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ALGEBRAIC INDEPE NDENCE OF' CERTAEN
NUMBERS OVER A FIELD OF FINITE
| TRANSCENDENCE TYPE™

ZHUYAOOHEN (5;; 2R

-Abstract =

The transcendental degree of cerfain numbers concerned with the exponential
function over & fleld of finite tanscendence type is considered:

‘oo v oo § 1, Introduction
- IfPEC [o1, +*, @] is nonzero, 'sayf'P(mi, ey @) =§: o) -, where A () €
1, define d(P) max deg,, P, H(P)= max ]A(e)l and t(P) max(1+d(P),

" logH PN. Let KCG‘ be a ﬁeld K is said to ha:ve a transeendenee type<'v over Q
C([1]) if K has a finite transcendence degree q over @, and if {wi, srey 'wq} is a
transcendence bagis of K over @, then for all wEZ ['wl, e fwg] with w0 one hag
log|w| > o(ri(fw))7 where the nonsta.nt c>0 does not depend on w. It is Well-—
) known that fu'>g+1 _ . A ’
t' In 1949 Gelfond ([2]) proved that ealta.m sets of numbers related to ‘the
exponentlal function cannot lie in'a field of transcendénce degree one over Q. In
1966 Lang ([1}) and in.1972 and 1975 Brownawell ([8, 4.-]) proved that certain
“values of the exponential function cannot, all be algebraic over a field of finite
transeendenoe type. In the present paper wo obtaln more genera,l results. for ’ohe
same subjéct. - A ' SRR
- Let a;, b;€0 (A<i<m, 1<g<rm), and KcChe a ﬁeld We denote
Bui={a,, bj, exp(ab;) (L<i<m, 1<J<%>}, -
" Ba={ay, exp(ab) (1<i<m, 1<j<m}y,
8s={exp(mbdy) A <i<m, 1<j<n)},
and lot Li=X(8,) (=1, 2, 3). We pub

t mtn  C  min | min-

"We take the followmg common hypotheses:
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1. KO isa field of transoendence typhe <v ove Q; ,

2. {a1, *»*y @} and{b;, .-, b,} are Hwo sets of complex numbers such that for
any ¢>0 these is Ho=H,(s) >O ha,vmg the followmg property: for any (uy °oc
Un) EZ™ and (vq, -, v,) €4" with max [u,[ >Ho and m;a,x | o] >Ho one has

’2 u,w;1 >oxp(— (’ma_x iud 9),.

IE vib;

Our main results are the following Cee R D
Theorem, Ws have ' ) .

>oxp(— (max l'v;l) )

d¢\2"'v (o =1, 2, 3),, :
where ,=1tr. deggly. - 4
Corollary If 2'v<di, where 'r>0 gs mtegml then t.>a~+1
-~ Remark.  Our theorem improves the reSults of [5]. Fulthermore, taking
r=0 or 1, from Oerolla,ry we deduce the results of [1 38, 4] under shghtly stronger

technical assumptlon on @; and b;.

¥

§2. A Criterion of Algebraic independnee over a
Field of lete Tras“endence Type -

Lemma, 1 o1 Let KCC be a ﬁeld of tmnscendenca type <v over Q and {ws,
*+, Wq} be @ transcondence basis of K over Q. Let g>1 and g1, A92>0 be real mumbers

such that 91>y2>(1——5~> g1, and lot a(N) (N >N o) be @ mnotmtfzcauy» @ncraws@ng»

sequonce of positive (numbers such that o(N) —>oo (N—-—>oo) and o(N+1)<ao (N) fwh@re: '
- a>1 és a constant. Let 0, s 8, be some complew numbers. 1f for every tnteger Nz Ny,
there is a nonzero polynomial PNEZ[wi, ooy Bgy Y15 *t%y Ys) Such that

—e10 (N)*9<log | Py(wi, +++, Wer-B1,. 04y O5) | <—o0,0 (W) o+
and t(PN)<a(N), where ¢, 02>O are constants, then g<2tiy, 'whea‘e t=tr-degx X(4,,

vy 00).

»§ 3 Au_xiliary Lemmas'

- LetK= Q.('wl, g wq, C) CG be.a ﬁmtely generated extenmon ﬁeld of Q, Where
,wl; sty Wer _C is 8 system of generators of K OVeI' Q. i .0, fw1, cee, 'w(z are algebramally
-independent over Q, and Z is 1ntegra1 over ZE’wiv S 'wq] Then any element w of

K can be ertten umquely as -

2

=1
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“where d is the degree of {:over Q(wy, ++; w,), and Q;, R;EZ[wI, .o, w,] have nob
»‘b‘ommon. factors. Let P be the least oommon-‘multiple of Ry, «o», Ry. Then .

Pu=31PL,

$=1
where P;€ Z[w,, -, qu] (1<w<d) We put
b(w) =max (¢(P), #(Pa), ++, $(Fa)),

which is called the size of w.

Lemma 2, Lot KcCbe as above. Then there ts @ oonsmnt Co>0 dependfmg only
On Wy, <+, Wq, { such that for all (e, ++, ;) XK one has .

85, ey 0) <0o(t(0s) ++ +1(6)).
Furthermore, 6f 6,C & [wy, ++, Wy, L] (1<4<s), then
t(eyr+--+e) <ma,x-t (&) +10gs
__ Pfroof See Le“mma. (4.2.5) of M. ‘ : - )

Lemma. 8. Lot r and s be posi itive mtegers with r<s, and lot a,€28 (A<i<r,

1<i<s) have absolute values at most A>1. Then the system of egu(mons

2 @485 = =0 <1<’l/<’r>

e ok

has a solution ém énfegers 2, (1< J<s), not all zero, with
|| < (s4) 77,
Proof See Lemma 5.1 of [4] LT
Lemma 4. Leir, s, 4, v v be imtegers, wrnd £,(0<v<<r) and 7, (0<a<t) be
some complex numbe'r‘s Pt ‘
| E(zl, o m) = 3 A, ey e Pay e v) 2?‘---zé‘sexp(§uz1+~-+£vszs),

0L pg<v
o<y <r

evh@fre A(/J,l, , e V1) vsjEG wnd set
. a@= ma,x(jf,,l 1), wo—-mm(lfo E,,[ 1),

Ab—ma.x(lnm],, 1), _boz—,mln(lﬂp—mly 1),

A =max lA(”’ly b Ms; 7)1, ) bs) l’

Mg ¢
gt Ps

ORre 025

.E—- max E(nqiy sy 7’68) °

0<p¢<u
0<o,
- If tu=>2rv+13abd, then _ : |
s Emslo DBV
. , ao\/ T b bof ( )
Pa“oof Use the 1nduot10n on s If s=1, then Lomma 4 como:Ldes with
Theorem 2 of [8] Assume that s=>2 and that for the exponentlal polynomlal ing—1
Vama,bles Lemma 4 holds, We denote by B*-E the expressmn in the mght suie of

the inequality (1). For every palr (y,,, va), O<y,s<'v, 4 0<v,<q‘, we defihe bhe
- funotion '
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: ‘Eﬁb.bg (51; oo, zs-'-l) =E A(Ilriy eea, ,ibs,» Vi °“v i’s) Rt g‘:-iexp(f,,1z1+ ‘°+§v,_ zs-i)y
Where Dl—{0<,u4<fv, 0<vi<r, 1<i<s}. Then ,
E (2, o ) %) = 2 Eypv, (21, 23-1) %5 eXp (&uis),

where D, = {O< Hs<, O0<v,<r}. Applymg Theoram 2 of [8] to the functlon

oprte et Fpa .
W (97017 ", "'Ic,.u Zs) 0<0'¢<t O<P¢<u; 1<’b<s’
. 1 "o .ls__.
Wwe have n » S v '
Pt '+ps-x ; ' N1
et e e 4o o BE. 2
&Eﬁfu O 0eE ] Enaws(mu ) s-l)l < @
1<¢<s .

Applying the induotivs assmuptlon to the funoction E,,,, (21, -, zs_l), wo gee ‘that
-the expression in the left side of the 1nequa.11ty (A) is gieater than AB~¢-1),
Therefore the 1nequahty (1) follows.

 Lemma 5, . Lt Ty, +-, T, be subsets of ©, each of wkwh contains af least &
points. Let D(O, 1) ={z= (zi, vee, 25) € C‘Imaxlz. [<ri} be a pelyoylinder coniaining

the set T= T,, X eee X T I f w 6S @ posmfve imteger and f (zl, “ee, zs) is @ entire functwn

such thwt
691+ -t pg

LT | Amﬂm’ e, 1) =0
for 0<p¢<u (1<fb<s) and (i, +o, 'ns)ET then for B>r and R>n .
- o log |f|,<10g|flg-tulog R— ";1 - .
whers |l =sup{1 e, <, 2 || max o =

Proof See Proposition 7 .2.1 of [9] .

§ 4 Proof of Theorem

Lot L,=K(8,) =Qw,, *+, wy, oy, + ost", ¢) such that -

(1) {wy, -, wy}, is a ’olanseendenoe basis of K over @;

(i1) {wl, ) We, Oy, +oe “t.} is a tlansoendenoe bams of L; over @;

(iif).  is integral ovar the ring Z[wy, -+, Wy, Gy, <o+, ). _.

For two poinits #= (uy, ++-, u,) and O = (v, -, v,) of C°, we denote uv = ufvl-!—
soo by, Lot @@= (@y, -+, w.,,—,),‘ b= (bi, e, B,), _7\;‘—--(?»;,1_, oo, Niym) € B2 (1<6<s), 8=
By +++y Bn) EZ2(I<I<E)w R

Now we consider the cage §=1. - = :

We will adopt reducton to- a,bsurdlty We assume that dy>2%7. Lot = [ 2"31 ]

and 8 be & pal'emetel sueh thaﬁz ' ‘ o ‘

G~



404 . OHIN. ANN: OB MATH, - . .. - Yol 12 Ser. B

Let N be an integral parameter, whioh we will agsume to be large.enough, Put

log N.
Lemma, 6. There emsts an ea;ponentwl polynomwl ‘

fN(ziy "') zs) 20(%1, o, Ay, /"'iy Hhe) MS)HZ exp((?\.,w)z,),

Aot .

where O<M,;<N(1<'b<s, 1<y<m), O<M,<P(1<fz,<s), such that
(i ) the coeﬁ‘icwnts 0(7\.1, ., ?\.s. ,wl, ‘o, us) €4, and.

O<10gma‘x ’O(?“ly ony gy F”ir M) /"8)‘<<N1+W°

Mgy o4

(11) for 0<pi< P (1<6<s) cmd 0<9,,,<J (1<i<s, 1<y<n)

C gete
mfw(b‘;tb 37)) =0 A ‘
P'roof Let A,, B,, 0, ,EZ [fwi, ey Wy Gy vety at,] be denomma,tms of w;, b,,

exp(w,,bj) (1<'b<m 1<g<n), respeoblvely Put A= [[A,, B HB,, O—-[[OM,

(R o puE-GeRony, 7,- (3R,

Oonsider the system of equatlons for 0 (M, Ls, PR M/s)

(AB)SPOSNJ aaix a.__zpa fN(Blb sb) 0, <0<Pt<P 0<3M<J)

The expressions in the left side can be 1'ew-ritten ‘a9 tha polynomials in wy, Q-;,.
W,y Gy, +++, Oy, L, the coeffioients of whioch are the ljnear forms in O(Ay, v, A, 1y

«e, 1s) With integral coeffioients. Thus we obta,in a new Sys’ﬁelm of homogeneouSv

linear equations with integral ooefficients in O (7«.1, o, As, Wiy ***ts). The number
of unknowns =N P gnd the number-of equations <<(NJ + P) “apsyo, Further;
by Lemma 2 the coefficients of equations have
| ' ‘pizesKs(NJ +P10gJ' +P log N ) <<N “W
Thus Lemmia 6 follows by Lemma 3. . I N
Lemma %, There are mteg@rs p(°) T §.°) and integral points 8, «eo, 8P with:
0<pP < P(1<K4<s) and 0< O < T (Ai<<s, 1<j<m) such that
3p,<°’+« ok |
Proof Apply Lemma‘4 to the exponenma,l polynomla,l f ¥ (zi, zs), ta,kmg the
parameters : x

_ log f (3(0)(, Sﬁ"’b) >>.—'NM+1+%‘+B °

§5~Ma, O<?\,¢,,<N(1<@<s, 1<g<m), . L e
n=0,b, 0<<§,,;<J1(1<i<s, I<j<sn ), e
It is easy to see that the values in Lemma 4 , : S S
v r=N™§=J1, u=P, v=P, axl, exp( J1)<<b<<J'1,

| log ay> — N°, log bo>> — J4.

It is clear that the condﬂnon tu>2rrfv+13wb 1s satlsﬁed hele Thus Lemma. L follows. "

" Lemma 8. We have -
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3p(o)+ P‘G)
A
Proof Tak'ing =0 Max

" log fN(a(O(b -390) | l &~ — Nitmii-a(14) (@rtays

*J1, by the Cauchy inequa,li'b'y we have
3”‘” < pg? » ‘

W

.In Lemma 5 takmg R=Tr and ry=2r, and notlolng the Va.lues in Lemma 5 t= J "

fr <6<°>b e OB) [<pfPL o1 s

%=P, we have
: log| fy|rg — Nttmei-2 (1+F) artore
Thereby Lemma 8 is proved. | S _
©  Lemma9. There is a sequence of polymfmwls PNE [m, ey g, .yi, "ty %;;J
(N> No) such that +(Px) < N**F and "
— NM+1+7;+a(1+’7'y') (g+ts)/8 <<10g| Py(a0s, »+y Wq, Gy, ***, Gy, Z)]

& — [ emt -2 (1) @itars
Proof Denote |
PN<w1y .'..,_rwq’ Ogy *o%y Gigy, {) (AB)SPOS Ja

6'0(0 yoboe +plo)

ST [0 B, 80D).
z s B

Lemma, 9 follows from Lemma 6 and Lemma 7 with s»=2(1 +1q:'~> (g+t)/é and Lemma

8. :
Proof of Theorem with $=1. In Lemma 1 taking
g=di—igo. gr=(w+1)go, 2= (w—1) g0, o(A) =g N1*7,
where go=2(g+1%,)/s, and ¢3>>0 is a congtan®, we deduce that
\ dy— pgo< 287,

It contradiots (3) therefore Theorem with ¢=1 is proved. |

Sinoe the proof for the cases §=2, 3 has much in common with the proof for the
case 5=1, we shall only give the form of the éxponential poiynomials and the main

Parameters.
For the cagse =2, let : ,
Fu(ey o, 2) =2 0(Rgy wory As) LT exp((M@)2), 4>
where 0<Ch;, ;<N (1<i<s, 1< y<m), and pub |
m+n
[ N3 T _ st (1) @ tasstndy - L i
R 1, Je=[3N (log ).

For the oase §=3, lot fx(#1, *+, %) beasin (4), and put
| P==1, J= [N%-(li"#) fq'”a)/sn]’ J1= [SN'%] i
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