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MAXIMUM PRINCIPLE FOR SEMILINEAR STOCHASTIC
- EVOLUTION SYSTEMS**

‘P_ENG SHIGE (_:;?} &% X)* HU Yim@ﬂ jj E: Ykt |

Abstract

A maximum principle i§ proved for semilinear stochastic evolution systems, The
‘main contnbutlon of this work is that in our problem, the infinitesimal generator of the -
:gemigroup of -the systems need not to- be. elliptie. This generahzes a result of A,
Bensoussan in 1983."

§ 1. Introduction
‘ The gbochastic maximum prmolple for finite dlmensmnal dynamlc sysbems was
~stud1ed by Kushnerm Bensoussa,nE2J B.mz:nubc33 Haussmannm, and Hu™,

"~ For distributed parameter systems, Li Xunjing and Yao Yunlong“” obtained
-the maximum principle for doterminishio sysbems, But until 1983, little has been
.done for stochastio distributed systems eit‘oép’s. for linear quadratio problems®,
In 1983, am important result was obtained by Bensoussan™ for stochastio
distributed parameter sysbems, Bub in that work the mﬁmuesumal generator -of
‘$he semigroup was assumed %0 be s’srmtly elliptio.

The objective of this paper is 0 obtain the same conelusmn as in [9] without

the elliptio assumption. In fact, we treat the case where. the infinitesimal

:generator is of a general Op-semigroup. In this cage, the main difficulty is due fo
‘the fact that the Ito's formula is no longer valid. To overcome this diffioulty, we
.introduoce a method hased mamly on the stochastic Fubini theorem.,

The paper is organized as follows: In the next section, we present some
Mecossary. prellmlnarles in this paper. In section I1T, we disouss the variabional
inequality of our optimal control sysbems. In seotion IV, the ajoint processes and
the adJOID.‘b equation are’ denved and hrea’ﬁed The maximum prineiple is glven in
the lasb seetlon ' ‘
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$ 2, Preliminaries

2.1 - Stochastic mtegral in Hilbert spacesti®1l
Let (2,#, P) be a probability space, equipped with a filtration .7 (F=F.).
A Wiener process with values in a separable Hllbert space K is a stoohastic process
—>W (¢), which is adapted t0 F such that, for any ¢CH, (W), ) is a real
‘Wiener process, with the correlation function
B(W (%), er) (W (£2), &)] = - (Qe1; &) min{#,, t:_»}, e, &€ B,
where @ is a positive self-adjoint nuclear operator on K. That is to say, there is an.
brthonormal bas1s in K denoted by {e.}, such that
. Qe = A€n, n—-i 2, e
- with ' |
], n=1, 2, o, g‘ Moo, | | |

'We assume S | - S
f,—a(W(s), $<<?). |
For a glven separable Hilbert space H we introduce a space of stochastm-
prooesses L3 (0, T'; H), which is the space of all F ,—adapted proeesses b(t) with.
values in H, such that :

EJ [b(t) lﬂdt<oo

- Obviously, LZ(0, T .,Sﬂ(E H)) is a Hilbert space, One can define the Ito 8
stochastio integral on L3(0, T; Z(B; H)) ' :

f b($)dW (s): L3(0, T 2 E))—»LZ(Q .%, P; H).

For detaﬂs see [11]. R
2.2 Nonlinear stochasiuo equatlonsm’ - . . ,
Oonmder F -adavnted processes a(e, :v) b(e, a;) ‘parametrized .by v& H, such:
that | o
a(e, ») €L} (O T, H), b(s, ) €L3(0, T; #(E; H)), VwEH
~and such that the following uniform Lipschitz condition hold:
: |a(ws, t) - a(as, ©) |H<O[m1—-:v2],
» . |b(os, 8) — b(wa, t)[ga.; 5<O0|ay -], o
Let 4 e a glven infinitesimal generabor of a strongly eonﬁlnuous semlgroup
e* on H, We have an existence and uniqueness resul’ﬁ for 1nﬁmte dlmensmnal
sbochagsbio dlﬁ'erenhal equations. ' ‘
Theorem 2.1. For ¢ fived: wOEH tlwa"e ew@sts @ umgue pv'ocess w( )EO ,([O
T, L (Q &, P; H)) satisfying
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o) = oo+ || 4 0a(0(s), 8) ds-+ [ o4 Vb(a(s), HIWE).

| Proof For a given b>>0, X =04(0, T; L*(Q, #r, P; H)) is a Banach space
ander the following norm_ |

(B |w(b) [E)?[#€ [0, T1}.
Then, we can introduce a mapping 4; X—>X as follows

() (8) =¥+ [ A¢-0a(a(s), s)ds+ [[ o5 (s, AW (s).
Dne ocan check easily that there exists a nonstant ¢>0, such that

|A£U1 Aa:g[(,\ Ia;1 w3|¢

Thus for >0 sufficiently 1arge 4d: X—>X is a coutraohon mappmg From the
ﬁxed pomt ’oheorem weo derlve the theorem,

§ 8. Optimal Control Problem and Variational Inequality

3 i, Optimal econtrol problem :

Let U be a separable Hilbert space, called the space of controls. Let U,,d be a
QOLVOX,. non—empby subset of U. Le’ﬁ

‘ (a:, v): H ><U-—>H
o(w, v): HXU—.->$(E, H).

We assume that g and ¢ are Gaupeaux—differentiable and that their derivative g,
@ Oa Oy BT continuous and bounded. ‘

An admissible control is an adapﬁed process

(e ) € L%(0, T; U) such thab v(¥, w) €U, V(¢ w) €0, T]1xQ.

We denote the set of all admissible controls by U 4. For any admlssﬂole oontrol
onsider the following state equation

(b)) = e‘*yo+I A("”g (z(s) fv(s))d:s-t—j eit-9g (z(s), 'v(s) YW (s),

~ where y, € H is a given initial data, According to. Theorem 2.1, the solutbion of
the above state equation is well-defined. Thus we can define the following cost
fanction o '

T(o(+)) =B Uat), o())dt+Bh(s(T)),
where s
| Uz, v): H ><U—>R,
h(w): H>R.
e assume that ¥ and b dro Gauteaux—dlfferentlable, and that thelr denvafnves Us,
Jo, he.are continuous and bounded by '
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[ e (m)]<0(1+[w[),
[t 0) | + [lo(a, 0) | <O+ o] +[o]).
The optimal control problem is %0 minimize the cost function J(v(+)) over-

the seb of admissible controls, The obJeoiuve of ﬂus paper is to obtain a necessary-
condition of the optlmahty

3.2, The Variational inequality
Leb u(+). be an optimal control and let y(+) be the eorrespondlng trajeotory-

V() =6 it [ e44y(y(s), u(s) s+ o401y, u(e)aWw (),
. J(“( ))—IHID{J(’U( ))) 'l)( )G%ad}

Then we can obtain the following variational inequaliby.

| Lemma 3.1, The cost functwn J(w(-)) ds G‘autewm—dwﬁermtwbw and the"
follorw@ng variational nequality holds

da J (u( )+0fu( ))I = Kh, (T)z(T) +Ef {7, (s))z(s)—i—l (s)v(s)]ds>0 | ;
< BRG RN |

with | : '
. la;(S) %l,(y(s), ’M(S)), ZU<S)=Z”(?/(S), u(s))',
ha(T) =ha(y(T)),
‘where v(») sat@sﬁes U(e)+v() € U, and z( ) is the solution of the following Vimear
equation

#(6)= [ oo g, (R + 0001 |
+J:e‘““s’[crm(s)z(s)+ou(s)'v.(s).__]dWA(s) | | o (8.2)

with
%(s} gp@/(s}, u(S)), go(8) = gu(:z/CS) u(s)),

| 0a(s) =0 (y(s), u(s)), 0(8) =0u(y(s) u(s)),
The proof is similar to [2]

§ 4. Lmear Stochastlc leferenmal Equatlons and Its o
Adjoint Processes

The maximum prineiple relabes tightly Wl'bh the adJOmt process and adjoinf
equation of a linear stochastio differential equation, In this seohon, we will disousr
this problem , . ‘

4.1 Abstract deﬁnﬂuon of the a,d301n13 processes

. We consider the Hilperb spaces L5(0, T; H) and L (0 T; H)™, the latter
bemg the space of sequenoes of process in Lgr( O T H)
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w(’) =<‘lf1<°>r 4’2,("); °">7 ‘/"i<°) EL?!(O’ T; E)r i=1, 2, o,
:such that - : ' :
' ) T .
E NHE JO Illlg(S) [2d8<<>°,
-where A; 6=1, 2, «:+ are the eigenvalues of the nuclear operator Q (see 2.1), This
:8pace is endowed the following scalar product ‘

@, Ty=3y1B [TC(), h(s))ads
for W(-)= (), Y+, -+, (= (2D (), ) €T30, T3 H)™

‘Sometimes we denote also
@, U= (), T©)ds.
"We can give a meaning to the sboohastio integral |
f W)W () = 3] j @m(s)d(W(s), e.,), for zv( ) ETA0, T H)“
Indeed « : |
| [in@aaw(sy, e)
is an ordinary stoohasbm integral with values in H and the sum is eonvergent in
L*Q, &, P; H) since __. ,
ko o ] 2 o (T V 2
BIZ[Tp@AW (), 6= jm || s |%s.
We can then solve ’Ghe followmg linear equatlon v " .
o(t) = J 4"‘s>[g,(s)m(s) +¢(s)]ds+f 29[ g (s)w(s) +@F(s)]ch(s), (4.1)

" where (¢(-), ¥(-))€L:(0, T; H) x L5(0, T} H)> is considered as a ‘control’.
It is easy to check that the mapping (H(-), ¥(: 2))-»x(+) is linear and .
sontinuous, According to Riesz representation theorem, we can define in a unique

Way (p(+), K(+)) €L} 0, T; H) x L (0 T; H)= such thab
B[ (6, $(0)ds+ B, (K ), v
BT, o@))+E[ GO), o(e)ds

V<¢< D), W(+)) €TE(0, T5 H) x L5, T; H)™. N )

The proocess (p(+), K( )) is called adJom‘b process, -

4.2, Approx;ma,hon
. We need to find an equation that solve unlquely the adjomt process (p(.),
K ( }). For this purpose, we use an approximabion prooedure Let {ka, ha, mv}c,‘
D(4) be an orthonorma.l basis in H. We deﬁne : . '

| Vm Spa‘n{hll fogy. + ’hm}v o
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th E (hy b)Y, VkEH

Wlth these notions, we approximate 4, g, o, ¢(-), ¥(+) by
Ap=P,AP,, In(8) = Prgo(£) P, 1n(8) = Pla(8), b (L) = Py, (T),

a,,,(t)hih=§ (0u() il h)biy VRE H, (00 (8) € L (V s L Viu)))-

P"(8) =Pugp(8), U™ (8) = P (#) = (Prths(£), Putha(t), +» “)e s
Thus We can approximate (4.1) by ' ’

@n(t) = [ I (5)ais () + 7)1

[ e o (e)an(e) + T 6 10 5.

Indeed, as m—>co, we have the following convergence result,
Lemma 4.2. Wwe hcwe, as m—»oo,
[om(+)>2(s) in LE(0, T, H)NOg(0, T, L2(.Q F, P; H)),
where x( ) és the soluiion of the Ze/necm* equatton (4.1), '
The proof is similar to that of Bensoussan™,

that _ ,
B S n[pn(s) |2 |
[ 2 0lm(s) | 2ds <o,

and define in a unique way .

p"(-)E€L(0, T; Vm), K’"( ) € L5(0, T; V,,.),

such that _
| Efjg M| K m(s) | 2oZ;s< oo,
as follows _ -‘ : _
B @@, dn6)is 30,0 [ (xnGs), wis)yas

= B(ha(T), wm<T>>+Ej L), amas, (4.3)

MCONIC ))ELﬁr(O T; H) x L5(0, T; H)=,
We have the followmg convergence resuls,
Lemma 4.2, As m—>co, we have
2"(+)=>p (s *), weakly me (O T H),
En()—>K (), weakly in L3(0, T H)f»;?
‘Pafo.of Since L -
| IR qS’"(t) ngb(t), W’”(t) P @I"(t), o o (4.4)
'from Tto’s formuls we derive. S '

| Blo"(s) <0, f Ele) 1fds_+ oé( j:E | ¢(s)f {’égs+j:E @) ms )

Now we take arbitrary () ELFO, T; V., $"(«) €ELG(0, T; V,), such
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Tt follows from Gronwall inequality that
B|am () |2<03(J | ¢(s) *ds+ j B (s)|%s ).

‘Therefore necessarily

IP (e )‘L <o.rm<00n9h
. iKm( )IL o.1:m-<Const. ‘
‘Thus there exists a subsequenos, still denoted by (p™(+), 'K™(+)), such that
(@"(+), K"(+)=>(p(+), K()) WeaklymL 0, T; H)XL 0,T; H)=.
Passing limit in (4. 3), we have

B [* G0, s+ ZE [[R®, v

= E(h(T), w<T>>+Ej (To(s)), (s))ds,

V($(), V() EL5(0, T; H) X I5(0, T H)™.
- "Thus, from Lemma, 4.1, we have -

(B(+), K<->>=<p<->,”K<-_>>.

The proof is complete, '

The following lemma extends martmga,le representa’olon theorem to infinite
- dimensional space, : '
Lemma 4.3. Let X () €L3(0, T; V) be an F t—marta»ngwla w%th EX (t) 0,
Yt. Then there exists G+(+) € Lz(0, T'; V,,.), G=1, 2, +ov, with
‘ 2

o pie [REXOY ds<§0,

such that -
X (1) =3 @)W (s), o).
_ &
Proof 'We denote ' o

- _ . v
.ﬂ"?i\/i o((W(s), &); s<t).
Sinoe '

Fi= (W), 3 5<8),
we have }_
_ T,
Let X "’(t) B(X (%) | #%). Then X*(t) is F ,-marbmgale and is square mfiegrable,
Aocordmg o martingale Tepresentation theorem™, we can write
R SCE I OL RN

with G,€ L3 (0 T V,,,) Obv1oursly '

zw j ]G‘;(s)lzds<oo
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According to [14] o
. B| X*(T) - X(T) |*>o.
Thus, as &, I->00

| A - BIX¥T) - XT)|*~0.
T4 follows that : o -
i ME JTI Gi(s) — Gi(s) | *ds—>0,
So there exist G4(-) € L% (O T V,), o= =1,.2, -+, such that
2 ME fo.[ Gi(s) - Gi(s) |2ds—0, as h=>co,
d=1 . . N
This implies ' : o

ca '}

X®H=3 fo.G,-(sM(W ®), &),
The proof is complete, |

Corollary 4.4. Lot X (+) € Li(0, T H) be an 7 ~mariingale with EX (¢)=0,.
V. Then there ewisis K (+) € L2(0, T; H)™, such that .

X ()= J K ()W (s).

We can ﬁrst derive the adJomt equatuon for (p’"( ) K™(s)), 1ntroduoed in
(4. 3) : :
Lemma 4.5, (p’"( ), K™(<)). 4s tke unbque solutwn of -the following wdjomt:
equation
~ dp™($) =A;pM(t)dt+<g*mp'"<t>+¢;K*’<t)+z,;,<t)>dt—K’”(t)dW(t), o
- P"™(T) =hy(T)., (4.6)
The proof can be found in Bensoussan[2], [9]. ' o
4. 4. Convergence and adjoint equation :
Now we will pass limit in (4 5) to derlve the ad;]omt equahon in H We can
assert Co Vo ’ _
Theorem 4.8. The adjoint process (p(.), K ( ) derived from (4 2) solves i

() = Iy (1) + [ oA 0 gp(s)

+a:K (s) —l—l ()] ds —j e‘“‘s‘”K (s)dW (s). | (4 6) |

' ‘Proof - From the éxtended representation theorem, for any given f(+)€ L2(Q"
X [O T], Zuex A([0, T3), &P x dt; R), we can write R ST

5 FO =BG | #)+[ 38 0a07(s), )

with -
Gi(+, 9 €LE(0, T; 'L(B; R)), 6=1, 2, --n,
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zx,Ej 1GGs, ) |2d3<oo -

For any given h & H we denote
CF@) =F @b, f1u(8) =B(F®)|F),
. G(s, 1) = G(s, t)h
‘We denotealso -
| z (s) “gmpm(s) +0'me(8) +Z,,,(S), ,
Z(S) 9o () -+ 0K (8) +1:(s).
From Fubini theorem, we ‘have

I,,.==Ef:' < _L g4, (s)ds, f(t)>dt :
=E:T<2 (s), J‘s eACOF () di >ds -
o RO W ORI
[ e, e+ [foc, t)dW(¢)]dt>ds

-EJ' <zm(s) j Acs- ’)[fl(t)—kj’ G (r, t)dW(r) dt>ds e [
Smee NOIC ) weakly in L0, 1, H ), we have - -
1,8 <l(s)ds j oAo[ fu)+ j G, 8 AW () dt>ds

5| <L9A*ss-at>z (s)ds; f(t)>dt. |

JO

- We have also o . |
o B [T, =B [ ), i
1 <o), f1@)>dh

-B[iem, @ B
af! (oI, f(t»dt—»Ej (ot <f-*>h<T> §LON
It follows that e SRR Lo
Qn=8 @@ - s won (D) - [Tl (s, SO
B <p(t) A T-D], (") ~ j o455 (5)ds, f(t)>dt . (4.7)7
On the other hand, since (p™, K™) solves (4.5), we have P

| .Qm=_Eo<j us—»ms)avv(s) f1<t>+f G(s, t)dW(s))dt o

| =-af [ <eAf§s-*éK'"(s>, GG o)yt
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> f : j :'<eA.*<s—t>K(s), (s, £)>dsit

| =~ ([ rR@awe, o). sy
This with (4.7) implies = "

Ef: <p (8) ~e* ™= (T) - f Te“““-?)zrs)ds +IT HEDK($)aW(s) ; f (t)>dt=‘o,-

V() eL2(@x[0. 1], ﬁ'z-xgé’([o T1), dPxdt R),

"Thus (p(-), K(-)) solves (4.6). The proof is eomplete,

4.8. Uniqueness
The following theorem gwes & uniqueness result for the adjoint equation
(4.6). -

Theorem 4.7, There 6s @ unique pair "

| ((+), KE(:)) €L3(0, T; H) x L3 (0, T; H)=

that solves the adjoint equation (4.6). '

Proof Leb (p'(+), K’ (+)) be another solution, We denote

(5(*), B(:)) = (0(+) —p'(+), K() -K'(+)).
‘Then (5(+), K(+)) solves

60 =[O0 roik @ln- RO, (ws)
‘Thus ' ' _ ’
76) = [ 0BG 56) + 1R (5) |7 as.
‘Using once again the martingale representation theorem A .
Blgi®) +oR ()| F I =gs@®+o1R ) - [ Ku(r, 9aW (1) (4.10)

‘with' '
K1(e, 9 €0, s; Z(B, H)).

It follows that S | _
Jje‘"("”.? (r) W (r) = J:'J: eI 1(r, 8)dsaW (r).

‘Thus C :
| IR (1) =LT3“°‘3“”K 1(r, s)ds.
Particularly, when b=r | | _

| R(r)= feA'<s~r>K1<q~-, sds. IR
On the other hand, let - | '
D =@ +g, (t)m(t), @‘(t) W(t)+aw(t)w(t),

where 2(%) solves (4.1), or |

of) = f A‘**’>¢(s)ds+ f ed(*-»@(s)dW(s)
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We have
B <), $(8)>di-+ B j <12f<t>, W(8) it

-8 [5®), $@ - g @a()>i-+ B[ <R ®, T6) - 0u(2)a(0)>ds
=8 [0, $da+a[ <k, ¥@da

-8 [{0:05® + OB, [ e40-24®) s+ [ 4o ) 1)
=B [ (0 - [[e"(gp@)+o1K @)ds, §(0) )it + 8 [ <R(), D)yt |

-8, (ym<s>p<s>+am<s>k<s>, [} ot yaw () s,

From.(4.9), the first integral on the l‘lgh'b hand is equal to zero, Subshtute»
(4.10) in the third integral of the rlght band with =0,

B[ <o), SO+ [z, O

iy <K(t), @(t»ozt-Ej [ (oK (r, 8), B(r)ddrds

rT

-y <K(rr) J oADK (1, 5), W (r)>ds dr.
From (4. 11), we derive finally :
B[ <), ¢<t)>df+Ef <R, T@)t-0,

V(p(), #(-))€L(0, T; H)x L (O, ’I’H)°°
Thus (ic( )y K( *))=0, 8.0, a.8.. The proof is complete,

$5. Maximum 'Principle

. Now we oan assert the so called stochasbio maximum principle for the optimal
control problem described in 3.1. | :
Theorem 5.1. Let u(+) be the optémal control and let y(+) be the ebh‘feépondéna'
-~ tragectory. Then, there exists & unique pair (p(e ), K ( )) fm L3(0, T; H)>, that
solves the follwfmg adjoint equation .

n(t) =4Ok (D) + [ 00} u()p(
+03(y(), u(e)) K (5) +le (y(S), u(S))]ds | ‘
= j TOIK QAW (), (5.1
4 éuch that the fouorwmg mwwmum prmc@ple leds | R

=Ed R, O b - f(j' Ko (r, s)dW(fr) _[ eA<3~'>@?(r)dW<r)>ds |
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(Y (£, u()) +go(y(8), w(3))p(?) |
+4§1 Mo, (y (8), u@))K(t)r v- u(6)»=0, . . (8.2)
Vo €Uy, a.e., a. s..
Proof From the variational mequahty (3 1), we have

By @)D+ [, D@ ®, 56))26) +h@(®, u(s))w(s)]ds>o (5.3)

Vo(+) such that u( PR LIC )E%,d,

where z(+) solves (3.2). But from (4,2),

Eh¢<y<T>>z<T>+Ej L(y(s), u(E))e()ds

-8 00, 9uy®), u(e)o e+ B[, 0, (5))) s,

‘where, aoeordmg to Theorems 4.6 and 4. 7, (p(- ) K (+)) solves uniquely (B. 1)
The above relation with (5.8) implies

B [ (1), () +0: o), u<s>>p<s>

D RECORTON 08 o ~u(e))>0,
Vo(e )EOZJM, V

And then (5.2) follo‘ws.
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