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ON INTERIOR G-ALGEBRAS

Huane GUoQIANG (& [E 7%) *

Abstract

In this paper, the main objects are interior G-algebras. We shall give seme properties and
relations between defect groups and vertices of interior G—-algsbras without the usual assumption
that the ‘residua,l field F is sufficiently lazge. Besides, we observe the behaviors of the defect groups
under restrietions and inductions of interior algebras, and then obtam & theorem hke extended

@reen Correspondenae.
§ 0. Int‘roducti'on

Let G be a finite group, p a prime number, -and 8 a p*&dm complete discrete
valuation ring with a maximal ideal (a) and residual field F =6/ (w) of characte—
ristio p. A1l A~modules for a §-algebra A are finitely ‘generated and free as §-
modules, . ' - | |

In the paper, the main -objeoté are interior G-algebrss and their defeot groups.
In [4], J. A. Green defined the concept of G-algebras and their defect groups and
gob some properties of the defect groups. M. Broué and L. Puig defined the interior
G~algebras which are a kind of special G—algeb'ras (see [2], [8] and [9]). Then T.
Tkeda disoussed epimorphio. local interior G—algebras and obtained some properties
of their vertices as G X @-modules (see [5] and [6].)

In our section 1, we show that the assumption that IF is sufficiently large is
nob necessary for Ikeda’s main result, In fact, we extend the Ikeda's key lemma to
:a general ring-theoretic case. In section 2, we continue the disoussion of relations
between defect groups and vertices of interior G-algebras, and give a sufficent
oondition:of another extreme case in Ikeda's theorem, In the last 'se,ction, seotion
8, we study behaviors of the defect groups under restriotions and inductions of
interior algebras, and obtain a theorem like Extended Green Oorrespondence, which

' 48, as we.show, a proper extension of the original Green Correspondence.
- Throughout this paper, all the notations and. results without explanations
follow [7] or [8]..For example, if H, K are two subgroups of @, by H<¢K we
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mean that H is G-conjugate to a subgroup of K, and for two G~modules M, N, by
 N|M we mean that N is isomorphio to a direct summand of M.

I wish to express my thanks to Prof, Xiong. Q. Y and my teacher Fan, Y for
their instructions and great helps.

§ 1. The Ext_ensioh of Ikeda’ s Theorem

Before we sta,r't,' let us have some definitions and notations as follows. Am
interior G-algebra (4, p) is a f-algebra A with a G-algebra homomorphism from
#[@] o A. Sometimes we also simply say 4 is an interior G-algebra instead of
(4, p). For a€ A, g€ G, we write a. g and g. a instead of a. p (¢9) and p(g). s,
When p is epimorphio, we call (4, p) an epimorphio interior G-algebra, For any
(9, h) EG@XG and o€ A, defining (g, k).a -—g a-h~%, we can make A4 an GxXG-
module, If H<G, we erte

4 ={(h, b)|hE H} and
AH:={w€A|hwh"1=w for any h€EH}.,
An interior G--algebra (4, p) is called local one if A% is local. An interior G--algebra.
A can become a G-algebra with the action defined by ¢’: =g ag for any a€ 4 and
¢€ @, and therefore has defect groups when A is local (gee [4]) whioh are called the-
defeot groups of the interior G‘-—algebra, (4, p), and denoted by D(4) for one of’
them usually. If (4, p) is eplmorphm local, then as a G XG-module A is indeco—
mposable (see [B]) and hag vertices. Denote by Viwsxed one of the vertices of A. If"
B is a block of §[@] and p(B) 0, then wo say the local interior G-algebra belongs.
10 B. If V is a §[G]-module, P is a p-subgroup of @, we denote by V (P) the-
G-module V¥/ QgP V24 (w)V? where Q runs over the family of proper subgroups of’

P and VP consists of the fixed points of ¥ under the action of -P,

In [B], T. Tkeds disoussed the vertices of an interior G'-algebra in the cagse of
F being a splitting field for G. as follows. o '

Theorem 1. 1. Let (4, p) be an epimorphic local interior G-algebra with
defect gfroup D belonging to @ block B of 01G]. Then we have '

: : Digye <Viw GxGAGxG<D xD
and D axa=V tvaxaA if and only of the restriction p|z:B—A és an @somorphwsm of 60—
algebra; in the case, D is a defect group of the block B.
 The proof of this theorem depends mainly on the following»essential lemma, (see-

[5])

Lemma 1. 2. "Let (4, 12 be an epimorphic lo cal ingerior G-algebra belonging-
fo a block B. I f A s a pa‘o_']eot'we 0 [G]-module under left multzpl@oatwn through p,.
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then p induces amn 4somor phism between. B and A.

Now, we extend the lemma to a general ring-theoretio case, and prove ik
simply and straightly.

Lemma 1. 3. Let R be g ring with unit 1 such that:

i) There is & primitive Gdempotent decomposition of 1g tn R: 13—2 f;, where e

is @ primitive tdempotent of R, 1<4<<s. ' ~
i) Rfi and Rf; are linked for any 1<i, j<s (seo [7] for the definition),

Let A be another rmg with unit 14, p: R—>A an epiorphism of rmg with

p(1z)=14. Then p is isomorphie if and only if the left R——module 24 induced by e
is projective,

Proof Let A be plO]e()'ﬁlVG If o(f) #0 for some $E {1 ------ , S}, then the‘:

epimorphism

plas: Bfi—>Ap( ﬁ) |
splits as Ap( f;) is a projective R-module. Hence p|gy, is an isomorphism as f; is a
primitive idempotent. For any j& {1, -+ , 8} if f;Rf;#0, then there exists &
| (Rf;, AP(f))* and ¢ %0 for o€ (Bf;; AP(F)))*x=(RBf;, Bf:) ~*f;Rf:#0. It follows.

that p( f;) %0. Hence f;- AP(£))#0 as ¢(f;) =fw(f) € HAP(f). Thus we have

p( f;) #0. Therefore p|rs: Bf—>Ap(fy) is isomorphio for any j& {1, ++- , 8} by ii).
And - . S B

p: R= (—D Rf,-—-> G—) Ap(f,) =4 is an ismorphism,

Gorollary 1.4, Let A be a ring w@th unit 14, o d p: ¥ [G] —->A an epmorphzsm
of Ting with p(1) = 14 If the center Z(A) of A 4s;0ocal and B 4s a block of 6[G] such
that p(B) %0, then p induce an fosomorph%sm between B and A if and oamly wf ed 35 @
projeckive 0 [G] -fmpdule :

Proof It is easy to see that p(B) = A Then the corollary ig olear by Lemma.
1.3.

Obviously, Corollary 1.4 implies Lemma 1.2 without any assumpiion on F.
‘Therefore, as in [B], Theorem 1.1 holds in general case.

§ 2. Relations Between Defect Groups and Vertices

Definition 2. 1. Let (4, p), (A’ 0) be two @nt@r%or G-algecras, ¢: A—>4A' &

-algebra homomorphism. If p(p(g). @) =0 (9)9(a) and. p(a. p(9)) = (a) ¢ (g) for
any a€ A and g€ @, then @ is called @ homonwrrpzhsm of mierior Gr’—algebms ffrom A

%0 A,
CIf @: (A p)—-—)(A’ p) isan interior G—algebra. homomorplusm with qo(i =1y,

" then p’=gop; conversely, if (4, p) is an interior G-algebra, 4’ an -algebra, and
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@: A—>A" an Béaigebra hOmomorphism, then (4/, p’), where p’=gop, is an interior
@-algebra, and @ an interior G-algebra homomorphism from A to A'.

Proposition 2. 2. Let (4, p), (A’ p") be two local interior G-alodbras, p: A—>
A’ an interior G—algebra’ homomorphism with @(1s)=14. Then D(A’)G<D(A)
Furthermore, of (4, p) and (A, o) are epimorphic, and ViwexeAaxe ="V tvaxad',
then D((A)e=D(4").

- Proof Let € A2 sueh that 14=Tr$)(a). Then 144——«])(14) TS (p(a)).
Hence D(4' )¢<<D(4).

Fuarthermors, if 4, A' are eplmorphlo and VtwaxaAoxa=V tvaxcA’, then

D(A")bie<D(A)due<V twoxcAoxa=V tvaxed ae<D(4") x D (A’)

by Theorem 1.1, Henee D(A)e<D(4).

Gorollary 2 8. ILet (A, p) be a local interior G-algebra belangmg to @ block B
of [G1. Then D(A)G<D(B) Furthermore, if o 45 epimorphic, then D(A)e= D(B)
&f and only 4f D(B)%axa<VivaxaA. .

Proof Olear by Propoistion 2.2 and Theorem 1. 1

Remark Jorollory 2.3 shows that VivexaBexe<V twaxed 1mphes D(B)a=

D(4). If another incluison holds, namely Vtmax@BGxG>VtmeGA then A=>~B bY ‘

Theorem 1.1, In fact,

D(A)%ave<VivgxcAaxe<V twaxa=D (B) 4G4 and

. Vfa?axaAGxG<D(A) x D(4) imply that
D(4) AGxG<VthxGAGxe< @4N N (D(A)Ex D(4)) for some o, yE G Thus VivgxaAaxe
=D(A)* and A~ B by Theorem 1.1, ' :

When we consider local interior G-algebra (4, py), where A: =Ende(V), V is

an 1ndeoomposable §[G]-module with a vertex D bslonging to a block B of 9{Gq],
and py is the representation of #[G] induced by ¥, we can get a familiar result in
representation theory by Proposition 2.2.
Corollary 2. 4. Lst V be an zndecomposwble 6 [G]-module belonging to B. Then
V és D(B)—projective. : |
' In seotion 1, for an eplmorphlo looal interior G—a,lgebra 4, an extreme case of
D(A)%xa=V twexeA Was discussed. Now we shall disouss another extreme case of
Vivexadaxe=D(A) x D(4).
Theorem 2.5. Let (A, p) be an epimorphic local interior G—algebm with D as
a defecs group. Let ¢A be the. loft G—module under loft multiplécation through p, then
- g4 is D-projective. Moreover, if there extsts an mdecomposable summand of A with
D as & vertew, then VizgeaAdaxe=DXD. :
‘ Proof SetS: =V itwgeqA. Then Sgxe<Dx D, As the G X G~modnle 4 is Dx D~
projective, 4 et (4 ipxn! ™) rase. ‘Hence A g i8 D x I-projective by Mackey Des
. .composition Theorem, Furthermore, if there éxists an indecomposable summand of
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oA with D as a vertex, then as 4 g, i8 D x I-projective and 4, -D,(L“’-’“l (4,19 p)
16x1 n BE § \ @RS/ EXDNDXD (BRYAY | sonipxn’' @ by Mackey Theorem, there exists
BE G X @G such that DX lg,<S8N (D x1)<<8%. By Theorem 1.1, < Dgye<Sa+a<D X
D. Henco there exist € G X G such that 8y =8*<DxXD and o = (g1, ¢2) EGXGF
such that D<S¢<D"xD? which implies g1, ga€ Ne(D) and DA<8Y<D % D.
Thus there is ¢ € G such that D4<S°“<D x D, ’I‘hus there is g E G such that 8> (D X
1)D4=D x D, that is, Sgxe=>D x.D.

Ezample 1 Let F be a splitting field for ¢, V a , simple F[G] -module with &
vertex D, py: F[G]—>Endr(V) the representation of ¥ [G] introduced by V. Then
py is epimorphic by Burnside Theorem, and (Endx(V), py) i§ an epimorphic local
interior G-algebra. Now by Theorem 2.8 Vizgxe (Ends(V)) exe=Dx D.

We may also consider the case of (Ende(V), py) for any indecomposable §[Gf]-
“module V. Let us have a lemma first. :

Lemma 2 6. Let (4, p) bean smterior G- algebm such that 1A€ AS. Then the
G X G-module A induced by p is' D x D—projective.

Proof As1,€ A, by Higman’s Oriterion, A is D xG-projective and G x D~
projective, Hence 4 is D x D-projective by Mack.y Dacompogition Theorem,

. Proposition 2. 7. Let A= =End,(V), where V is an indecomposable 8 [G1-module
with o vertes D. Let A= Ai@ ------ @A, be wn_mdocomposwble direct summand decompo-
sition of A as G X @-module. Then A; has Dx D as a vertes for any‘?'z {1, «oeeer , s

Proof Tt iseasy t0 soe that any indecomposable sammand of Aiex has a
vertex Dx1 as V has a vertex, D. Set §;: ~V tagxads Then Sigxe<<DxD by
Lemma 2.6, With the same proof as Theorem 2. 5, there exists 'yE G X G such that
87N (D x1)exe=>Dx1. Henoe §igxe<D x D and we are done, R

Remark. We know that VtwexeBexe= VtaxeA implies Ba~A when (4, p)
is an epimorphic local interior G—algebra belonglng 10 a blook B. Does the condition
of D(B) =D(4) imply B~ A? The answer is “No” if D(B) +1. We L only congider
the case of (4, p) = (Ends(V), pr) where V is a simple F[G] “module belonging
to B with D= D(B) as a vertex. Then Vizeiadgxe=D X Dexe#D?* by Example 1,
This shows that B# A4,

Before the final proposition of #hls geotion which gives a characterization of -
defeet groups of local interior G-algebras, le us introduce here a lemma from [1].

Lemma 2.8. Let H be @ subgroup of G and Pa p—subgroup of G‘ LetV b@ an
H-projective 0[G] -module Then :

V(P) VP/( 2 VE+ (@)VF)=0 urmles‘s PG<H

Prroof See [1] (1.3).. : : o -
Lemma. 2.9. Lot (4, p) be a local interior G-wtgebm with & defect group D .



340 OHIN. ANN. OF MATH. ‘ " Vol12 Ser.B

Then G'-module A q. 55 D*~projective. :
Proof By Lemma 2.6, G'XG-module A is Dx D—pro;]eotlve Thus Aq.|
(4 pypt¢ +‘)&G{zG')?e(DxD)/(GxG)/G:('}'@A)&Y)DxD)nGd " by Mackey Theorem. For any
y=(s, y) EGXG ' : | '
(D*x DY) NG4= (D" N D”)“<°’-'D" :
‘Hence 4|¢. is D*-projective,

Proposition 2. 10. Let (A4, p) be a local imierior G-algebra with o defect
group D. Then D és the mazimal of vertices of indecomposable summands of A q. up
;to'conjugatéon in G, where A ¢ b5 regarded as a 0[] -module. _

Proof Let A gi=A1®A:@- DA, A is indecomposable §[G]-module, -1
Le<m, Then

’ A(D)= Aw«(D) AI(D)@ ------ ®4.(D)#0.
"Thus there is € {1, ++--- , n} such that 4,(D) 0, and then Dé<Vtwg A; by Lemma
‘2.8. However, A; is D-projechive for any 36{1 ------ , n} by Lemma 2.9, Thus
D¢ >Viwg A; for any jE {1, «-veee , o}, and Dg=V'tze 4, is the maximal of {Vitwg4;}1.

§ 3. Restrictions and Inductionsf Extended
Green Correspondence

Pirst of this Scetlon, we should mtrodcue some notations and definitions we
:shall use, which are mamly from [8] or [9] Let A De a H-a,lgebra, We denote by -
P (A) the set of A*~conjugacy olasses of primitive idempotents of A, where A4* is the
-group of invertible elements of A An (G A) -pointed group is a palr'H ‘where
H<G, aC P4(H): —.@(AH) and is called a point of H on 4. For two pointed
groups K ay H. & We say K, is contalned in H,, denoted by K, CH s if K<H and
fpr any ¢€ 8 there exists j€a suoh thab §j=4= §é. For any pointed group P,, if
Bri(y) 0, i, e, 7$AP for any proper snbgroup Q of P, then v is called a looal point
-of Pon 4, and P, a local’ pomised group on A, Let H s be a pomted group on 4, A
defeot pointed group P, of Hy is a local pointed group on A which is maximal
fulfilling P.,{_;H g A local pointed group P, eonta,med in Hpg is the maximal one
if and only if ,BC:AE (see [8] Theorem 1. 2) Let 4, B be two interior G-algebras,
I A->B an interior G-algebra homomorphism such that Ker (f)=0 and Im(f)=
Vi (1B f(14). Then f is oalled interior G-algebra embedding o1 simply embedding
from A to B, and denoted by f: A>>B. Let H 8 be a pointed group on an interior

" G-algebra 4, jEB. We denote by AB the interior H—algebra formed by 6-algebra

§A4j and the group homomorphism at->, § ,from H to (jAj)*. Then the inclusion
mgp Az Resg(4) igan interior H-algebra embedding, and 4, is independent of
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the choice of j up to interior H-algebra 1somorphlsm Lot H be a subgroup of @,
and B an interior H-algebra. The induced algebra Indg(B) is the interior G-
algebra formed by the (8[G], G[G])—blmodule 0[&¢] ®9[H]B®9]E]0 [G] with the
product defined by -the formula
rgs o ifyw’ﬁEH,

(@O DY) = oy ity CH.
for any @, ¢, 9, Y €G and b, '€ B. . , :
and the map: a;t—>§} oy @1y, Where y TUns over a left transversa.l to H in G

from §[G] to the O—algebra There is a natural interior H-algebra mebedding
from B to Resg (IndH(B)) mapping b into 1.b®1 We write Bg}? mstead of
Ind%(B) and Alx instead of Res §(4) for an interior G-algebra 4.

- Proposition 3. 1. Lot A be a local énterior G-algedra. If A has a defect group
D, then there ewists a point 8 of D on A such that Dy s @ defect pointed gfroup of G4 on
A. Conversely, if Dy is a defect pointed group of G4 on A, then D is @ defect group of
4.

Proo f Let D be a defect group of A, We may show that there is a point 8 of

D such that Dg is local. Let 1= 2 ey be a pnmltlve 1dempotcnt decomposition of

k=1
1 on AP* If for any BE {1, -+~ , n} there exists a proper subgroup @ of D such tha.t
6, € AD, then 1 € 2 AD, and thus’ A(-D) —~0. Thig is a contradiotion, Therefore

there isa pom’u B of D on A such that DB is a defect pomted group of G4 as 1€ AS.
Conversely, if Dg is a defeob pomted group of Gl, then 1€ A§. If 1€ AF for
some P< D, then there is a€ A? such that 1=Tr$ (a) = %/D Tr2..p (a®). For any
: by vy . :

§EB, we have j ==§} TrEan' (ja®j) and then there exists wEG such that j&

( gAg) D, .o by Rosenberg’s Lemma. This is in contradiotion to our assumptbion,
By Proposition 8.1 there is a. sort of equivalence bebween defeot  groups and
defect pointed groups. In the following, we shall concentrate our attention on
" defect groups. ' ‘
‘Theorem 3. 2. Let A be a locwl énterior G—algebra with @ defect group D, H
a subgroup of G. '
) For any pointed group HB on 4, jJEB, let A,g- gAy b6 the interior H-algebra as
we have mentioned. Then D(Ag)e<D. . :
%) If 1A€ A§, then there ewists a point o of H such that D(4s)e=D. Momo'ver,
&f D<H tkefn there exists a point B of H such that D(4g)z=D. |
Pfroof 1) Let o€ AP such that.
1 -Tr3(a) = ; Tl’gzng(d ). Thus
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§=23TrBeon (ja*f).

So there is #€ @ such that j€ (§45)E.,z by Rosenberg s Lemma, Hence
D(Az)g<D°N He<D.

ii) If 1€ A, we may show that there exists «a € #4(H) such that 1€ A2(4,)

from which the first statement of ii) follows,
Let 1=1d be a prlmltlve idempotent decomposition of 1 on 4%, Then 4%=

sl

SVA¥ AT and | |
tel. o
1€ Trp(3 A%AT)C 3 Tr § (4%47).

i

Thus there exists an ¢ such that 1€Trg (AH%AH) agam by Rosenberg’s Lemma,

Let o € #,(H) such that 4€ «, then 4€ (Aa)g( 4= AP 4. Therefore
1€ TrH<A-D(Aa)) AP sa).

Moreover let D<H and let 1—2 % be a primitive 1dempotent decomposwlom_-

of 1 on A” and o€ 4” such that 1=Tr§(a)ETr§ (X APkAD)CT % Tr§ (APEAP) ..

Then there exists & such that 1€ Tr§(A%AP). Let 5E #,(D) such that k€ 5. Then.
1€ Tr§(AP(A4,)3, A?)TTr$ (AP") where D’ is a defeot group of interior D-algebra.

A;. Hence D=D'. Let B€ ?A(H) such that Dy<Hg. Then D= D’H<D(A,9)G<D by‘ :

i), and we are done.

Theorem 3. 3 Lot A be a Zocal interior G~alg bm, D a- p-subgroup of &, Ne,

(D)<SH<G@, B apoint of Hon A. If D is a defect group of the inferior H-algebra
Ag. then A has D as a de fect group.

Proof As Dg<D(A) by Theorem 3. 2.i), we should only prove eA =43, Let«

J€B, j=TrE(a) for some a€ A?, Set-e=Tr§(a). Then |
o= j=Ti5(@) ~Trf(@) = S} Trfou(a®) - Trh(a)€ 43

where L Y : ={D*NH|e¢ H}.
o=j mod (4%) =0 mod (4F).

As A% iglocal, A% = A%/ AE N A% is local, t0o. For any positive integer n, ~e';E 7" mod'
(AZ) and j*=je AZ, e”eZ:,AE n AG, i. e, EQ:_J (AG) . Therefore ¢ is invertible and' A%

=ASC ACAGC A,

Definition 3. 4. Let 4 be an tnderior G—algebm, H<@, Thon 4 ¢ 8 ca,ZZecZ guwso——
- projective relative to H, or H —guwso—proyeotwe, if L€ Ag.

Set . D(A): ={H<G|I,€ 4%}
Then A 'is H- —quasi pro;ectlve if and only if He Q(A)

Let V" be a 6[G]-module and A:=End,(V). Then the relative quasl-projeo-"_

tivety of A coincides with the relative pm;ectwﬂy of ¥V by ngman s Oriterion.

Now, we oonsuder the relative quam—pro;ectlwty in the viewpeint of mduotions
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and restriotions of interior algebras.

Let us introduce a lemma from L. Puig in (8] first.

Lemma 3. 5. ILet A be an indertor G—algebra, H <@, 1,€A4%, B:= (4,2)1%
Then there exists bE (BX)* such that f: A—~>B mapping @ nio (1RQa®1)? s an intersor
G-algebra embedding. ' ' ‘ '

(See [8 ] Lemma 3.8 for the proof.) | .

Proposition 8. 8. Let A be an intertor G-algebra. If there are an dnterior P-
algebra B and an embedding f: A->BLE, then Ads P—_quas@—pq*ojeotrz}w, namely PE2
(4). Oonversely, ¢f Pc 2(A), then there owists an embedding from Ao (4 iP) e,

Proof .The second statement follows from Lomma 3.5. Set At B, e=f(14).
Then e€ (A)¢ and e=e-1 o= Tri(1®@1se RR1) -6) =Tri(e(1@1L:@1)e) €
(8A’¢ )§. Hence 1,€ A8, | | - | ‘ '

Lemma 8. 7. Let B be an interor H-algebra, A: =B P<H such that

PE9(B). Then PE2(4).

Proof Lot b€ BP such that 1 _TwE(3). Then |
11,1 = 1QTrE () @1 =TrE (1QIR1) and

1,=Trg(1®1:Q1) =Tf (1RHIR1L) € AS. . _

 Lemma 3. 8. Let A be an interior G—algebra, PE.@'{A), then D(4.)¢<P for

any o€ P4(G). ‘
| P¢00f Let a€ AP such that 1=Tr $(a). Let t€a, Ag=15A%. Then 4="Tr$ (rz}aq',)'
€ (42)%. _ - . ' o B
Corollary 8.9. Let B be a local interior H-algebra with o defect group D, A:
= B19. Then D(A.)<®D for any a€Pa(G). |
Proof. By Lemma 3.7 and Lemma 3.8. , :
Lemma 3. 10. i) Let A, B be two dmterdor H-algebras, [ Br>A an dnterior
- H-algebra embedding. Then there s an tnterior G-algebra embedding f1e: Bi9>AL®
such that s@bRy>a@f (0) XY for any ©, yE G, bC B. , : ‘
ii) Let D<H<G and B be an intersor D—algebra. Then g (Bp'™) t65B,1¢ such
that ' . ) : ‘ o
2@ (Db @k D! > eh@ub@ok'@ for any &, ¥ EQG, h, ¥EH, and bE B.
s an énierior G-algebra gsomorphism. | o ‘ o .
iii) Let B __' bo an interéor H-algebra, A an interdor G-algebra, f: B>Ag an
mbeddmg Then there %S @ .pbo}nt a of G on A such that f _B»(Aa;). Ve |
Proof Trivial. R | e | L ,
. Lemmz 3.11. Lei B be an imiberior H__—wlgebm,;DE-Q(B) y A =Bg'. Let B be
the (AE)*-conjugacy class containing 1®@1x®1L of rpmm%twe @dempotenté of AE, and
A= 1,;.@133@14—‘%5” pmfz';mfl}té}@e idemgpotent decomposition of 1 in A%, Then B .:Ag
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and, for any jEJ. we have D'\ H € 2(4,) for some y€ G\H where y€ P,(H) such-

that jE€ .

Proof Let F: B->(B,p)'® be the interior H-algebra embedding in Lemma.

4.5. Set B': =(B,p)' and A":=(B,p)!%, Then we have an interior G-algebra.
embedding f:=g. F1¢; AF¢ys5g B’TGNA’ by Lemma 8.10, i),ii).Let 1z =F (1) +e
be an orthogonal idempotent decomposition of 1z in (B')E, Then

14=9(Trg(d H®1B'®Hl))

=Tri(F (1)) +Tr§(e)
= F(lB) +:eﬂ\§ve F <18) ") et (aveH\GEweH e")

“'F(].B) +F(1B) +6+3
is an orthogonal idempotent decomposition of 14 in (A’) H, where F(1p)'=
F(1z)®and e'= 37 ¢°,

PEA\G, 0 H . wC H/G,0€H

On the other hand,
14 =Tr§(Lo@1sp®1) A o
=Trf (1p@1sp®@1) + P TrBsnn((1@L:®1)Y)]

yeD\GTH, y¢ H ‘
=F (1) +e--d, Where d= - Trivae((A®1:E1)).
: yEDYG\H,y¢H
Let s = 2 aj= H%} ex (1®3131)“ Then f(s) =F(1p)’.
@E 4

For any j€J, we have (1®@1:®1) - j=j- (1Q1:®1) =0 and s:j=j+s=4. Them
FDF (1s) =F (1) f(§) =0 and
F(DFE® =f&f( J) =£(j). Hencs

Therefore F()e=F(F6) -0=0=0-F(5).
f(.?) =f(D1uf(H) = f(y)df(y)eE(f(y)Af(y))mnH

and ‘then there exists y¢ H such that f(j) € (F(5)4’ f(")))pycﬂ' by Rosenberg s
Lemma, This 1mplles JEAZm

Corollary 3.12. LetBbea Zoch fmtemor H-algebra, D<H such that D2
'(B) A:=Bf% Let1,= Z‘, ] be @ primitive tdempotent decomposition of 1z én AC.

Then there exists ¢’ € I and interéor H-algebra gmbedding. B>>(4,) ,x where ae.?,_ '

(G‘) such that &' € o and Ay=4'A¢’. And for any s I\{¢'}, BE@A(G) such that @E,B,
theq"e is s CG\H such that D° ) DE D(Ag).
" " Proof ‘As we know, there is an interior E—algebra embedding B>> (B} )i =
A 5. Let € FZ4(H) such that 1RQ1,R1E3. Leb aE.@A(G‘) such that Hs<Gs, and:
9; €I . Then we have an interior H -algebra embedding B»(Aa) LH-
: For any el \{¢'} and ,BEWA(G) such that ¢ € B, theer exists y¢ H such that.
DNHE €2(4,) for any yEP,(H) such that H, <@ by Lemma 4.11, Let P be a:
“defect group of Ay such that P<D as De2(4;) by Lemma 3. T and' Lemma 8.8..
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‘Then there exists h& H such that p*<<DY(\ H by Theorem 8.2. ii). Set »= yh“‘
“Then wQ’EH and P<<D*N.D.

Lemma 3, 13. Let A be a local éeterior G-algebra, B an fzntem}o'r H-algebra. -

Let f: A~>B1S, Then there extsts 769% (H) such that f: A>(By)L
Proof Trivial,
Theorem 3. 14 (Extended Green OOrrespondence)
Let D be a p-subgroup of G, Ne(D) <H<G.
Set & ={P<G|P<D'AD,gcG\H},
#%:={P<G|P<D'NH, ycG\H}, -
Sy ={A| A is a local interior G-algebra with a defect gorup D},
S a={B|Bisa Yocal nterior H-algebra with a defect group D}.

Then there s @ one—to—one correspondence between Sy and S5 which @8 character—

Geed as follows:

4) For any AE Sy, Zet 1= E ] be @ primitive fodempotent decomposwtwn of 1 4 m

AR, there bs untque F(A) €5 such that f(A)=~4, =gJoAjo for @ jo€J, where 3E P
(H) such that jo €9, and for any jEJ\{jo} the defect groups of Ap all lig im Y, where
BeEZ(H) such that JEB;

ii) For any BE S, lot 1510= 21 i be a primitive tdempotent Pecomposition of
[13 . "

" dy40 in (B9, there G5 unique g(B) €S such that g(B)=<(BL%)a for an 4c1,
-awhere a € P pte (G) such that b€ a, and for any 4 € I\{éo}, (BL®)s has a defect group
4n & where BE P pyo(Q) such that 4€B.

iii) In particuler, we have

g(F(4)) =4 and F(B)~B
as interéor G-or H-algebras. '

Proof 1) Lot A€.%;. Then A>>(Ap) !¢ and there is VEWA(D) such that A4
>»>(4,)p'¢ by Lemma 3.13, Set B':=(4,)}%. Then there exists « € %p/(H) such
that A>>(B.)Z¢. Set B:= — B'a. Then DEQ(B) As A->B}% B has D as a defeot
group, Thus BE . By Theorem 3.2. ii), there is 8 € #4(H) such that D is a defect
group of A;. Let jo&J such that 3068 As A>Alp>(BE%) m, we have A;~B and
for any jE€J\{jo}, all the defect groups of Ap lie in @ by Lemms 3.11 where

E‘@A(H) such that j€B.

11) For any BEYQ, sob A= 19, Then B>A’ .r. There is a € P./(G) such

-thaﬂﬁ Br>(AL) iz by Lemma 8.10. As Dg<D(A') by Theorem 3.2.i) and A'>>BLe

Al has D as a defeot group, and then A€ Lot do€1 such that 4o Ea. Then for~

any 3 E€I/{do} and BE@A'(G‘) such that %EB, Aﬁ has a defect group in .%f by
COorollary 3.12. ’ : :
iii) follows from i) and if).
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Theorem 8, 15, Let A be a local interior G—algebra with D as a defect ga*bup
D<H<G. Then there is.a local interior H- wlgebm B with D as a defect group such
that A>->BES and B->4  y.

Proof Set K:=Ng(D). Let f(4) be the extended Green correspondent of 4 in
A, g. As f(A) has D as a defect group, HNK E.,Z( f(4)). by Proposition 3.6 and.
Lemma 3.13, there exists a local interior K N H-algebra O such that O>>f(4),xng
and f(A)>»>Ogcp'®. Thus O has D as a defeot group by Theorem 3.2 and Corollary
3.9, Lot B be the extended.Green correspondent of O in Q.. Then

A>f(A) g" >0k un' 03 (Ogar™) 14
But B>>Og,5'? and B has a defect group D. We have A>—>B§G by Extended(}reen:
Oorrespondence Theorem 3.14.
Moreover . O>f(A) igow>(4yx) 1 xon=(418) 1x0m.

Then there exists '769",_(E ) such that O»>(4,),gox by Lemma 3.10. iii). As 4

and O both have D as a defect group, Theorem 3.2 asserts thab A, bas D as a defeot.
group, too. Hence B4, by Extended Green OOrrespondenoe

Theorem 8.16. Let Abea local dnterior G-alcebra with D as & defect gmoup,
Ng(D) <H<G. Let f(A) be the eatended Green correspondent of Aidn A g,

Let A’ be an arbitrary interior G-algebra. Then the following are equivalens:

i) . .A}") A,; } » | it e TR

1) F(A)>A'

Proof. Obvious,

Lemma 8. 17, Let M be a 8 [G]-module, N af [H ] —module Then

i) Ende (M n) = (Endy(M)) , 5;

ii) End,(N4%) o~ (Ende(N)) !¢ as énterior G-algebra, where N L& denotes the
usual imduced 6 [G]-module. '

Proof i) Qlear, '

ii) Set @: End, (N )A¢>End,(V4¢) such that for any g, ¢’ €G, fEEnd,(N)

gwet H,
IRy’ H@(g®f®9/) m®w~>{q®f(g ‘o) Z:GEEH

for any #€G and u€N.
~ Then it is easy fo ‘check that @ is an interior G-algebra 1somorph1sm

Now, for any indecomposable H[G] —module M with D as a vertex, A: = HEnd,
M ) isa local interior G-algebra with D as a defect group. Then we have the
extended Green corlespondent of 4 in A B —Enda (M i H) Notioce that there is a
one—to-one correspondenoe between the prlmltlve 1dempotent deeomposwlon of 1;in
~AZ and the 1ndeeomposable direch summand deeomposutlon of [H] -module M n.
Henoe by Theorem 3.14, if M,z :@N 4 Where N; if 1ndeqompqsable ;for. a,11: gEJ ,
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there is jo&J such thabt Ny has D as a vertex and all the vertices of N; lie in &
for all § €J\{jo}. Similarly, we may consider Ni¢ for any indecomposable §[H ]~
module N with D as é_vertex. Thus by Theorem 3 14 we obtain the original Green
«Jorrespondence,

As we kpow in section 2 a block B of 0 [&] Wlth D(#1) as a defect group is
:are not G X @—isomorphio #0 the endomorphism ring Ende(V') of V" for some indeco-
* .mposable §[G]-module ¥ becatse they have different vertices as G' x G~modules,
“Honoe we can not obtain Theorem 3.14 by simply using original Green Correspo-
:ndence. This shows that Theorem 3.14 is a proper extension of the originrl Green
«Qorrespondence, | ' o
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