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ON COUPL!NG OF JUMP PROCESSES

CHEN MUFA (FI? ;}‘\,};) »

Abstract

This is & sequel to the papor [3] in whwh the margmahty, regulanty and order- . )
preservation for couplings of jump processes are studied. The main purpose of: this note’ |
is to present & criterion and some practical sufficient conditions ‘for. the sucdess .of
gouplings and some cntena for the monotonicity of Jump processegs -

- § '1 . Introduction'

| Let (B, &) be an arbitrary measurable space, (X;()) 1m0, =1, 2 be two Markovy
processes valued in (&, &).A Markovian coupling is simply to construect a Markov
Pprocess X () = (X (), X 2(8))iz0 001 & common proba,bﬂity' spac:e with state space
(B? &) =(Bx H, & «“’) having the marginality: : |
P(G’ WX (3) € A1 X H] —“P“’[X1<t) € Ai] y

= ()
P(a;:, @s) [X' (75) EE % Az] = Po [X2 (t) EA-.?] ) ()
forall o, € E and A €8, i=1, 2. Deﬁne (fmmally)
Then the eouphng is called Suoeessful 1f o
‘ : P@, @3) [T<OO] =1 » . 3 (2)
and - S '
P@, o0 [ X, (2) =X ,(5), Vt>l.’l’] =1 . N )

for all, oy, € H.

In some applications of ceuphng methods one of the key points is the sucocess.
To see this; Jet (Xi(£))smo, 6=1; 2 be two copies of a procésy with dlfferent staltmg
points.. Suppose that the p1 ocess has a statlonaly distr 1but10n w and a successful
coupling does exist. For any starting probablhty measure A, let P denote the
distribution of the above coupling process sba,ltlng at (A, ,u,), We have ‘ o

, TIAR(E) — plvee<2BC [T>4]-50 B

48 >0, where P(¢) is the transition plobablhty function of the ougma.l process

The coupling methode for Markov processes have been studied by many authors.
For recent 1efe1enees see L1gget’a o Llndvall 81 Lmdvall a.nd Rogels ta and
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Thorisson ™™, However, it seems to us that the suooess ‘problem for .couplings has
~ not been well understood even for birth—death processes 121, One aim of this note is:
1o solve thig pr oblem in the contex} of j jump prooesses. :

First of all, let us recall some notation. Let (B, &) be a separable measurable:
space with the property that all the singletons {m} (w€ B) belong to &. Let P (4, o,
~ dy) be a sub-Markovian transition funotion on (H, &). It is called a jump process:
i hmP(i », A) = P(O @, A) IA(m) e (4)y
for all wEE and AE &. In the disorete oage We oall it a Markov chain and we use
the matrix (Py(£)) instead of P(t, o, dy) “Associated with a jump process P (%, =,
dy) we.have a g-pair ¢(v) —¢ (@, dy) (@-matrix Q= (g,)): ¢(v, {a}) =0, 0<gq(a, )<
¢(@)<+oo, s€ HE. Unless otherwme stated we restriot ourselves to totally stable
and oonselvatlve g-Dbairs:

._ g(w B =q(x) <oco, a;EE
Then 11; was proved long ago by Kenda,llm” that

tim £ 2 A3, D g, A) g<w>.u<w) S ®

NO
for all € F and AE . ,

A g-pair is called 1egula.1 1f it detelmmes unlquely a jump process satisfying
(5) For a given g-pair, the uniqueness problem is now well understood (see
Hou™, Reuter %, Chen and Zhengm) Reoently, some more practical sufficient
oondltlons for uniqueness were given in [8].

! Let (X, &) be an arbitrary measurable spaoe and b & be the set of all boundeci
" #-messurable functions. A g¢-pair g(w) g(w dy) on (X ﬂ) corresponds umquely
t0 an operator Q on b%: o

0f(@) = Ja(s, &) (F@)~F(@)), v€ X.

A Now ‘suppose that we are given two jump. processes P; (3, @;, dy,) with g—pair
g (zv) (i, dy:) (6=1, 2) 1espeotlvely on. thy same state space (H, &). It is
reagonable to agsume that the ‘coupling of them is again a jump process. P(t @4, Toj.
dyl, dys) with g-pair ¢(o, 3) — g (@1, a0, dyz) We use Q;(6=1,.2) and Q to
denote the operators corresponding to the above three g-pairs respectively. Then,
by using (1).and r_egéa,r,_di‘n:_g~ JEDBS as a .bival_-ia,blo function, it is easy to check that.
‘ o .Qf (&71, w2) =Q:f () .  independent of s, - (6)
v Qf (@4, w9) =Q, f (ws) . 1ndependent of @y B
Suoh an opemtm o) (g—pair) deﬁned on b& is oalled a oouplmg operator (g-pair).
Qertainly, there are many. ohomes of Q for the given margina.l operators 91 and Q2.
Agan example we mention the basio oouplmg [82.

s
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0f (a1 ) = [ (@s(aw )~ galan, )3 @) iy 200 F o 22))
+ | (aaon, )= ga(@s, ))* @) (F (@1, 9)—F @1 )

+j (0x(on ) AgsCon ) @) (0, )~ o 02)

@, %€ B, feb@@z | | M
Whe::e (p,1 ;1,2)* 1s the J01 da,n—Ha,hn decomposﬂ;ion of Mg — y,z and ,ud/\ Jog =Py~
(,u y,z)"' One basio- fae’o for oouphngs of Jump proeesses is that 91 and Q- are
regular if and only if any couphng Q is regular 1, From now on, we will assume
that Q, and Qy are 1egu1a1 a.nd ﬁxed
Let us begm with the cage that {21—@2 f01 the study of suooessful coupling
(flom Theorem (1) to Corollary (4)) Put A
 d={(@z,2):0€R}.
Olearly, the q—pa,n co11espondmg to $he ‘basgio eouphng satlsﬁes S

- q(w, =; A) 0, c€H . - ®
which ig equwalent $0 the odndltloxi (3) front the unlqueness ‘conclusion. In other
words, for any successful couplmg g=pair g (e, ms) —q(wy, o5} dys, dys) which satisfies
'(8) denoting by p(%; @1, @s; dyi, ‘dyz) the oorrespondmg jump proocess, we have

Pty @, ;. 4)=1, =0, o€H. - . = .. &)
Heno_e - : : AR BRI
“ P“”*"") [T<t] P‘”*’“*)[(X ,,(t), X 2(t)) eA] P(t 21, 0 A)
and condition (2) is now deduced to.. . -

_ R (%; 4,00 A)—>1 ‘a8 oo .. (10)
for all wﬁémg ’I‘hus we.mdy say that a couplmg g-pair is successful if the ocorres-
ponding proocess satisfies (9) and (10)

@) Theorem, A4 coupling g-pair g (o, mz) q (2, @g; dyl, dys). s successful @f
amd only ’I/f the follo*w@rn,g conditsons hold:

(i )g<mrw:A)O;w€E; _

(i1) gy, 22)>0, (@1, ©s) € B2— 4;

(111) the eguwt'wn |

| q<a’1, Doy d./iydy2) R
{Y(wiy 502) » Q(miy mz) (yiy ?/2), T A (11>

e _ 0<Y (a4, a;z) <1 (mi, a;z) EE-"' L
has solut@on ze/ro only , AR Lo
OIeally, the first bwo oondltlons are NeCeSSaTy. Henoe ‘ohe ‘condition ‘(iii) is
essential, The general: procedure to -obtain . the maximal solution {Y(wi, a;z)
(ml, @s) EE” -4} t0 equation. (11)15 as follows: Set ! R N
| . Y‘o)(aa, wz) 1 (4/1 mz) EE’ . SRR o i

\ b .
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YD (@, 05) =J y ACH _qa(}fv; dg :) ds) yo (w1 2)s

(w1, w5) € B —4, n=>0,

Then '
¥ (ml wz) \! Y(%, mz) as n T oo

for each (mi, 'zvz) EE2 4. I-Ioweve1 this prooedule i somebimes not very practical,
80 we would like to Ppropose some m01e eﬁ'ectwe sufﬁment conditions.

« -Take 0€£E2 and set By = (B~ 4) U {0}, (a“o -a'{é’zl Bty {911 _ Deﬁne a tra.nsﬂlon.
‘plobablhty on (Eo, (9@9) as follows: o

§ P (9&, @} A) [g (@1, @2 A\ {9})+g(w1, g A)IA(9)]/q(w1, @)
- ‘ ko, ACE. A

(2) Gorollary Assume that the cond@t’bons (L) and (i) of Them'em (1) hold.
Let h be @ &-measurable non-negative functwn fwfz;th h(0) =0. Suppose thwt the/re ewmt ‘
consmnts 0=0 and 0< o<1 such that ' o '

_ JP(wi, mat dys, dye) h(ys, y2)<0+ch(w1, ), (o, @) EHs, - (13)
and there ewist éonstants k€ [0, 1) and K >O / [(1 c) @- 5] swch that -

for all (zy, @5) EHg h(ny, w)<K. Than the couplfmg Q*paw s suocessful In
particular, 4f (14) is sat@sﬁed for all wﬁézvz, then the same conolus%an holds withowt
. ustmg condétion (13). ' - - B
(8) Corollary. ILet E be a separable complete metric space with metric p. Assume
that the conditions (1) and (ii) of Theorem (1) hold. Suppose that g () Gs bounded on
bounded sets and for every r>0 there exisis @ bounded functon o: [0, "fr‘]'-'—>'[0, 00) such
shat : fo : -
[ atas, 3y dy, o) Toon (ui, 92) —¢'~p§¢;,"‘_;¢g> +1] <0, 0<p(oy, a) <r.. (15)
Given @ fumction f: [0, c0)—>R, ' ' Lo
f(T)Tf(OO)—WaS'rTw f(O) ~o. o (16)

jq(wi, 25 dyz, d?/z) [fCPQl/i; ?/2) f°P(‘U1, a’z)] <O (“51.; %)Ean | an

then the coupling q-pair is sucoessful
o In the case that the state space i§ countable, we have a more precise criterion.
(4) Gorollary Let E be countable. Assume thwt the. oondwtfoon (1) of Theoo o
.(1) and thé following éondétion hold - :
. (i1)'. for. etery (6, Bs) € B>~ 4, there ewists-a séquencs (5{™, @5’"’) m=0, 1
M +1 such thait (39, 657) = (44, 45), (XY, @‘””’}EA (@f",@ Wy e d, h=0, 1 M amd
g, 43; 6F+0 DY >0, b=0,1; veep M. = 0 :

If
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If there exists a sequenoce {A,,}T} of subsets of B*\ 4, |4, l<oo 4, LEz 4 and .
positive function ¢, suoch that _.
lim inf (4, &2) =10, PR (18)

n~00 (§1,83)E Ay
LY q('lm %2, Ju .,72) 2 _
¢<’b1, %2)> (M.)gm_ » g (s, 85) 95(.71, ,72): (’1/1; @2) € B~ (19)

(J1s $2)%(B1sta)
then the oouplmg Q—ma.’onx is sucoessful.

If we consider only whether P@ue» [T'<oo] =1 hold for all wiaémz or not, then
we can allow ;% Q,. '

Now we turn to our second problem Assume tha.t B is endowed wﬂ;h a
measurable somi~order “<” a.nd that '

={ (w4, w5): a;1<a;2} Eé"”
We call a real funotion f on A monotone if..
' 2y <@g =f (@) <[ (wz) e :

Follovnng [11], for two probe,blhty mea,sules e and ,u,2, we deﬁne ,w1<;b2 plovlded'
for. every non-negative monotone funotlon f, A

N f<m>m<dw><Jf<w>u2<dw> B
Similarly, for the semlgloups P,(t) on b&; induced. by the Process Pi(¢, @, dyy), |
4=1, 2, we say that Py () <Py(3) if for. every ‘monotone function f, |
a:1<zv2==>Pl( f(wi) <P2(t) f(wz), t>0 (20
If Pl(t) Pz(t) P(t) a.nd (20) holds, we. say that the plooess P(t) s monotone.
If py<ps, under a genelal assumptmn on E (of [16] ), the1e ex1sts a oouphng
moasure P on (E? &?)) such that '
P(F)=1.
Because of this property, the monotonicity: is also .called stochastio monotonioity.
This toplo hag received a lot of attention. The readers who are 1nte1 ested in it may
find some recent’ 1efelenees from Aldous [1], D001n 7] a,nd S‘noyan a,ndDaley [16].
By using the coupling teohnlque in [3] we p1oved the followmg 1esu1t B
(6) Theorem. 8ot : o = ol SRR
o o Fa(@) ={y: y<sa}. 8ﬂnd Fz(w) ﬁy w<y}
If | (91(471, ©) = ga(@s, *))*(Fa(ws)?) =0

- (ga(my )= ))+(Fz(w1)°) =0 for all ;<an, ey
then P1 (t) <Pz ).

.~ We call a set AE & monotone 1f so is the 1ndlca.tor funotlon I,. That is,
v m1<m2, w1€A==>w2€A
F01 the monotomolty, an eagier. case to handle is that
supq,(x.v)<oo 4=1; 2 : \ (22
- (6).: Theorem. Given Hwo bozmded g=pairs (’b ‘8. (22) holds), ossq}blyf;--_no’w‘w
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cememaiwe ( i) If the*g=phirs are. the samé, - then’ Pl(t)<P2(t) 'af cmcl only @f, for

ewry mongtone set A,
- By <Dg, T, wgeE A=>q, (w1, A)<q2(wz, A);
NS w2€A=>g1(w1, Ay~ ql(w1)<q2(wz, A°) - o).
(11) If fw every AC A, ‘thidre 't gAG./// such thwt QlIA<gA<leg, then (23)
tmplies that Py(t) <Po(t) - - ST
(iid) If ong, of Pi(t) and. Py(2), befmg monotone, then (23) agw@rn @mplws tkwt
P1 ( H<Pa(t)
- F01 the general 0859, We need k! teohmoal agsumption, .
‘ (H) Hypothesas There em@st B, TE (fn>1) such that
(1) sup g,(a;)<oo n>1, 4= 1 2,

(ii) H,={ycE\E, o€ B, such that .fv<y} @swmonotom set in E. If H *,

there isab, EH 80 thwt
m<b,., foq' wll a:EE’

| In 1;he case that H=R3 Z¢ RS or Z5, with the ordmary seml—order and q,(a;)

(4=1, 2) are locally bounded, (H) is frivial. We sunply take

B,={sCH: —-—n<:v<n} 1f H=Réor Z¢
. "—-{a;EE O<w<n}1fE =RitorZi - .
and o

T) —(n+1 N n+1) EE’ fn>1
(7) Theorem I f (H ) holds, then the comlus@on (1)— (111) of Theorem (6) hold.
“Thi ploofs of the above reSults are glven in seotlon 3 In the next seotlon we
illustrate some applications of our 1esu1ts o

§ 2, "'Ex’amples.

(8) Ewample Take E {0 1 2 }and 1et Q (q,,) be a regula.l Q—-m&tllx
onZ. The ba,sm oouphng is.

Qf (@1 ®2) 2{(%74 ck) (f (7‘7 @2) f (%1, 9/2))

+ (i) * (’01, 70) f (’51: ?'2)) +9f=k/\%k(f (7" 75) —f (44, @2))} A
| (24)

jétére we have used-the oonvention‘ q;-m=0 f-Ifig; =0 for ‘same @EE then we must
asSume that for every jEE\ fz,}, there exisb i, -, ymEE suoh that' N '

S 9%91,!. Qim¢>0 S (25)
which 1mp11es the eondflnon (11)' of Cor ollaly (4). Now we choose ' '
Sl 2 { (B G S8 E Gy b1Fla<n}, - o

‘9 (s, Bs) = %1+w2+0

where. 0 is; a ‘donstant. Then: condition'(18) is automatic and condition (19)

-

(23)
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2 I94ak‘"9».klk<94&1+94.'1/2+0 (BE QhkASIhk)
for all 4y +d,. For 8 blrth—deahh p1oeess 1f
go,1+¢s, c+1‘<§l¢ -1 %>1
then the a.bove conditions hold and hence the coupling is suoccessful.
Now, we turn to 001011&17 (3) Oonmder a.ga,m the basw oouphng Let @1——®>
0, 6s=4+5 b=>1. Then, we ha.ve :
g (s, %;91» Jz)ll’(P(le .72))

(lu!ﬁz‘ﬁ(ﬁ ) ' : Lhipome s el et d

= 2 {(q. H-'J—Q¢+lo,c+4)+¢(|k .7|)+(Qc+k t+1“9¢.¢+1)+4’<|.7!)
+q;, z+!/\g$+k £+:‘I’(O)} _ /
= (qi, c+k+m+k;+ 2 94 ¢+i/\Qi+k ¢+i)¢'<0)

+ 2 [(Qc H-kﬂ:l_qb-*-k w-k:u) + (9'H~k i*i qi ‘*’) ]lﬁ(,’l), . L
where g;;=0if j=¢ or g<0 In pa,lmoulal f01 buth——dea’ﬁh proeess, We ha.ve
- h)%(“ mg( 1 ’02; .71;]2)4’(10(.71, .?2))

= (Q'¢ r+1+gt+k ¢+k-1)l/’([0 1) + (Qc ¢-1+Q¢+7g ;.;.7;.,.1)41(70—!—1) 1f ‘,k.=1 or k>3'
= (Qt i+1 /\ gi+2 1+1) ¢'(O) , .
oy ((th-l g’H.z ;+1) ER (Q'H-z 1 g{ ‘ﬂ} )4,(1)

+(9’; i—1+gi+2 ¢+3)¢'(3) ' Jfk =9,
From thig, it is‘easy to oheck that condltlons (15) and (17) ‘hold with gn(/r) =

alog(l+r) or er/(L4-r) (a>0) and f(r=r prowded AT

Cido s~ Giit 54282 Qi i1 Gy b4
(9) Ezample.  Teke .B -and- Q(gy)" as . above. By ‘Theorem (5),; -a-sufficient
oond.ltlon for the monotoniaity of the Markov obain P(%) = (P;;(¢)) is the following:
S forall Gi<dp<h oy
and ' - . (26)
L g forall B<dy <,
In other w01ds, for each Bixed K P
gwasdl,; 6<h,
o gutasdt, >k,
This pioture is very easy to remember From this, we see ‘immédiately that the
bn:th—dea.th Processes are. mono’aone ; ST :
However, Theor m (7) glves us a neoessa.ly and sufﬁo:ent condition for the
monotonioity of P(#)s - : L '

2 Qm< 2%; for a.11 %1<’&2<70 Coeadd bR G, BeE
2q,,,> 2} gy for al)i j_:_-j_,lg<@1.<@,.
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Obv1ously, (26) is s’orongel than (27) The last result is the only known complebo
answer to the mono’ﬁonicxty f01 jump ‘processes (cf. -[16, Oha,pter 4]). ’I‘hus our
Theorem (7) is an 1mp10vemsnt on [3] and an extensmn to [16]
(10) Ewamle. Lobka—Volterm model
E= Z ‘ .
: My, lf .71-?/1'*“1 Ja =13,
9('01, b3 J1, .72) =4 Aglg, if .71—-’1/1, ‘72*’112 1,
7\.3?,1%2, if 31—J1—1 32—02+1
Oonsider the monotone set
L A=y, 62):6>1}.
Then 1,1), (1,2)c4d

and g1, 1; Av) xs, q(l 2 A°) 2ha, “
and so ' :

g(i 1 A°) <g(1 2 A°)
By Theorem (7), the prooess 1s no’ﬁ monotone.
(11) Emrmple ‘Pinite dlmenmona,l generahzed Po’ula.’ooh prooess
E=R3,

0f @ =2 |7 [ flo-oare 3 Pime, ) f@)are,
where F is a distribution on. [o, oo) with mean 1, ¢;.i8 the z—th unlt vector in RS

and (P,;;) is a Markovian trasition ma,’nllx on {1 2, d}.
We now prove that the process generated by Q is monotone Olearly,

g(@, B) = § J‘o IB\(:)(“”“*%‘UH‘& 'jEﬂP ;,m,-e;)ﬁ."(df) » o
- g(@) =q (@, B)<d, 20, "
Let A be a monotone set in H. Fix a®, sPCH, osV<e®, Since. for each ¢ and ,
Yy 3, = (0D —a1¢;) + o’ Z} Pie;

Srono cod. :
<(@@—aPe) +La® ZPue=y> (@, £),

"~ we have _ :
Yy @@, ) EA=YD (4, ) €4,

R U ¢A=>y‘1’(w, E) ¢A
Thus,-if wa’ ot A, $hen

46, 4 zj L™ O)IF@)

,_ | <2j L (@f))F(ds?) q(w@ e
If o™, g€ A, then S SESECI
o GO zj L6, )P 49,
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Our conolusion follows from Theorem {6). -
An alternate way to prove the monotonielty -of the process is using the

following coupling - : L S
.Qf(a; y) = 2_[ [f T wﬁr{”ém; 2 Pise.h y @/ﬂ."‘f% EPWJ) _
R ACEIE F @8, = yER, . .. - o (29)

P, "[Xt<yt, t>0] =1, . .
12) Emwmple Let us consgider & speocial cage of the a.bove example d 1, Pn —-’1
and F (d¢) =e“d¢. Now the coupling in -(29) is reduced as-follows: .

whioh gives us

- Of o, w) = [ G o)~ F oy aled,
S a’z;B) Jo Tovcanns (6o €o)o taé- [[ 1ams geer @“
| (mli m2) .‘Z(‘v.ly m27 ) =1if 1 /"w2} . :‘ ; i. jb;

g(w z; 4) =0, € R,
Eowever, this oouphng is not suoeessful Indeed
‘ Yo (:v1 wz) =1,

‘ (1) ‘ = Q (“71, 972, cly1,dyz) -
Y (fv1., ) i g(on @) Y (?/ yz) -

.—J Y™ (&, Emp)e™$dE, n=>0, o7 2q.

Byinduction, we have ¥ (")(a;l, ws) = =1 and henee Y(mi,m2) ==1 for all a:ﬁéa;z By
Theorem (1), this gives us the eonelueuon R : i

§ 3. Proofs of Results .

(18) Proof of Theoo om (1) As we men‘luoned in the ﬁrst seotlon, the firsh
twoconditions of Theorem (1) are necessary. Hence we need only to show that
the condition (iii) is equivalent to (10) under the assumptlons (1) and (11) |
Now, we assume that (1) and (i) hold Deﬁne | '

P(?\' wl,w;;,A) J' ™M .P(t ml,lvz,.A) dfi ?\:>O. .

Then (9) beoomes S
' ?»P(?»;a;,cv;A) =1,v mEE, ?\.>0' e . (80),

and we can rewrite (10) as . .
AP (A a;1,a;2, )—-)1 as. A, l, O arﬁéa:g (31)
‘ Thus we only need to proye thaﬁb (111) and (31) are equlvalent ' .
T Pix A>0. Tt is ‘well known e ’ﬁha.t {A.P (9\. aa,a;z,A) wi, .mzeE} 1s the mlnlmalu
(non—nega.tlve) solu’olon o the equatlon |

9'<$1.w3,dy1,dy2) X ' M e D
X(?o,m;, o) = “K+g @s) (?»,yi,yz)+ g (en, 2 e m,e_y;
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where & is the point mass measureon | E?. From (30) and by a localization
procedue we see that {?\.P (N1, w53 4) :®1% 3} i8 the minimal solution to.

X (A; m1,a72> _[ Q(mi’mz,dyi'd%) X (A ;?/1>?/2) + g(@n0d) - 'wl%méw

}"'*“Q(mivmzy) ?v+9(w1,wa5 '
N otmg that : ‘

Atg (@1, @) f g (@1, @3)
a.nd usmg the condition (ii), we obtain
AP O»,aa,wz, 4) 4 some X (m1, @) a8 A J 0,  wydg,
and {X (wy, 5): (o1, @2)" € B 4} is the minimal solution to

X (@1, 3) = JE,_A Lo ertydy) :’<y1,z/2>'+—2<—‘°ﬂ2—;ﬁ‘l, - (an,m) € B~ 4.

K (@4, wz) © g (@1,22)
: g A G (82)
Thus, {Y (a;l,mg) 1 X (a:l,a;z) (wi,mz) EE’2 4} is the ma,mmal solubion to equabion
'(11). This completes ou1 - proof. ‘ '

(14) Proof of Oorollary (2) Gonmdel the process (X 1(n), X 2(%)),,>,0 on a

probability space (R, &, P) valued in (B, é’a) with trangition plobablhty
P (21,02, dyz) . What we need is to show that :

EI L'Xx(n)'#Xa(n)]__)O aS nT Q.
Put
Ta=Iixmexamn 920,

- dw=La(Xy(n), Xa(n)). .
" Smee g is an absmbmg state and I,,_1—0=>I =0, by (13), we get
EJn E[In—iE(JanI(n 1)7 X2(n 1))]
<E(T,oa [ P(Xa(n=1), Xo(v—1)idg1, ) h(y95)]
<E[I,,_1(O+ck(X1(n 1), Xz(n-—l)))]

—OEI”_1+OEJ,,_1 ) N . o _. ) (33)

0n the other hand by (14), we have
" EI,= E[I,,_IP(Xi(n—l) Xo(n—1); 82— A)] N
<E[I, .P(Xy(n—1), Xa(n—1); B~ 4); h(Xa(n—1), Xy(n—1))<K]
+E[I,_1P(X;(n—1), X;(n—1); B - A), h(X1(n=1); Xz(n 1)}>K’]
. <EEL4+EK'EJ, . | | e
éeihblnlng (83) and (84), ‘we obtain’ N -

B e
EJ C ‘- ¢ EJ',‘_.1 ‘

Smoe the elgenva.lues of the matnx on the nght hand mde a,re sma.ller than 1 we
goo ‘that the left hand side goes t6 7610 a8 n—>oo
The same proof, even snnpler, will glve us the last assertlon of Oorollaly (2)
The above 1dea is due to Dobrushm and Peohelskl 1, Here we ‘emphasize on
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the oouphng behavior rather than the mai gmals _
(15) “Proof- of Oorollary (3) Use the same notations as above and set
0 T=mnin{n=>1 p(Xy(n), Xs(n)) =0},
Sy=min{n=>1: p(X1(n), Xz(“)) >"'}y
v : : To =T AS,. _
‘Without any. oonfusion We use tho sama notahon P, o) (rogp. E“‘*»“"’) to denota .
the distribution (resp. expeota.blon) of the embadsd Markov proocess P(a;l,mz,dyl,dyg)
starbing from (wq,2). : :
- First We prove tha,t : e
P@uan [Py Loo] =1 f01 all O<p(a:1, a;z) <r. : .- (35)
COhoose and fix a reference point 0 H, set o
wy=min {n>1:p(X1(n), 0)2+P(Xz(n) 0)2>N2}, N=1.
For each bounded &-measurable function g, define P’y=g, P'g=Py:

Py(ay,a5) - JP(wx,wz,dyndyz)z/(yuyz)
and Prg= .P(P” ). Bince - : ' :_;
Py~ g 2 (P¥*ig— P"Q)

| by the conditions (i) and (11) of Theorem (1) and condition (15), if we take
9=, =pop and set Z (n) =(X;(n), Xz(n)) then - SR,

ATn AT, 1

Eo @, (Z(n I To ,)) ~ &, (ml,wz) E“”"”‘" ’ ?}0 [P@ (Z (7‘7)) Q-(Z (7"))]

< E“""w') (‘n /\ vx \ To r)

E(a"@') ('"» /\'B'N/\To ) <& (971;402)
Letn?ooandthenNTootoget . SRR
B (T, ) <@,y (w1,2) <°° 0<P(w1, wz) ‘<’f e (36)
"This oerta,mly implies (35)..
- Next, fix r,>0 and seb F= fop From (1) and (11) of 'I‘heowm (1) and (17),
it follows that ’ :

That is

_ P"F <F fn>1
Hence for p(:vi, @) = rrE (0 ’7'2), |
E(‘”"‘”‘)F (Z (AT, r)) <F (%%)
Letting n 4 oo, by (35), we see that ,
F @y, w5) =f () SE@ [F(Z(T)) 1 T <8,.] +‘E“”"“’” L7 (Z (8r): T>8,]

=f (ra) P [T>8,].
‘Thus

P(a:,, @) [T> Sr,] f (( 2)) A : | 1_

T‘inally, letting T3 T oo a.nd usmg (16), we oktain -
B[ = 5} =0.

i

/
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This shows that our coupling is suooessful. ' _

The abbve teohnique is the modification of a proof for the resurrence of one-
dimensional dlffusuon prooesses, and will be also used to study the couplings of’
diffasion processes jointly with 8. F. L. e '

(18) Pfroof of Corollary (4). The condition (i)’ is elearly necessary. Now,
assume that’ (1) and (ii) hold. We need to show that (iif) holds under ‘our
assumptbions, Equivalently, equation (29) has solutlon '

X (81, 42) =1,  (44,85) E B*— ' ‘ (37)
Consider the subset 4 as a single a,bsmbmg state 6. Setting gb(O) =0 and using the
notatlon defined by (12); we have ,
2 P ("'1#02:.71'.72)(]5(.71».’12) <¢o(q,1,@2) (%1 ) EEe ‘ (38}

(Il &R
and :

" lm . inf ¢<@1,@2) o0,

n—so0 (4, Gz)GAnUM}

These are enough to conclude that (37) holds. Indeed, by (38), we obtain
- 1= 2 2" (%4, b2 Ju, 92) A

o 27 (81,823 1, §2)
(1,4 EAnU{O} : '

T hlini)/ 1o bl B

(1,K%2) & Ap U{6)

Letting m—>oo, bhen n—»c0, we get. - :
_ 1<Y (@1,@2) [ aé@a

The idea goes baok to Kendall [9] _ ‘

We use the same notation .# %o denote both the set of monotone functions. and
the set of monotone sets. B ' |

The following simple result enable us to simplify our consideration.

(17) Lemma:  Thé following siatemenis are equivalent.

(i) »y<w=>P1(3, w4, A)<P3(t, @, A) for all AC.A,

(81) @y =<0¥Pi(5)f (@) <Pa(t)f (w2 ) for all bounded f € M= {yEJ/ 9=>0},

(1i1) @<w=>P1()f (2 <Py(t)f(w2) for all f € M., -

(1v) @1<05=>P; (1) f (1) <P2(t)f (w0) for alb f € M for which the integrals ewiss.

Pfroof Olearly, (1v)=>(111)==>(1i)=>(1) To plove (1)=>(ii1), simply use

-

oo

I [f> %’

Bl

|l

g 2‘,, I[_L_</<!+1] T.f, 28 n>00, | 1

(iii)=>(iv):Let f € A such that Pi(t)f (a:;) exists, =1, 2. Fix o,<@, and sot m=
- Pyt ), 6= =1, 2. Without loss of genemhty, We assume that f fdp1> oo andi
[fapa<oo. Sinco s+ =f V0, f*—-oneJ/ana e
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it sufﬁoes to 00n81del f €A, f<0 and J Jduy> —co. Take

J f*cl,uo1<I Frapa<oo (by (111)), |

f = _'"‘IC. <=n] +fI£f>—nl

(”Then f,.+n€./4/_,. Applymg (111) to fa-+n we get

_y [ rau<|s, Fams|, fd@. B
Thus
j(.—f);zuﬁnm'jav' (=5

<lim | (- fn>du1=-jfdm<¥ |

This completes our ploof : : :

More generally, even though Py(#) and Pz(t) are only sub-Markovian, the
first three statements of Lemma (17) are still equlvalent ‘ ~

For the subsequent use, We.now prove an extension to Theorem (6).

(18) Proof of Theorem For every bounded g-pair ¢(s)—g(w, dy), the cor-
;lespondmg process P(t w, dy) is. umque and S

dPGad) | g 4)- g@h@, L (9

for all € F and all AC & (see [4] or [,25]). By Temma (17), our condition (23) is

. necessary. We now prove the sufﬁcieney. :

{.. .

(a). Observe
' P(t)= exp [tQ]
- =exp[~ M] exp [#(AT +[2/ ?»)]

=e 2 (P‘“)" B A
| | CPP-AT+0, k=1 2. - e
| P(M<P(A)

«for alk ;\,>sup (gi(m)+_q2(w)) 11; 1s easy 0 check that the oompa.mbllity of Py(t)
and P,(t) for f & .4, can be reduced to the . on__e of the corresponding P and PP
defined by (41). o S e

(b). The proof for the assertion (11) is sumlla,r _

(¢). The last.assertion follows by using the mtegmtlon by parts formmla.

Pi)f ~Pa(f = [, Pu(8) (0 @) Palh-)ss
_[Pi(s)(Pw P‘”’)Pg(t s)fds,fébé’
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For unbounded g-pairs, We need an approximation procedure.
(19) Lemma. ILet g(m) q(=, dy) te @ regula;fr q—-pwm* and g,.(m) —g.(», dy)
(n=>1) be a sequence of bounded, g-pairs. If . v o
¢n(@)=>g(2), ¢a (o, A)-*q(wfﬁ), a8 n—>00
forall o€ E ACE, then . .
UmP,(, o, A)=P(t m, 4) o€, Aeé’ o (41)

where P,(t) and P (%) are tho processes detefrmned by ¢:(@)—q.(», dy) and g(m)m
q(w,dy) mspectwely

Proof Omitted (of. [4; Lemma 5.2. 3]-).' coT

(20 Proof of Theorem (7) Define a

| . P, BY=Is,(2) [4.(5 B\{b.}) +I2(b)qu(o, H.,)]

o€ Byt {b,}, BE (H,+{b}) NS, n>1, §=1, 2,
Lo [ gi(w), ifwE H,,
..9*(")(”) ={o. oy if o, wsl.

Then .
' sup * g () <o, 6=1, 2, n>1

'EEn-an)
P (@)>q,(w), as n—>oo wEE i=1,2,
Qf")(w AﬂEn)**q‘(w “A); as n—>c0, wEE AEE, i= 1, 2,

| 'Thus, by Lemma, (19); we have

lim PP (5, o ANE,) =P, 4, >0, weE A€, i=1,2. (&)

Olearly the semi-order on B induces semi~order on H,+{b,}. Let .#, denote the
set of all monotone sets (functions) in +{b }. Of course, AE A=3AN (HB,+{d.})
€.4,. Now, by (42), P1 (t) <P2(t) follows 1mmed1a1;ely from

PO PP O)S, f €My n>l.  43)

To prove this, we should to cheek that ¢{”(#) —g¢{”(#; dy) (4=1, 2) satisfy (39)
Let o4, 2,€ H,+{b,}, 1<, and BEV@. Then b,€ B.

(a) If wo#b, and @1, ©.¢ B, since BUH 6.// ty the first condition of- (23),

we have _ .
g1’ (21, B) =q1(w1, B\{ba}) +q:(2s, H,) =g1(w1, BUH.,)

<92<“72, BUH,) =g5" (s, B).

(b) If @9 b, and @y, @, € B, then ay, cvgeBUH Again, gince BUH G./ 'by

the second condltlon of (23), we have -
qf” (1, B) — g1’ (21) =q1(2s, BU " )~ m(ml)
<¢2 (a’% BUH n) 98 (472) q )(‘vz’ B) qg') (a’z)
(e) If 23=b, € B, Wo need only to0 congider the case that a&EB. :

. | ;~><b B><q ><b,.>=o
s g$“> @1 B) = ¢{ () <0=¢§" (5., B).
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Oombining (a), (b) with (o), we See that g (z) — ¢ (2, dy), ¢=1, 2, satisfy (23).
Therefore, we have proyed the suﬁmenoy for the case (i) and case (111) As for case:
(ii), we need io oonstruct for eaon’ ‘Be .A/ a funotlon g,.==g3€ V/( such that |
a . API<g.<OPIzon B U}, : | 4
But by assumption, since BU H,€ .4, therezls g=0ay H,,G./l suoch that
Qirnunn<g<9213un,;
Hencef ¢,:=gIp, is a requited function, '
Becausge of the regularity of the g-pair. q(m) q(a: dy), the necessity can be-
proved by the same approach as in the proof of Theorem (18).
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