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THE EXTENDED CARLESON MEASURE AND THE
DERIVATIVES OF L? FUNCTIONS*

Yao Brvon (i)

Abstract

A characteristic of the extended Carleson measure expressed by the derivatives of
L? funections in R**! is obtained.

One of the important discovery in _Oarleson’s oonsideration of the
_interpolation problems in H? spaces is the Carleson measure ™, It is well-known
that the characteristio of Oarleson moasure can be represented by some inequalities
‘of the integrals of I? or H” functions 1281, [4] gave the inequaliies for the
extended Carleson measure, [5] (Theorem 8.1) gave a necessary and suﬂiclent
condition of the extended Oarleson measure by the derivatbives of H » funobions in
the unit disk. We obtain an analogue in R}, Our method is appropnate to the
cage in [B] and may be more natural than that of [B]. |

If Q is a cube of side length % in R", we call 8,=@X (0, h] a Oarleson domain
~in the upper half space R, If u is a positive measure in Ryt and, there are

two posﬂswe numbers O and o such that o

| w(8,) <Ok |
for every S;,€ R, then w is called an exbended Carleson measure (or a-Carleson

meagure),
Theorem 1. Letpbea posztfbfve measure on R, Then
' w(Sy) <OR™7 - - @
for every 8, if and only &f - ‘ ’
o (25 45 G Y et @
for any fE L, where w s the Powssqrn integrab of ' f, T s @ mon—negative integer and

p=>2.
~ (Here and afterwa,rds 0 deno’oes oonstants whlch are dlfferent for ourrent
0ases)

Proof For r= O the result of Theorem 1 is olassucal 80 we assume =1, -
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Necessity. Firstly we prove it for the case r=1.

Divide R"*! into a union of cubes By = U@}, where if (o, y) € Qi 2"<y<2"+’
(k=0, +1, £2, ...), and Q4 (=0, 1, 2, +-+) is a partition of-the shrip 2Py 2+
into cubes of side length 2%, the -coordinates of their fop points being dyadio
pumbers, Then we have |

|5 <3S su -—1\ ¥ 3
Jooo |2 =g | ] g s [ w) @
and
ou i
fope | 25"t =3, |2 " <2:‘;}1¢, e @
('b=-=1 2, n).

Lot Q3(j=0, 1, ---) denote the partition of ’ohe strip 0<y<2***(%k=0, il -+) info
oubes of side length 2%+, the coordinates of their top points being dyadio numbers,
We have ' ' -
| M(Q’“)<M(Q <O (2 ®)
for Q* Q7. ' '
In order to eshtimate sup ‘ e 2 |* e use the fach that %Z-— and
gy_ are harmonio funo’omns For any (=, y) € Q,, by B (m y) we denote the ball

Ty

with centre (@, y) ard radius 21 and by 2Q% we denobe the cube with the same
gentre of Q} and side length two times to thab of Q%. Then By (o, y)CZQ, and
2@t R»+*, Therefore the mean value ‘theorem gives

_3_1._6_ , , ’____________ I | ’ 7
\ay @ 9| <TG T e o sty
o o] ou 2ty ~
< Z(k__l)(”.j.l) J‘SQ} ayl (w ) dw d@/ s (6)

Substituting (5) and (6) into (3) we obtain

l ou 2(k+1)(n+p)
JR?..”" l a <02 (k 1)(ntd) 20’}

b4
p—l v
<O§J a0 ay ‘ dady

au 4 .I vD ’ '4
v (@, y)l da'dy

. loul? .
<Oy |G R
‘Similarly, i
| ou |7, PR LI s RY
[ |25 om<0jm,,y“ Tl daiy. G-, m. @
~ Leb ' '

ol dy}%

3u
3y

- {L,.
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Then : ' : S
| Gi(2) <O(MSf)(w) (see [, p. 79])
(M is the Hardy-Littlewood maximal function).
So we have L
 1Ga(w) lo<4,lfls
and A '
» 16.(2) |, <0 (M) (@) |5<Bs| {l5»
Therefore - , _
Go(2) <G/ (2) G/ (a)
for p>2. With Hélder’s inequality we obtain B .
1Gy(@) <[ Ga(2) |3/*|Ga() ||,,‘2/ i (9
Substituting (9) into (7), we obtain

e | 22| |, dwj yt a“l dy<0llfllp- (10
Similarly, from (8) we have:
[ | 22wty =1, 3, . 1)

Therefore (2) holds for r=1.
For r>>1 the proof is in the same way as above Instead of G,(w) and G (m) we

use ‘ A
: _[(],r 0w |*dy }lln‘
Gy, r () {J.O. Y P y S
and ’
\ _ r OU
Gw’r(_w) y>0 3y'
respeotively. Then we have '
G2, r(2) llp<A' 1115 (See [6, p. 86) (12)
and- ' _
| “Goon'(‘v> ||p<0||(Mf)(w)||p<BLllfllp (See 6, ». 80]) - (13)
Moreover, in the expressions of Ga,r(@) and G..,r(¢) we use o instead of —— du The

oy 33/’
inequalities corresponding to (12) and (13) hold. Therefore (2) holds.
Sufficiency, We choose a harmonio funotion

—_— Yo
u(w, y)= [To— %12_‘_(;_*_%)2] FL/3 2
where (a;o, yo) € Bu*t ig fixed. The boundary value f of u satisfies

—n ‘ do . .
Iflo=evo @=3/9 8 J (1+]ml2)(5+1"’/2 .

If ¢=1, we oonmder an -box ¢ in R" so thab* _
g = {@o,1+h<w1<wo,1+2h, o, 1 < B <@o,s+hy, (B=2, o5 n)}y -
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where (@o,1, ®o,2, ***, Toyn) =%0. Lot Sy=¢ % (0, A] and ohoose y=h. Write
w(@, y) =h[ (21~ w0,1)2+0] 70002
where
’U=2(€Ui - wo.s)2+ (y-l—h)"’
For (o, y) € S,. we have the followmg estimates
o< (n — 1)h?+(2h)2 (n+3)h9
(@1~ @012 +o<(n+TA

and :
|lu(a, y) |=0/m" C (14)
Denote (n+1)/2=8. Then . - |

ou
g = — 2Bu(wy ~ wo.1)[(¢’1*wo,1) 'l-’l)]—1
1

So we have _
ou

28 Ou
= T . (15)
With the assumption (2) for r=1, the above » and f satisfy

L o oot

On the othar. hand, (14) and (16) imply -

) ou |? /9 Ou 1/p 1/9
U 8 | 0wy e } >U sl A O.ZM } >{ ATz w(Sh) }
Therefore ' T | :
w(Ss) <0h""'”.

If r=2, we have

Z%=—2ﬁu[<w1 mo,1>2+fa] 2[- <2B+1)(w1 @0,1)* 0]

Oonsider the A-box :

g= {wo,1+kh<w1<mo,1+(k+1)h wo,,<a;’<wo,c+h('b 2, -, m)},
- where % is an integer such that .
- B(28+1) - (n+3)=7>0.

- Then g rémaigs_posibive or negative in 8;,=¢ X (0, 2] and so

o
Pu | - 2Byuh® _ Ou
‘0wt [(n+7)h]2 B
Consequently it follows from (2) that

1 (Sh) <O,

In the general oase, if r= 2m+1 we ha,ve

—g—w— =Oamsats [ (01— wo.1)2+ ’U] (2'"“)1_[ [RY) ("h won) 248 0] (w; - won);;,

if r=2m, we have
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gur =Ogmu[ (21— we,1)2+'v] 2”’II[R(”(w1—-mo,1)2 +8§],

where R{™'s and 8{”’'s are constants depending on n, p and 7. If we choose an
integer % sufficiently large such that
. I-Rgr)lkz— Isgr)l(n+3)_>0 <j=1: 2, *y 'm’)y

then we have

Oy
‘/ 5
in the Carleson domain S;=¢ X (0, h], .Where

qg= {wo.1+lﬂk<w1<wo,1+(k+1)h, wo,;<w;<wo,4+h ('b 2 oo ')’b)}

This inequality combined with inequality (2) implies (1), '
The proof is completed.

~ As remarked in [B] the restriotion p>>2 in Theorem 1 can not be canceled.

Theorem 2. Let u be o positive measure on Ry, Lhen

u(S,)<OnwIT | (16)

o'u

for every 8, if and only if B
UR (1 2; )dn }1/q<011f I , @an

for every f& L?, where 2<p<g<oo, is @ mon-negative integer and u oS the

I

+2

$=1

Poisson fimtegml of f. _
Proof Wo observe that Theorem A of [5] is valid for harmonic functions. So

(16) implies that .
6'316' lq i/a
dw } <0 {JR,:“

p

o'u

| 1/9 -
L yr-sdady) ™, (18)

{22

Oombining (18) with the inequality

ou |?
R 2‘?1

oy’
' J’ o'u
' Rptt ' a T
Henoe (17) holds. ' _
~ The proof of the converse is similar to that of Theorem 1,

o e
ye-tdaty}” <0\ 1l

we obtain -

5.

“du pr<ois
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