some sense, the similar limit behavTour.

Theorem 2. 4. Lot {X,; n>1}.be identically distributed and block-wise m-
dependent B-valued fw%h iespeet to {27 n=>1} and {¥V,; n=>1} mdependent tdentically
distiributed B—valued v, v. 's such that X, cmd Y; have ﬂw same distribution., We have
| (a) If0<p<2and§ T

| CEmB L0 as, e
then A T
. =
g ' Hm "Y1+ +Y " 2. 8. : 2
_ nrto «/2nloglogn Shoe B8y C (13>
then S . |
B Lt X 21
n-s-too ~/2n10g logfn _ < s . 2.14)
@If R
P ({%, n>16} is cbmditionally compaet in B)-_—- N BT
then | ' |

P ({\%—%_Tg%, n>16} 8 cond@tzrmally compact in B) =1, . 16)

" The. proofs of Theorém 2.1 and Theorem 2.4 depend on the following Jemmas. .
‘The first one provzdes ‘the: f0unda,1;1on for key 1dea in. bh,ls paper, the seconrd -one
comes from [1]. - : Lo

Lemma. 2.1 Let {X o p<n<g (q p>m)} be bloalc'wzse m-dependent B—wlued
r. o, s, teat is, the two Sots ' ' . Sl :
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’ {X s Xk}’ and {le "")'--,,(1} . S v :
of r. v.'s are independent provided p<k<1<g and l—k>m. Then. there is.a, pafrmtwm
-Al, M) m+1 Of {p’ p+1 % q} S’MOh thwt {.pr .p+1 r q} U Ai: -AiA-!‘—(rb Q’*.?'

By j= 1 ey m+1) and for each 1\<uo<m+1 {X,,, nEA;} are fmdependent r.v.’s fwh(-m
A; contains, at least, two elements. ‘
~ Proof Define '
' Ai={p+jm+i—1; §=0, 1, ..., and p<p+_7m+z 1<q¢}
for ¢=1, «+., m+41, Then all that remains is easy to prove,
- Lemma 2. 2, Let {Z,; n>1} be B-valued . v, 's. If

P(im | 2. <+oo)=1 | (2.17)

ands for every >0, there ewists o finite dzmenswml subspwce F of B such that |
" | P(hmgF(Z)<s) =1 o @ 18)

kwe and Zwter on qF d@notes *he semz—norm gwen by gr (m) -—mf Ila; yl] (we B), then

. P({Zy; nz==1} §s aond?/twnally eompact in B) =1, . -(2.19)
Proof of Them‘em 2.1 From (2 3) and Borel—Oantelh Lemma we have for
every >0. ‘ : ‘ |

EP(( (2> S<2”4))>2ﬁ/1 —i;.s>'<+o; o (220)

n=1

The nex? step of our proof is 16 show

T (.S_z.”.__'_g_%"_"_)<4(m+1) (4i+45) a.s. (2.21)

n+-wa
From Lemma 2.1 there exists a parti’oidn A‘l”), -;-, ARy of {2%1+41, »ee, 20} for
each n large enough such that for each 1<i<m+1 {X} k€ A™} are independent
r. v.'s when A; containg, ab least, two elements. For each n large enongh uSm
(2 2) and the Ottaviani 1nequahty we have for every e>0

o P( (32"682“")>(m+1) (4(/11+/12)+23))
m+1 ( (S(Atn)>) 4(m+1) (A1+Ao)+2(m+1)s)
2P (e

(m+1), /
. -3 (o (B )macar dyrms) &
N <I%P( (8(2”) 8(2”-1)><2A +8) | ., .’3_"; R (2.22)

~xyhere 8>0 with a4+8<1; Oomblmng (2.22) with(2.20), we easﬂy s0e tha.t (2 21)
holds, Moreover usmg ’ohe S1m11ar argument we have ’ P

hm max
- oo 213 <k<2”

)<4<m+1> Uity wn oy <2 2)



No.2. rt." Li, D. L. § Wang, X.C. 'STRONG LIMIT THEOREMg 187

Recalhng . 1) we have . , ' BT
) hm (Sgn ;< ]Jm 2 ng q (,Sau;ﬁv’ék_.ﬂ.) P

n—-.+oo 2» u—>+oa k_.l b2n %
<40(m+1) (Ay+ds) a8, o (2,29
from whmh and (2 23); (2.4 follows Thus Theorem 2.1 is proved,
Proof of Oorollary 2.2 Note that 22" < 23 =7 -2"/" a.nd Q9 = /2. 20-3/9, the

Corollary 2.2 follows 1mmed1ately from Theorem 2. 1
Pfroof of Oomollwry 2.8 It is'enough fo prove. that

L )E S(A> Lo (rnr->+oo)  (2.25)
C{1yyn
Recalling E]IS (4) | < E|8 (n)] for. all Ac{l 5, W}, We have: |
hmEE [IY,[I (2.26)
n-pfoo §=1 n? . )
thus o o 4
" S 25 4 S I L
oo E""_‘?T gn'.I”‘ >-<§1 "Y‘" 2.273
by whioh and (2.9) R o
2 Y. I{IIY:ﬂsn} ZA¥d<ny 5 0, (2 .28)
=1
From here on we follow the proof of Lemma, 3. 1 in [2] to obtain
IIE Y il gryzn
" lim B - (2.29)

© gfoo

Henoe (2 25) holds

Proof of Theorem 2.4 The 1mp110at10ns 2. 11)=>(2 12) and (2 13)==>(2 14)
bolh are immediate coroliaries of Theorm 2. 1 Now, we prove (2.15)=>(2. 16)
First, using Theorem 2.1, we have”

fim Xkt X, "<+ooa, s, - (2.30)
ns+oo \/2nlog10gn C _ ‘

from (2 15) Seoond by the results in: [3], [4] and[6],
R £ il SIEEN
‘ “ of2nloglogn. :
Moreover there exists & nonrandom compact subset K uniquely determined by
ho ditribution of ¥y such that. o ' -

o. (2.31)

. Uy

P<0{Y1+ +Y n%lG} K)—- ) : (2_'3'2);

~2nlog logn

where O{a,; n>1} is the olnster set of {a;,., é&}l} in B Applymg (2 31) for every

. 820 we ha.waw T ] A RN s
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ISl
e (\/ Mogllgn >S)_Su P(nm V] /8)

o ~/2nlog 1ogn

=0 (>+e0), - (2.33)

For every >0, take a ﬁmte dimensional subspace F of B such that '
| K iz 9p(w)<s/8(m+1)} @8y

Thus (2.82) implies the following . - e .
Yi+.et¥, ) g : _
lim - a8, - 2.35):
Bervel <\/2nloglogn <8(m+1) 8. 8 I (2.35)

Finally, by Theorem 2.1 we have- . A »
X+ :
g Sy . (2.86

e <\/2n og log —2)<0- . (2.36)

where O satisfies 2 ~/2Flog log F <O - loglog 2" and

T Toglog F< O /371 log log 2™ (n>4)
In faot, we can take O=4. Then (2.18)=>(2. 16) follows from Lemma 2.2,
The following example shows that {b, n>1} does nob satify (2.1). Then
: Theorem 2.1 may fail, even if we deal with real-valued r..v. ’s.
" Ewwmple Let {Z;; n=>1} be mdependent 1deniuca11y dzstnbuted rea,l—valued r,
v.'s with Z1~N(O 1). Let
¥ —{Zak, ifn= 2" k=0, 1 2, e,
" o, 1fme2k 5=0,1, 2, oy

Zl, 1fnae27‘ k=0, 1, 2, ...,
" {o if = 2’*/0' -0, 1,2, -
¢ is evident that for each =1 {X % on- 1<k<2”‘ ‘are’ independent r. v. ’s, {¥,:
n>1} 1ndependent .oV, ‘s, Moreover X and Y » aTe 1den’taca,11y dlstmbuiaed for
each n>1. Sinee ' | -

and

fim | ﬁ ; /\/anoglogn =1 a.s, “. o (2.8
we have R
e SERs o L R :
1% s, . (2.38
n-»+eo\/2lognlogloglogn ~/10g2 ,a'_j R ( ').
But ) .
S (log 2) « (X y++ie + X, a8 i ~ :
,,l_fff, logn = Z1~N (0, 1), (2.39)
' ‘ Y1+ +Y"_; s P U B AN
| Tog 7 >0 a, s. foay L0 fir (2,40)
even though from (2.38), in th1s ease, we have .' 5
T TN logn B LI

Of oourse, {log (max (n, e)), n>1} does not sahsfy the assumption (2 1) sod
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§3. A Generb;fiZatioh bf Mi(’)’fcz Conjectures

In this seotion we prove that Mérioz. con]ectures hold, that is, the following
sharper theorem is true. ‘

Theorem 8. 1.  For each a>1, there ewists @ saquence {X " n>1} of real-valued
r. 0. 's such that BX,=0, EX“’<+°° (n=>1) aond
EX

1 (3.1)
Moreover, for each p=1r. v, s {X,., p“<n< ( p+1)”‘} are . fmdepondent But for any
0<6<1/2¢, : :
fim [ Xt X[

vy nite +°°..a‘- S.. K (3'2)
and o o | s k _
- X1+ +-X, >0, : -(3.8)

| *2a (log (n-+1)) -2
Pfroof Lot X be a real—valued random variable with the d1str1but10n N (O 1)
Putting :
(3.9

a——_.

2(Iog(lg—l-l))"*‘X if p= [Iﬁ“], Ia 1 2, .
we have EX,=0, EX2<+<>° (n>1) and LT
35 Gog i) = S Eo g Gy (g (1 +1)*

n=1 ]

<400, (8.8)

Moreover {Xn p*<n<<( p+1) *} is mdependenb for ea.oh p=1, 2, «., I ig easy bo
prove thab

Coro, i A TR b1, 2,
X=

S n G—f (log(lo-{—l))"ﬂ ‘_ i _
fi~+4-00 kg a+2 -2 + 2 e i . (3 .6)
. (10g(n+1)) .
So we have - : o o |
X e b X, 1 | ‘
v 1.+ +_X =.(a-_i-—2—) X as. | (37)

e 0 (log (n+1))
from whioh. (3.8) follows and (3.2) holds.
Moreover we have the followmg interesting’ result,

‘Theorem 3. 2. Let {X rn>1} be regl—valued r. v, 's suck that. BX,=0, BX?
<+°°('n>1) and for some- a>1 {X ” n>1} 'bs bloolmzse m—dependent wzth 'respect to
'{n n>1}1'f' R _ | .
 for somg t>0,:4hen, . . .. '
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X1+ -+ X,
-

10 a5 N GE)'
Proof By Kroneker Lemma we only need o prove that

. len-l+1+--o+X2n-!+k, - . . -' \
nl_’lﬁ Sup L= o 0a. s. | (3 .10)
Note that the number of the pomhve integers k with 2”‘1+1< k*<2" are, at most,

[27%], say k1 (n) <ka(n) <-o» -<k,,(,.) (n), where p(n)<2"%, So for each §>>0

.P Sup ’ Xz»—l+1+ + Xgn—l.;.kl >8>
<2h-1 PR
epnl Iin-x+1+ A+ X| )
<P <2»“+1s<2.<(k,(»))= an 2m/
(  sup | X gzt + o +Xo] - 8 )
(B i(nY)sY ki (la(n))e 2m. PR
' ; | X i armscimayas -+ + X s .8 ) .
| e+ P ((km(iggm" : P > o )- (8.11)
Recalling Lemma 2.1 and Kolmogorov inequality, we haye for ¢=0,.1, <, p(n
g Lemr , gorov inequality, v o dy v p ()
o o (- ’ | X ctummsatoeet+ X o6 ) 3. 19
d <(k‘(n>)~,§rzlsr()kgf1<n>>- - 2 ~ e 8.12)
:' <(m+1~)2' < . EX?
: 83 (Bn)ye<k<(kira(n))® 22” (t*é) !

where ko (n) =2""1+41, Fypyi1(n) =2", Thus for each >0
P ( p IXB” ‘+1+ + XZ”"‘-FE] >8)
K< 271

» 2nt
2 g 2
<_(_m_z+__2_1_2_ > .._@%(__ (3.13)
& n=tniel 32 (t=g)

Wthh Jaogether with (3 8) impries (3.10).
Bemrak. Leb {X,; n>>1} be real-valued . v. 's suoh that HX,=0, EX3<
oo (n=>1) and for some on>1 {X 4 n=>1} is blookwise m—dependent with reSpeot

2
to {n% n=>1}. Theorem 3.1 shows that the condition 21 EX
. =
- for ——%—»0 a, s. <0<6<——-), but Theorem 3 2 asserts that the condition
,5',,1 ) ‘a. 8. (taki-ng 't———‘1+-1‘->. Ixi, additibnf
n=1 . ni-f'? - ’ R
EX?

Theorem 3.2 lhows that if. 5‘_, < )

Ulea:ﬂy Theorem 3 2 1mphes the following resul‘a whmh oan be genera.llzed to
tho oase where {X,; n<1} take values in a soparaple B-convex space. .

G'orollary 8.8, Let {X, n>1} be rawl—mlued r. v, 's such that EX =0 and
EX:<O(n>1), whoro 0 is a absolute posztzw constant and for some’ 659, {X; " n>1}

<+oo then ;S’,,/m——>0 a, s. (takmg t=1)
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£1]
[21
L31

be blockwise m~dependent with respect to {n* a=>1}. Then

8,/n—>0 a.s. | | (3.14),
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