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THE MORSE CRITICAL GROUPS OF THE MINMAX
 THEOREM

Yane XUEFENG (#Za FH)*

Abstract

. The author gives & new min-max theorem and studies the local homology properties
of eritical points that is got by min~max theorem. In particular, this result includes many =
min-max theorem of link type, which ean be applicable to nonlinear analysis.

§ 0. Introduction

Since the pioneer work by Ambrosetti and Rabinowitz™ various min-max
theorems of link type, including the Mountain Pass Lemma, have been
developed™® 4, Many authors are interested in finding the loocal topological
properties of the oritioal point which is obtained by the min-max theorem of
link type. Only some special ocases have been studied, and there are some good
results in™" %, In general, we obtain some resulfs in [9] by use of the methods
of deformation., |

In this papér we show some results in general case. In order to state our
results. we denote by H a Hilbert space, @ a finite dimensional triangulable

submanifold in H with or without boundary. We identify the ‘manifold @ with
its triangulation. Denote by @ a chain boundary map, § a oonnected O*-Hilbert

~submanifold in H without boundary™»*®, For each vES,(H) and 7%0, then
T=>10,0, in whioh ¢ are some g-simlexes and v, %0. So one can define
|7| = L;J Im(o).

“The notations of others are taken in [56].
The main theorem of our paper is

- Theorem. Let dim Q=co—dim §=Fk, and there emsts a tmwngulwtwn 0 f Q suck -

that [0Q] is @ non—zero element in H,_,(H\S). Let f€O*(H, R) sat@sfy (P S)
ondéiion and .
sup f (a;)‘< -+ o00; wgggf (@) <a; f(@)>a, s€S (0.1)

. for some a€ R, Tken f hasa critdcal value ¢=>a, where ¢ is given by (21)
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Moreéover, if there ewists >0 such that ¢ is the unique criticalvalue Wn (e-—s,"

¢+2¢), and any connected component o f K, only has single pcnnt then we have

 Hy(fa f\ES) 20, | 0.2)
In partfwulm-, of fEO? (H R), and all of the critical pomts in K, are non-
degenerated, then there ewists pE K, such that indes(f, p) =k, and ¢>a.

Some illustrations for Theorem are necessary. In section 1 we want to prove
an interesting topological lemma (see Lemma 1) by use of Thom isomorphisms.
As a corollary we geb dim H,_s(H\S) =1 (k>1) and dim Hy_, (H\S)=2(k=1). So
Hy 1(H\S) has a generator. If [0Q] is a nonzero element of Hy_a(H \S), the 2@}
and § must link in the sense of

Snjeel= 0.3)

if l!vEU(Q H), ¢|01=1ide, then (@ NS+3. "
So we find a class of interesting links, which can be called homology link,
Homologic link includes most of the links which can be. applicable for nonlinear
analysis (compare with [1, 2, 8, 4, 11]). In all these applications, § is a O'-

" Hilbert manifold, dim Q=codim § < + oo, @ is triangulable, and |2Q| is natural |

boundary of the manifold Q. In this time homologio link is the ‘link’ that is
defined in [6]. Our Theorem includes all of the homologic links, When the link is

taken as tho type of Mountain Pats Lemma, the results of Theorem were given by

[6] with different conditions, When the :-~1in}'; is taken as the type of [4] (G.e. H
=X®X,, dim X1=k §=X, Q=X B,,).,:rthe results of Theorem were given by
[7] and [8]. But the Theorem also inoludes the link thab is given in the [2, 3, 11]
(i. e. 8=X,N8B,, Q= (BxNX3) U{x+te:(a, t) E X1 X R}, |o|*+t*=R?}, where
"H—-Xi@Xg, dim Xy =k—1, e€ X, |e] =1, and 0<p<R). Hence $he Theorem is a.
generalization to [5, 7, 8]. And our proof is uniform. The idea of proof bases on [B,
6, 8]. The exisbence of critical value in Theorem is new.
Sinoce -the space is restrioted, we have o omit some appl,ioa,ﬁons of Theorem. -
- 1Acknowledgement. We are grateful to Prof. K. C. Chang for his kind!
guidance and encouragement in preparation of this work. We also thank J. H.
Guo for many helpful discussion, | - |
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§ 1 Some Topologlcal Lemmas

In this section ‘we want: ’ﬁo bmld the followmg 1nterest1ng lemma
. Lemma 1." Let M be & O%=Hilbert manifold and admit the pm’tzt%om of umty,.
'Let S be @ O* conmected Hubm submaniifold of M with codim S=F. Assumé
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':"Thenv W

L Z@Z g=0,. S Lo dme (Al
A,31\8) - {7 ~1;
\ q<S) 9>O
| K 0" o g<0<k' 1, . ' EIPRNCE
.o s 4,“ g e i1 ) q < -1, - : PR S R i
HQ(M\ ) ..-Z,, S g=h—=1y k> '

Hy 111(8), g>k~1,"
. Proof From: the theorem of the existence of tubular nelg‘thrhood for:§ in
M (see [12]), wé:know that there exists a vestor bundle (E; p,'8) with ‘thé ‘fibre

7' (s)=RF, and a O'-embedding f: B—>M such .that fi=id on:S. Let Hy= B\

(8 x{0}). Then we havo frOm the Thom .'LSODJ.OlphlSIIlS (see [13])
H (E Ho)y = L g =P,
‘ | q—n(S) !Z>7‘7
Ex p101 bing the exoision theorem we have' :

q(M M\S) = Hq(f(E) f(E)\S)

=H,;(H, H,) :
Lo, q<70. L AN

q—:kog') y 9>k,
ZBy the porhon of the long exaot sequence . s
w(M)—»Hq“(M M\S’)—»H (M\S)->H (M)-—»H (M M\S), o (1.3)
“we have ' Do
H (M\S) H,,+1(,M M\S) for all g>0 BRI 6 B
"When ¢=0, we have the exact. sequence from (1.3) B
Hi(M, M\Sy=>H (M\S)—Hyo(M)—>Hy(M, M\S)
If £>1, then HO(M M\S) Ho(M, - M\S) =0 (see (1. 2)) So we have ' :
’ - '  Ho(M\S)=H,M)=7, k>1 o (1.B)
If k=1, then we get the short éxach sequence from (1. 2) and (1. 3) RSEREE
0—>Z—H,(M\S)—>Z~0. -
‘Since Ho(M\S) is a free Z-module on M \S with O'enera,tors as many as paih
-components of M\S, we have - - : |
HO(M\S) ZG—)Z b= 1 1.6)
Combing (1.4) with (1.2), (1.5) and (1.8), we coraplete the proof. = = =
-Corollary 1. Let S be a- 01 connected H@Zbe«rt submwmfold in H: w@th
‘lgcodlmsg_-k Then, . T R BT L e o

77, B
H,(H\S) = {H@(s; = 0"--. k=1;-
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4 g=o,
0, 0<g<tb—1, .
H¢1<H\S)= 7. oo g—i'—-i }{k>1.~

. Hy 341(8), ¢>k—1, :
Remark 1. This eorollary tell us that the conditions of Theorem can be
werified by the Thom isomrorphisms, : : 2 S
- Corollary 2. Let M be a unit sphere. in Hfz,lbefrt space H mth dim H = +oo,
Let S be a O* connected Hilbers submanifold in M with codim § =7, Then (1.1) holds.
Prroof Since dim H = +00, M is contractible (see [14]). Henoce
H (M) { Z, g=0,
: 0, ¢>0.
By Lemma, 1. we ha,ve (1 1) : . v
- Remark 2. In fact, Oorollary 2 is the J ordan—Brouwer Sepemtlon ‘Theorem
-of infinite dimension sphere. For finite dimension sphere this is a wellknown faot
(see [16]). We know that many interesting properties of finite- dimension sphere
" aré missing in infinite dimension . sphere. 8o our result is meaningful.
- Lemma 2. Supposa [2Q] is a non—zero element of Hk,i(H \:S’) Lot v€ Sk(H )
suck tlmtaz-=aQ Then
le N8+aJ.

Proof 1f |%|N=8=, then vESk(H\S), whioh 1mphes [3Q] 0, a contra-
dmiuon.

2 The Proof of Theorem

In this seofnon we prove the Theorem exploﬂung the Iemmas of a,bove seotion.
Pfroof of TFeorem Let
- I'={|v[:v€8(H), dv= 3Q}
| Then I‘ sa’msﬁes the following properties:
' 1) I'#, in faot QET in the sence of glven tma.ngulainon
2) I is invariant under ‘the aotion of the nega,tive gradient flow.
. Set o e A |
- c=;-g§§ggf<w) e 2
Then c>a, from whleh follows Lemma 2 and (0. 1) When c>w, we can prove that
© ¢ is a oritical value. by the standard. argument. So we can assume tha,t 0=a; If c is
00t & critical value, then there ox.Lsts eo>0 such thaﬂ; there is not any oritloa,l
wvalde in (c—s,, c+“ '_S) cond.ltion So fo is deformaiuon retraot -of Sowe
from the second(i J emma . (see. [5, 15]). Denote by the’ deformamon
437 By the definitio f#here oxists |#| er such that |#] Cfoes. Henoe |7ow]
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€I'. Bub ]no'vl c f., = fa. ThlS is in oontradlotlon with Lemma 2 and (0. 1) .
Therefore ¢ is a oritical value, : .

Using above methods we know that c>a When ¢ is the unique oritical value
in (c~s, ¢4 2¢). Now oonsuder the followmg bo_undary. homorphism

R Hk(fc, fo\Ka) Hk—l(fv\Kc)
By the’ deﬁmblon of ¢, for any &>>0 there is a chaln 'vES;, (H) such that dv=0Q and
|7] ©F ot Sinoe # Has no oritical valueé in- (o, c+ s], fiisa deformahon retract of
Sers from thé second ‘deformation Lemina. Lebn be this deformaiuon and = =7°7..
Then 8¢ =dv=0Q, and |£|Cf,. Tt follows from' e>a that P

- [0Q1 € Im (3,). ‘ (2.2)
Now we show that [0Q] cannob be the trivial eloment of Hk_i( fo\K o For if not,
there is a k—ohain ¢ €8;(f\K:), d0=8Q. Bub for e>€) sma,ll enough fos is a.
deférmation Totract of f,,\K from the firgt* deformation Lemma (see [5]) Usmg
this deformation we get a k- oham 3 éuoh that |5 Cf,,_,cf,\K 5, and still have:
25 =0Q, Thig 1mphes sup f (a;) <c—-s Natura,lly SGS;‘(H), whloh contradmts the.

deﬁmtlon of c.

From (2.2), lwe have [aQ] EIm(a,) Henoe Hk( fc. fc\Ko) %0 The res’o of”
the Theorem is standard (see [5])
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