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A REMARK ON THE UNIQUENESS OF THE
HARMONIC MAPS™ |

Biax Baosuon GL4EE)*®

Abstract

This paper studies the uniqueness of the harmonic maps from R* into S""i. At firstit is
proved that the map Y(x) —T—-l B"——»S""‘1 is the unique energy minimizing ‘harmonic map.

Then the uniqueness of the harmonic maps with identity boundary value from Brto S+t
. follows.

~ In this paper we consider the uniqueness of the harmd nie maps from R* to S~
We prove that = ]—— : R"—>R"! is the unique harmonic map with 1dent1ty boundary

~value for all n>>3. :

It is not hard to see thab {(w) is a harmonic map from Rr into 8™, i. e, ¢
sahsﬁes the equation Afp+| V=0, W, Jager and H.!Kaul have shown thab i
is an energy minimizing harmoniec map if n=>7 . H. Brezis, J. M. Coron and E.
Lieb have proved bhab i: R*->8? is the unique minimizing harmonioc map.®%,
Reoently, Fapn-Hua Lin has proved th at x[: is an energy minimizing harmonic map
for all n=>3 ™. The quesbions we shall disouss are whether i is the unique energy
‘minimizing harmonioc map or not and whether ¢ is the unique harmonic map or
mnot for all n=>3.

Leb B be the unit ba.ll in R, and consider the olass

' O={ucH* (B, 8% |u(m) =g on 8B}
Then we set

| E—?EﬂBIVulzdw.‘
A% first, we prove the following ' '
-/fheorem 1. The map () bs the unique minimizer of B for all n=>3. _
The technique we use in the proof of the above theorem iy s0 called “adding 3.
:pull Lagrangian”, This is from Lin's pa,perEM and has been used a,lready in [1] in
proving that ¢ is a minimizer for E for n=>3.

Lemma 1 Let u: R"—>S"“1(n>4) be @ O1 map i m a nef&ghbo"hood of moeR" whwk
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saitis fies .
- P(V) (@0) = | V| (o) -+ ni

Then we have

5 [br(Vr)? — (87 4)7] (a0) =0 @

aui/awi (fvo) =a taii —U <‘Q"O)ui-<u0)]vy ’l.’) .7= 1) 27 *tty My | (2)

div (ivo) .

1
where a= ——

Proof Letb us choose a rotation R=(r;;) in B" which satisfies
B (e.) =u(wo),
Where é, is rn,—-th unib coordinate veotor. ‘Then, denote by Yo the pomt Rta;o and define,
" v(2) = R*u+R(z) for wC R, ‘
It ig easy to verify that. . |
2(yo) =R‘6u(wo) =, RN ¢

Vo(o) =R'Vu(Ro)R for all € R", (@)
P(V)(2) = P(Vu) (Ra) for all s € B®, | SR (5),

In particular we have P(Vv) (yo) = 0

Setﬁng @ij= (yo) and applymg the relation (3), we obtain @ay=0 for j=1,

2, ., 8o We ha,ve

@v o)y =(Fau ) = <+;-'15 Sa- LS w-ar, @
(V)2 (00) = S Sa- 2a5,+—2<wu+aﬁ> ;@
Vel “"'s.:;' = §a“+2a,, @

" Hence we get
P @) =SSy L 2@,,1 553 @uradt B @-an?]. @),

Consequently one hag
Gy=0 6], Gy =+++=tp_11.
By a simple computation we obtain from formula (4)
ous/0wy(wo) = (35— Tialin)y

d1v v(yo) = —-1-—- dlvu(a;o) Recallmg the ch01ee of rota,tmn R

where g=qy, =
. we have
‘ o =i (wo), 5=1, 2
The required equa.hty (2) then follows,
~Lemma 2 Let u: R*-8? bo ¢ OF map.in o m@ghborkaod 0 f € R"’ 'wh'wh satzsﬁes
P(Vu) (a:o) = [Vu]z(wo) + [tr (Vu)2 (dlvu)] (a:o) -0.
Then there ewist wnit vectors. r1, 72 60 B and a real number b such tkat (rrh rz) =0, (4,,
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u(@o)) = Oforr k=1, 2 and : _
2u,/ dwi(wo) = aldy — ug(w0) s (@0) ] +b(7’ urie = ﬁz’l‘n)y

8 4=1,2, 3, 'whersw=-l- dlvu(wo)

Proof Follow the same argument ag in the proof of Lemma 1.
Proof of the Theorem 1. Let u be a minimizer for H, We claim that u equals ¢r.
From the Schoen—Uhlenbeock result™, we know that the singular set of map w is
o closed set with Hausdorff dimension at most n—3. In partioular, u is O' map in
gome neighborhood of » € B for a. e. a;e B,
From Lin’s paper™ we see that _
P(V1) >0, E(u)=E=infj |Vu|*dn— 2 n-1

3 meas(S""%),

J [(div u)2 tr(Vu)zjdw (n 1)meas(;$’“ 1)
So we have by the definition of P(Vu) '
=1 -
o 2'meas(;S’” 1)=J | Vi | 2w

J (Vu)dw—{- J[(dlvu)2 tr(Vu)z]da;

J P(Vu)dm+ ; meas(S” 1.
Hence P(Vu) (m) -—0 for a. 0. o€ B. Then form Lemma, 1 and Lemma 2 we ob’sam for
all n=3
o 3u¢/3w;(w) a(zv) (8,; — itl;) +b(w)8sn(mm fr.zfrn)
Bya simple eomputatlon we find that

= n—l |Vu|? (n=>4), & +b2—-—|Vu|2 (n 3)

So we have

1_ — - meas(8*) for all n>>3.

"' 2(m)dw<
Next set (o) = (P(w), u(w)) We want to prove that f=1 for a. e. sCB. By
& simple computation we geot .
3f/3w¢(w) w[tln - f@ud + i~ f (W)tl!c] Tal w|

| +63nb(w)[(n, Wrig— (ry P)ral 8. e w€B, alld. (10)
Acoordmg to Fubini theorem we conclude that there exists a set FCS"™*, meas
(S**\F) =0, such that for any o€ F the fo:rmula(lO) holds at the poinb to for a. e
4€ [0, 1] and ' RS O

' ' N (o) = j r"“‘az(rrcr)dr<oo
Now fix O'E‘F and let g(3) denote the funotlon 1- f(ta) 'We obtain by formula _
(10) and boundary condltlon :
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7)) =~ -%{_aa)ms ~a(to) [1+f(t0) 1g(5) a. e. tE [0, 1], (11)

gD =0, - 12y

For any given d € (0, 1] we get
_ M=J:w2(¢a')dr<d1“"N(0')<00.
Consequently we obtain by Holder inequality
98) =} a(so) [1-+7(s0)1g(5)ds

_ <2~/M U: lg(s) lzds] Y or all ¢€[d, 1],
Hence g€O[d, 1] and |
196 |?<4Mf : |9(s) |2ds, for all $€ [4, 17.

Using the Bellman inequality we immedia’nly get
 g(&)=0for all t€ [d, 1].

So, g(¢) =0 for all ¢€ (0, 1]. Recalling the choice of the set P, it follows that Fla)y
=1 for a. e, 2 € B. ‘

This comnletes the proof of Theorem 1,

Now we prove the following _ : :
- Theorem 2. The map 1//(:0) 48 the un'bque hwrmomc map with zdentwty boundary
value from R® into §»2 fm‘ wll n=>3. |

Proof Let u €H *(B"*)be a harmonic map from R to ;S’"‘l Then we have 1dent1ty'

div((zDu;) Du;) - —-meD([Du;lz) =.— (@ Du)us| Vs |+ | D, |,

‘ b=1,2, oy m, . - (13)

Summing over ¢ we then obtain _ B -
3 iv((@-Du) D) - 5o+ D(|Vul ) = [Vul?, (14)

By above identity and divergence théorem one has S

n_ o= L |vurdo -5 (oeDu)ic. . (18
(§-1)f, Ivtas= 3, 1valrae -2, @ Duyu.

If we denote the tangential gradient of » on 87 by Vu, then it is obtained tha
_JB IVM}Zda)—-—- J' IVz-ulzda— n—2.~[ﬂn~x‘-lvr'z_alz.‘._zq’ o .(:16)4

where . , ]V,ul"’ | Vu|® - | Veu |20,
Since u(s) =2 on 87, we have -

an-x IVT’Mlzdo‘ (’l’b 1) lSn—il

So o J]Vul"’dm<E
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It follows that  is & minimizer of B and w=d by Theorem 1,
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