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A DIOPHANTINE INEQAULITY (Ih**

SHAN ZUN (& }jﬁ) * EDWARD T, H. Wang**

‘Abstract

This paper proves the existenee of infinitely many integer solutions to & Diophantine
inequality.

§ 1. Introduction

The objeot of this paper is to prove the following
Theorem. Lot A1, As, As, Ae, As be non—zero real numbers not'all ¢n rationdl raties
and not all of the same ségn. Then,given real number v, the inequality ‘
| vaf + A2 +Aa] +Aa®d + Asa? +n| <( lrgiag [ )-1'/2+s‘ 1)
has infinitely many_sotuiq}ons bn pesitive dntegers @y, T, Ts, T4, w5 for any 8>0.
This is an improvement of the result in [6}], where the exponent of thﬁe righb
gide of inequality (1) is —1/8-+s.

§ 2. The Estimation of I, I, I

Without loss of generality, we may assume that A,/A, is negative and
irrational. Suppose that ¢ is the denominator of a convergent fraction of A;/As.
- Lot ' : -
N=gq, Y =N 0<0v<1/3, 0<5<5/b
and write

fla)= S eaat),

Ji(e) =f (M), §=1, 2, 8, 4, b,
Similar to [6], we can show that R(N), the number of the s,blutiohs of
inequality :
| A1%3 + A g3 +Ag2] +Ag@l Aot + 1| <V 2
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in integers satisfying
' max | a; | <N,

1 <6<5
- satisfies

R(N )»Y"i_[jme(na.) (ﬁf}(“)) (—I(;—)da== Yr
= Y_1(11+Iz+13+14),

where I1, I3, Is, I, are the integrals over the. 1nfervals

Ei—{la! SN7#Y,

By={N-*"< |a<1]},
Hy={1<|a| <Y N?},
| - By={|a|>Y N,

respedtively. '

It is almost the same of [6] (we take v= [_2%8—] +1 now) that
Li=o(N%), e
I,=o(N®) ®
and ' .
' CI»Ns. | 4

§ 3. The Estimation of
Let M={a: | f,(a)|>N1/2"”"‘ j=1, 2} Hs. Then

[ o) L) K (8 Jaactrvrn 5™ | fltde
- g N2t Nz,Y Nog Nyztyzteta—s_ o N3) ‘
In order to estimate the integral I;, we need a lemma below. _
Lemma. Lot Y >1, A=N¥2* B> N¥2* gnd the total length of the sat
E={0 |<a<<Y, A<|f1(a)| K24, B<|f:(a) | <2B}
be m(&). Then there is a positive constant O sheh that
-m(E)<¥Y N 2’_*".(AB) 271, if AB>20¢*N
m(&) KY N ( AB) YV AN2H(AR) 2 if AB<20¢%?N.
_ Proof ThlS is essentially the Lemma 1 of [3], only N and 7 being replaced by N?
and g¢.
- Now, we subdivide M into several sets
E=M(4, B)={a: A<|f1(a)| <24, B< |f2(@) | <2B} ﬂEs.
Obvmusly the number of M (4, B) is € (log N )2 <IN¥2,
If AB>20¢**N, then
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<« (AB (m<g) )1/4) ((m(&)VEN)NYV2N2 & AB(m (&) )/2N2H/2y 42
<AB(¥ NeN2ts (A B) ~2g-1)Y/2 N 2H/2 /2 Y N 8+88/2-1/2 3-8

If AB<20g"*N, then

J- M4, B) 7]00 (Hf i (0‘)) ( )do&

o100 ) (7 ot (7 ot ([ )

<K (4AB(m(&))V4) (Y N2 N?)*/+

< AB(Y NeN*+(4A B) =44 Y4 Na/4q3/4 N1/2+4s (A B) -2) 1/4y78/4 \T8/2+38/4
<Y No/2¥58/4 4 (4 B) 1/2y71/16+8/4 g3/16 N18/8+50/4

< N3~ +Y1§_/16q7/_16 Nl;’/.8+5"/4 N

& N3-8 1. N95/32+55/4-136/16 o T3~8_

Hence

Fi'om (2), ), (4), (B) we have

Ia=c;(N3). - (B)

R(N)>YIN3,

The theorem follows immediately.
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