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ON AN:: lNVERSE THEOREM OF -
APPROXIMATION

Yaxe Lzva(ig 4 4)°

Abstra.ct

‘The author gives some d:sagreement to the followmg result, whlch is published in [1]. S
Let {L,(f (} be- mass—ooneernta.tlve ¢,,->O+(n-—>oo) , <2 a.nd T

o< ¢£+1 <0 (ns1 2

for some constrant 0>0. Then for any f¢€ C[~2a, 2a],

l iL»(f) f l lot-a, -1—0<¢»)
~implies-f € Llp @, Where g
' Lipsa={fe¢ 0[—2% 2“][“’20‘, 3):«-2- 2«:1—0(5"‘)} e
Then some similar results on Cy, are given; and fulther some results on 0[ —2d, 2a] are
established by a.ddmg some proper condmons.

In this paper we glve ’ﬁwo counter examples to a lemma, and a theorem by
Professor "Devore, Wthh is an inverse theorem of approx;tma,hon ‘of continuous
functions by “mass-concentrative” operators. Then we give some similar theorems
on Oge and further establish some theorems on O[ 2a, 2a] by add.mg Some proper
condifions,

§ 1 Introductlon

We state some ferms ab first,
_ Deﬁmtlon A Let {dU (t)} be @ sequemo of posztwe Boml measures on [ cz., a]
f(a>0) and

j =1, (n=1 Bowye Lo

{aU, (t)} is called mass~cowwontmtwa if for any s>0 there ewists A A S50 and’
N =N >0 such that

| ety

#au, (t)<s¢"

o - J 'A;s..;n-elléa
rhold Jor n>N, wlwra :
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¢> L 82 dUn(8).
The s sequence of operators on 0[-—a, al _
LS, &)=L [ [f@+0+1G=01a0,0) o€l-q, ]
€3 also called mass-concenirative R | :

For f€O[—2a, 2a] we dencte
"f"ao1= Supt “" A2f< )"C'c-a.o:u .

||f||a,2—sup¢> a"L (f) f”C’E-a.ab

where Lif(+) =F(s 48 +F(o—2t) =2 (+), and 0<a<<2.
~In [1 Lemma 8.2] R. A. Devore gave-the following lemma,
Lemma A. Let ¢,—0(n—>00) satéssfyféng '
O‘1< 2 <0 (n 1, 2 ose )
¢,.+1 ‘ : :
for some constant O>0 and {L,. ( f)} be maos—concentmtwe operators, . 0<a<2 Then
_ therre exists @ posatwe Gonstant By such that B :
e a<BAI S5
Jor every f €0l —2aq, 2a] with | f]z,1<00.
By using Lemma. A the followmg theorem was proved in [1]
Theorem A, Let {L,. ( f)} be 'nmss—concentmtwe, q,'>,.-->0+ (n——>OO) 0<a<2 and.

Ot Punr ¢"+1 <O (=12, ) -

foa” some constcmt 0>0. Then fO’l' wray feor- 2a, 24],
"L (f ) f "0[:—0m]“0<¢a)
implies fE€ L1p ', where ,
Lip*a={f€0[~ 2a, 2w]|w2(f, 8),;_26,20]—-0(8“)}
The author finds that both Lemma A and Theorem A are not ’orue We shall

show 'th.S pomt in§2, :

" But on Oz we find happlly that a ‘theorem mncula,r to Theorem A can be'
established errorlessly. For further details please see § 3,

In § 4 we establish some similar theorems by a.ddmg some pr0per conditions

- ~(see Theorems. 4—-—8)

- §2. Two Counter Examples

- The followmg counter example shows that Lemma A is no# t‘ruo

Ewwmple 1. et a0, (t)} {( (-5 n+1)) (1—9)»&: and:“
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L.(f, w)= [f(w-l-t) +£ (o 8)1dUL(E); FEOL~2, 2],
where B(p, ¢) is the Beta—-funo’alon Then
'¢§a? t"“'dU (t) 2 1 50 (n=»c0),

+3

and
1
[ o< g -5
For sny 8>01et 4, “«/ 3 and N=[2] 41, We nave, forn€H

_ I #dU, (t)<2(A”¢2) -1 J $#dU, ()
Aegn<iti<l degy 7
< .A.;ébz = ﬁy
which shows thab {I,( f)"}ié mass—boncentratwe And sines

Pu
—_< ¢n+1 < \/ 2

all conditions of Lemma A are satlsﬁed.
For k=2, 8, .-+, we define

—A.2<a;<2 7 k3,
Ful@) = {k”(w 2+57), | 2-hTi<a<2,
It is obvious that f,EO[—2, 2] and for 0<d<2 '
"fk"a.1> | 4 fk(]-) | =
I fellz 1—SuP fad Ve )"0:-1.1:—5‘11) £ fr(1+2) |

= sup t“k”(t 1+b-1)<2ala<oo

1—-<t<1 .

On the o’she1 hand sinoe for ——1<w<1 k 1 |
2 n
L ) ~$@) = 35775 ey j £ 1Ge) (1 2yt =0,

and for 1>2> — -5,

1.

an(fk; ). fk(w)l " B{/3, n+1) fk(w-}ft)(l—t’)"dt
B(l'/21n+1) ’2_‘,_ ’ﬂ”<w+t 2+k“‘> (1-9) a
: IG 2\ n
<EG3, n+1)‘ o 4 -#) dt |
B(l/zk n+1) [1 (1 b”i)"l"dt )

<@

we. have 'immed.iately.
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v M () - fkl|05-1.13<< ) ('rb+—21—)

Consequently for n3>2 we have
$1La(f) -fkuac-l.l,es(-—) ( )<~/““2n +3)°<360,

~whioh hold for n=1 too, Hence »
"fk";.2<360 .
for k=2, 8, - ST o
Obvmusly if there exmts a constant B,>0 such that

N fk"a 1<B Y fulka

. . k<BZ'360
for all 5>2, whioch is 1mpossnble So Lemma A is not frue,
In [1] the proof of Theorem A depends on Lemma A snd since Lemma, A is
- wrong we naturally doubt the truth of Theorem A. The followmg counter example
shows that Theorem A is not true elther ,
~ Eazample 2. Let. v

then

1, . Jf<nd,

X, () =
L. () {O’ %{<ltl<1:
and ’ o _ .,
AU (8) ‘-=.;_ nx,.'(t:)dt;._ ~

Then J‘ S
and so _ -

, . 1

2> 1 >____
¢.

For any s>0 let 4=4+/3 >O Then
Lﬁm.« tﬂdU,,(t) zj P =0<e
for all n>>1. Hence all the oondﬂuons of Theorem A are satisfied, We construoch

f,,eo[1+ 7 1 ] (b=1;2; +..) such that  for 0<a<2,

® f "‘(1+",7?j-T)‘=f x (1 + 77) =0:
(2 fk(1+_21_ (%+ﬁ7))=kia: RR

_(3) O<fk(w):<-k—;,-5- for 5€ [1+m, 1+ b]
141 e

X I T i< Ic1+“ *(1+11a.)1+;:

1+537
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. Then. we deﬁne fer-2, 2] by
0, o€ -2, 1],

fie) = {fk(w), s€ [1+ ST 1+k] (=1, 2, ).

Since

=k '2-->oo (lg——>oo) s
we have | fl%.1=oo. - |
For s€ [—1, 1] since

1+3

NL(f, D =f@) | = l-ffr A”f(w) dt|;;j f(t)dt R

14l

820

b=n’ 1 + kgd.

I

n® ’

f(t)dt<— 2 <k1+m (1+k)1+a] T 9
we have for n=>1, - o A e A '
|15 2=sup <15» IZ.(H) - fl|0:—1.13<—‘(\/——>“

The results that. || fllu.1—°° and : ll fll w2 Sy («\/_ )* show that Theorem A is

notb true

' “8. Some Similar Theorems on Cs.

Although counter examples 1 and 92 show that both Temma A 'a'n'd. Theotem ,
A are not true, we sha.ll'prove‘ tha’ﬁ' the 'sii‘i’m’i’lé’,r- theorems on Og, can be establised
- correotly. s S o ' N

We introduce some S1m11ar terms a.t first, o

Definition 1. Let {dU, (t)} be posfotwe Borel Measures on. (—o0, o) with period:
2w satisfying L - ‘
1
@ ‘W {9 =1,
If ¢ »———'5117—[“ sin® = dU (t)-—>0 (n->00) and for any s>0 ’ohere exists A,>0 and N,
>0 such that I R
) . 1 a .
. _ Aedn<lﬂiw81n dU (t)<sz[:,.
hold for n>N, we say that 4dU, @) }. s mass—concentratwe and the following
operators

(1, w)—-—— ) e t)]«zv (t)

on Oy, are called mass~oonoentrat1ve 0pera’oors. ' R .".-,'5 A
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‘We denote Co
: LF1% 1=8up A VS COY P

If lla.z=§gg Y1 (f) = Flles

for fE 0, and <o, '
A gimple estimation gives the following theorem, -
- Theorem 1. For {1,( f)} as above and 0<a<2,

I1250< 2 (L Y11

holds for all f &€ Oyq.

Now we establish a theorem smhlar 0 Theorem A. :

Theorem 2, Let K () EL%, K,.®)=>0, {K, (t)clt} be mass—-concentraiive
“meaqsures, {t/:,,} {1.(f)} as above, 0<a<<?, and

<0 (n=1, 2, ).

n+l -
Jor some constant 0>0. Then there ewists a constant By>0 such that -

IFlE<Ba I fl2t
holds for every f € Ogy..
The proof can be completed by a method similar to that used in thecase of
O[—2a, 24] and in thig case no barriers or mistakes ooour. We omit the details,
Theorems 1—2 give the followmg conclusion immediately
" Corollary 1. Under the condition of Theorem 2 we have, for f€ Cyq,
110C) = Fllow =0 (2) ,
if and only if f€ Lip*a, where
Lip*a={f € Os|w:(f, 5) 0(3“)}
As an application we consider Jackson—fype operators. Let

g1 _ sin(ng/2))*r .
] ’."1‘.<t4)“.—7\m,.r'<' _511%1_8755—

_1( <81n(nt/2) o
Aour wJ s \ s8in(¢/2) db.

Then®? - :
1 x . ' E - .

W= J _ S0°(/2) L, (dtmn™,
' Ame=r¥1(r>2),

Tt is not diffioult to prove thab {L,,(t)d¢} is mass-concentrative. Henoe we hive -
Theorem 8. Let r>2 and{ Ly, (t) dt} be as above. Foa* J aokson—type operators

L =], fe-05. 0@, feon,

‘we have for each f € Ozs, 0<a<2, a ‘
o | IIL..(f) fllo.;—O(n““)
4f and only if f€ Lip*a, '
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§4. ‘Some Results On C[—'Qag 2a.]

In this section we shall esﬁabhsh some theorems on O[ —2a, 2a] by addmg’ Some

proper conditions .

Lemma 1, Let Z-{dU,,(t)}, o sequence of Borel measures on [—a, al, be mass-
concentrative, ¢,—>0 (n—>o0) and 0<a<<2. Then there esists a natural number Ny such
that for n>Nys | | - »

L aspgs<[", lo°a0,0) <(dtn+ 5 47) 92
hold. .

Proof For s=1/2 there exists a constant Ai/,>0 and N 1/2>0 such that for
n>Nyja.

24U, (t),<-% ¢

L; sén<lti<o
hold. Then '

Ay adn .

I Itl dU <t) =f—4143¢u JA:..¢”<IH<G
| < () j AT+ (a5 61

<(aga+ L a5 g2

The other side of our inequality can be proved similarly,
For the followmg mass—oonoentratlve operators on O[—2a, 2@] mentloned in

§1,
Lo(f, ®) ——-j LH o+ + £ 1.8,
we can establish the following theorem.
Theorem 4. Lot K,(t) € L* [ —a, a], K (t) =0, {K (t)dt} be mwss—concentmtwe
and

Otg o ¢"::1<0 (n= 1 2, )

for some constant 0>0. For any f€O[—2a, 2a], if there ewisis a positive -number

y<a such that the extension T, on (=00, o0) with pefmod 2a of

y<w)=wa)———[f(a)—f(—q)], weOI: % a]

balongs t0 L1p Oty 0401 (0<a<2) then - - .
. |Za(F) fllac-a.a;—0(¢“)
mploes fe Llp ac-,,,,, where -
L;lp a[-.,,,,-—{fEOE a, w]lwz(f, 5) 0(5“)}
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Proof For |w|<a—% 97 we have

|La(F, w)—f(w)l<l f Azf(w)K (t)dt’+ IIfum_;.,;z;Qf . tﬂKn@dt

-2.q<ltl<a
<3|[}, #r@E.0ul+2 nfnof-m,mj ResCLy
—0(1)[llflla.z¢“+¢$]+0(¢7:, I

and for a> || >w——21- 7 We have

LG, 9~ f(w)l<-—f IA'“’f(mHK Y TEL ufuoc-;;.;;f PR, Od

7 <iti<e

o[ i |t|“Kn<t>dt+¢:] —0(g9).

Henoce - " o
1L (F) = F lotZaim = O($2)
Using Corollary 1 (We may assume g=u without lossing generality) we have
FE Lip*a and oonsequen’oly gELlp O~y then f E L1p ac_,,,ﬂ This proves our
Theorem 4. ' v s .

Theorem 5 Let {K (@) dt} be as %n Tkeorem 4, 0<a<2, Then fO’I' FEO[-2a,
2a] having twice continuous demmtwes on. some lo ft ne@ghborhood of & and some right
neighborhood of —a,

1 A¢) fnoc-a.o,—0<¢“>

%’mpl:@es fe Llp ar_a,,,] B

"Pitoo f Choose proper constants a, B such ‘$hat for h(w) f (fv) +aa:3+ ,&v

hi(—a) =k, (a), hi(—a) = =k.(a)

hold Then by Theorem 4'we see that || L, (h) — hl] Cr—ara) = O(qS"‘) implies h€ Lip*a;_g,q1.
Since. || L, (k) — | cg,0y=0(%) is eqmva.lent o | L, ( . fllac_,,,,3-<0(¢;’,‘) we gee that:
M) = Fllet-mm= -0(¢?). - implies h€ Lip*0_g,e, ond 80 f € Lip*ata,ar. The proof
ends, : :

For 0<a<1 or 1<a<2 we can Weaken bhe conditions of f in Theorem 5, tha.t
is, we have the followmg i;heorem L

Theorem:6; Lot 0<<a<1 or 1<a<2 {K (t)dt} be as in- Tkewem 4 Tken for
each f E OL—2a, 2a], if fE€Lip*a;_q, sl VdD*aza_s, a3 For some'n>0; ;

"Ln(f) fuﬂr-a.o]“()(ﬁba)

- émplies f€ Lip*a;_q,q. _

We prove the following lemma at first. : e w .

Lemma 2. Lot 0<a<l or 1<a<2;: 0<n<a f€ L1p a,;_,,_,,.,.,,,ﬂ Lip* oaf.,_,,,.,g.»
Then there evists o fmwtm If’ G Llp ;- 26, 201 suck tha,t F (a;) = f (47) for G~
a+n]Ula—mn, a]..: R L

oK -;"‘";:
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Proof For O<a’<1 since Lip*a;_,, _a+,,1—LipaE;o, _},+,,,, - where Lip o, ot
={fcO[—~a, —a+n] o ( f, ) 0 (8“) }, we have f € Llpac_,,, oty Similarly we have

. f € Llp“[a-n, ol Define’

f(=a), o€ [—20, —al;
‘ f(a), - o€ [a, 24],
F(z)= f(m), o o€ [— 2 —a+ﬂ]U[w—m al,

Hatm L DIEED rami), a€ [-atn, ol

It is obvious that F € Lipoi_sq 20y anid then F € Lip*ec_26, 2ar:

For 1<a<2, since fe Lip* gy oty f' exists on [—a, —a+n] and f'E
Lip(a—1) g, —atn- Slmlla,rly, f' exists on [a—n, a] and f'€ Llp(a 1) to—nra3 Ghoose
proper constants ¢, O, Oz, Oy such that for g(@) =0p+01w+0p+Oga®
g(x(a—n) =F(£(a=m)), ¢ (xa—n)) =F(£(@—n))

'hold.. Define

f(—a) +fi(~a) (@ta), v€[—20, —al,

fl@) —f-(a) (o— a,), o€ [a, 2], _

| F@, - a€l~a, ~a+n]Ula—n, al,
Ly(@), @€ [~a+n, a—n].

F@)-

- T4 is obvious that F’E Lip(@—1)_25 203, and 0 Fe L1p 0020, 207+ Our lemma. is

proved.

Now we turn to the proof of Theorem 6. - :

For feLip*a ., -,H.,,]{TLlp g1 leb FE L1p 020,20 ' 88 above. Then
SELip*ar_q,; 18 equlvalent o h(-’”) =f(=) — ~F (a’) ELlP ;_g,07. Sin0O 1715 <|F %1
<00, | La(f) ~Flloc-aa=0(e%) i8 equivalent to |Ly(h) —hlo-am=0(¢7). However
VL (B) — bl otmaray=0(p5) imiplies KE ng Oty i) beoause h€O0[—2a, 2a] satisfies all
the oondltmns of Theorem. 5. Therefore, i ,.( f) ~f ]Ioc_a,,,J——O(qS“) implics
fE€Lip*0;_q,4. Our Theorem 6 is proved, | |

For K ® €If—a, al, Ka(t) =0 we cons.uier the following opera.ho:.s on

RATE j f(t)K (o—t)it.

“'We have the following ’aheorem i ' -
Theorem ke Let 0<a<2 K., (@ >O be oven funct’bons, {K.()dt} be, mass-a'
co'ncantmtwe 'measwres on [—a, w], and there ewfbst @ consmnt 0>0 such thwt -

"-_0-1< “$co (n 12 ) R
s ¢n+1 2 >~ S RO
1 1 '

dﬁ""‘”“t”‘ws on ['" ‘%.“’

2
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-——w-}-n] amd [; a—1n, %—a] for some _poszt'we nwmbefr 77<-;£-a
I A E B =09

‘ 0["2' a
tmplies fE = Lip*es, !

Pfroo f Denote

L @-n ( 7@
_J " K@), f(t)=-——K(t), #=[" ex, oL

—F @=n ~§a-n
It is easy to prove that fhere exists a constant & >0 such that

O 3 2o <0, Lim 0;=1, Lim$r—1;

¢” 1 noo _ peboo n

and {E’ (t)dt} is mass—conoentra,twe on [ —--(w -7, 7 (a ay)] Let

(1@,  lal<ia-1,,

O D |

Lf (—%w-&——i— 'n), fvE [—.w-l-n, f"‘zi—ﬁ"i"j}‘ ?7]

Then for lx[<i(a¥n) we have
L o-s@-2af 7 s +7e-0-F@IR.0

. 2' (G—’l)

—-_a f B [f(a:+t)+f(m t) 27 (2) 1R, (3)dt

I q<ltl<-2- (a—n)
Ay tomon
=0,[L(F, 2) 7<w>J+R (@),

m+ a

)f(m t)K (t)dt '

‘where , ‘
F@-n
L.(F, %) -——j F et +Fe-1R.0d,
. 2'('3—’7)
12.(:) lor- 3 @-m, 1(a-vm 0(‘1”2‘))
‘Henoce “

1Z.(f) - fllcn* oo = OS2}
i’rﬁ'plies 1 La ¢ f) f uo[-i - w.f m 1 0(¢a) Consequently, by Theorem B we hav®
'fELlP % 1a -, 1(@ Yy and SOfGLJ.p %1~ n):i-(a-n)l. .Smoe fGLlp %1

7 O 2 (a~29)3
n L1p 01 1 o-2n,d o WO geb ab last JE L1p o e %n , whmh is what we need,

Sxmllarly by Theotem 6 we cin obtam
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Theorem 8. Lot 0<a<l or 1<a<2 and {K,(t)dt} be as in Theor-em 7. For
F€0 [~ 54, Fa] if FELipYa 4,

Latny ! N L1p %l plal foq‘ some positive number

Q< <—l- , then
: 4a

ui;tfjj—"fil'o;_‘% FEC

4mplies f € Lip* a, Lela: .

Asan a.ppheahon we ocan obtam two mverse theorems of apprommahon of
the following operators - '

I, &) =0 £ O @m )", we;[ 1/2 1/21,‘
where |
0, j (l—tz)"dt—

by Theorems 7—8. We omit the satatements;
Remarks. The followmg questions are st111 open.
) Under the eondﬂuons of Theorem A, does _
| IIL (f) —f I -1 0(<I>“)
: Jmply f € Lip* “c-a-an?
(ii) Are Theorems 6 and 8 also true for a=—-1 or 2?
(iii) Is Lemma 2 also true for o= 1 or 2?
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