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DAVENPORT’S THEOREM IN SH@RT ENTERVALS

AHAN TAO (& #)*

Abstra.ct

Let ,w be te Mobms function. It is proved that for any A>0
2, e ma) <, Ay(loey) -

<<z +,
“holds uniformly for real & and y>a;2/3+8 (8>0), whlch generalizes H. Da,venport 8
theorem for Mobius function to short mtelva,ls \

§1. Statement of the Results -

.‘\

In 1937 H. Davenpo1 tm proved the followmg theorem for MObluS ,w—funetlont
- Theorem™, TLet R denote the set of real numbers. For any given A>O
B ’ = w(n)e(na) < (logw) S € A )
holds ungformly forr aER fwhea"e e(/.b) -—exp (2mu) wnd tlze & constant depends only on.
A, - :
- USmg Vaughan 8 1dent1ty the author in [2] showed that the a.nalogous result:
of (1 1) holds for arithmetio progressions. However no results of type . 1) in
.short intervals are known, and such a klnd of result W111 be shown in the preSent,
~ paper. Thé mam theorem is as follows o ’
| Theorem 1 For any gmzern, A>O s>0 ' ” L o :
31 w(n)e(na) «y(logw-‘ | @2

w<u

’ leds unefm‘mly in anR and y>m2/ 3*’, whero the «' constant wepends only on A and s.
We shall use the following notations. L=logy, &'>0is a eonstant which may
be taken arbitrarily small and may be different at eaoh ooourenoe p(g) is the.

\

funotlon deﬁned by . - =
=)
o =11 (1 7) |
P a,lways denotes 2 pnme.. We also use * the notalon 2* Whloh represents the

summatlon over all primztive ehara,oters modulus l; in partloular, if Z 1 xu,.)-—l

_’ _for all fn.
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The proof of Theorem 1 is baged on Heath-Brown’s ideﬂtity, Ramachandra’s

method in [3] and the mean square ostimate of Dirichlet L—functions in ghort -

intervals which is due to the autnor [4]. Precisely speaking, we start from the
well-known Dirichlet’s lemma, whioh states that given #>>0, then for any a€R
there exist a pair of integers @ and ¢ (8, ) =1, 1<g<wv such that
@ 1 .
| 'a——q—— < | (1.3)
{We shall choose v = m1/ 8 in the proof.)
Lemma 7 helow (§ 2) shows that our task in proving Theonem 1 is reduced to
“the estimation of the sum

st = o (m) x(m)e(mmn | (1.4)

% m/d-fm<(u+ w/é
with I>1, d|g and A=a-2 (|p]<2).
g g7

For « satisfying (1.8) with "large” ¢(g> L) and I>>1, Heath-Brown’s iden’oiiy
and ths mean square estimate of L-funobions in short intervals enable ug to give

an estimate for sum (1.4), namnly,
Theorem 2, Lot v=0"3, 1<q¢<7, [M<—£—}; and y =g%3* (g>0 suﬁcwntly

small). Then for any A>0, Id|q and 1>1 we have
| 2*, 1 (m) 5 (m)e (mird) } <<d-1/21<1—e>/ Tos

%2 ofd<m <(‘w+y)/
)=

where ¢1>>0 is an wbsflute constant and indepent of A. wnd 8, the < constwnt depends only

on A and s,

While o sa’olsfymg -(1.8) with "small" q(g<L°), or with '"large' ¢ and I=1,
‘we apply Ramachandra’s method in [3] and zero»densmy theorem for L~functions
-(Lemma 4 and Lemma 5 in § 2) to the sum (1.4) and obtain

Theorem 8. Lot v=a'/3, 1<g<r, (Mg-;%— and y=x3* (>0 sufficiently

small). If
i) gL . o
(e2>>0 VJSdny given constant) or
. ii) ¢g= L% and 1=1, ‘
#hen for lol[q and 4>0 we hwve

g u(m>x(m)e(m?~d) | «d=72 (q)yli"

[T} m/d<m<(:a+1)/d )

whm'e tke & constant depends only on A cmd 8.

Now it is eagy to see that (1.2) follows from Lemma 7 (belaw), Theorem 2 and
“Theorem 3 if y=a%*** and s is sufficiently small. As for y>m2/ 3+¢ we could ﬁnd an
dnteger K such that y = Ka¥ 3‘*‘3‘( 82581 s) ‘Then we have



No. 4 Zhan, T, DAVENPORT’S THEOREM IN SHORT INTER VALS 423

2 p(n)e(ne) = 3 2 p(e(ae) <K gL 4

D<UED+Y 0<E<E~1 z+kad¥e1<y<a+ ki+1)atttey
Henoce Theorem 1 is proved.
§ 2. Some Lemmas

Several preliminary results Will be needed in the proofs. We state hem here

a8 lemmas.

Lemma 1, 5 Let F (u) and G(u) be real Junotions i, (@, b), |Gw) | <M and |

G(w) /F’(u) be monotonio.
a) IfIF’(u) ‘>m>0 we have
M

| RIOLEICLOIESS
b) If IF”(u)]>fr>0 we. have ‘ '
| LG(@)_BXP(@F(@))J@{« I
Lemma 3,7 Let _ -
H(s, x)-— E w,.x(n)n ? y=xmodl, s—-cr+f1/t
Then for. all T>1 and roal U we ha,w '
M4V '
[T 1m0 a3 AT+ a7

Lemma 8.1 For H>TY® gnd 1>1,

CoemEEm :
3P [T 1L /2 i, @) 2 di<p @) Hlog (D).

- Lemma4.”? Let N(w, T', 1) be the number of zeros of IT Ls, x) in -

‘Res>a and |Ims| <7.
Fo'r < (logT)° there exists D=D(c) >0 such that :
N(a, T, 1) <<T1600(1-os)3/2(10g ™2 1/2<a<1,
. Lemma 5.% Use the notation ¢n Lemma 4. Let
' ' N{a, T, H, )= N(a, T+H D—N(a, T, Z),
Then fov‘ H<TY3 and 1>1 we have
N(a, T, H, 1) < (1 H)%/2(log LH) ™S, 1/2<m<1
‘Lemma 6.® For I>1, H L(s %) (s~cr__+et). has no zeros in

A=l 10gg+(1og(T+2))*/° and ”KT( 0> )

ewcept the only ewceposonal zero B. Arrwl foa* 1< (log T)° no such emoepteoml zefro emsts,
"Lemma ¥, Let ' ' :

S m )= 3 pela), a=g th @ Q=1
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Then S L
L Swa s Z() w@R ,(2 o M(m)x(m)e(m?vd)l
Proof :
Swon=3 3, M(n)e( : n)o(n) \

% a/ d<m<2(a:+y)/d " (dm) ¢ <_—— 'm’> e(md))
(m,g/d)~1
a/d )

=31V ( 27 );/d%m?_(,ﬂly)/d w (dm)e(md?\.)

dlg i=1
\ (m q/d)=

So(Z)DIM B wam)mad)

Tgra L c/d<m<(a:+y)/d

dlq¢ /d) . | . .
—n zﬁxwe( /d) 3 a(m)u(@m)i(m/d) -

( / ) @gua l=1 wld<m<(a‘+y)/d
q

(D™= u(@m) z(mo(mad) |

Xare o:/d<m<(a:-y)/d

(i)q/-zzz"l > u(dm)x(m)e(mm)|

ltg/d w/d(<m<€w+¥)/d

2% /d<m<() v+ )/

L34 w@sl 3 w(my(myo(mad) |

“The lemma is proved.
§ 3. The Proof of Theotem 2

In this section we agssume all the conditions of Theorem 2. .
Let 83(x) = o} ,u,(m)z(m)e(m?\.d) (x is prlmltlve oharacter modulus )]

si<mer+y
1( 11

=
and ’ : .
80 D=3 18],
’whelje ‘ : S o
wmg B

In Heath—-Brown 8 1denf1ty for Méhius function 3
| O Feeon(earepa- Gy
‘we choose k=38, M=Mx(s)= El.o(n)n“ a.nd X \/2a:1 It is easy to see that for
'¢a<u<2ax1. the sum: . L T
S wmm 7’(‘3.1)‘

45 a liner combination of O(1) sums of $he form L
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. w1<n;m Mg U,
nu<x 3<J<5

| CSe= S wl(m)x(m)wa(nz)x(nz) ‘as(me)g(ns)
with | C ' '
1, 1<j<2,
a;(n ' f ) 1»
el () = {y,(n), 3<j<5, - )=

and g; (rn.) 0 otherwise (m faot some m; in S may only take the va.lue 1, however,
this does not affect the following proof). »

By Perron’s summation formula we have

;S'g-—--—-rHT 2 - 051(%1)%(“1) ws(ﬂs)x(ns) w'—a} ds+0( ) (3 2)

2wd ) o-ir m<n;-;§».<<j2<ag | (nymrgreemg)® s

On splitfing up ea.oh range of the summation in (8.2) into intervals of the form
N<n<2N, we ﬁnd that 8, is the sum of O(LF) sums of the followmg form

__ 1 (o a(n) g () as(ng) x(ns)  w'—a ot °’) /2 ey
Ss 275@ 0—‘1’”;614 ('nl“‘ns)s S ds+0 ( T | ) (3 .3}
where : O | o
5 : : o
Ij= (N, 2Nf), w;§<’l=111,Nj<<w1- gnd_{v,g-x, 8<j<5.
Letting I S L

f!(s) %) = 2 a!(n)n— x(‘"‘) (1<.7<5) v

F (s 0= IIf:(s, %) |
and shlfbmg the mtegral line on the mght—ha.nd mde of (3 3) to Re 8= 1/2 we get

C 1 [(yewr ‘Ui 1+,' ( 971 wl—a
So= 2% ) 1/2-i7 (s,x) ds+0 +0 1}2%%5.: - T
1 (T ) u1/2+{t__ %/2+6t : ( e s')
-Q—V;j_TF(l/Q-}-% D 0 ().

The ahove disoussion shows that the sum (3.1) is a liner combination of O(L®)
guus of form ;S’a Henoe

)= oans s ('rn)x(m)

;<<

(mg)=1 .

< I’ max
)

Taking =~ - . L St ~ . Ce
T__= (dl) 1/2"'8?/—147}“ + (dl) 1/2+s l Y I w{+f<<w2/3*‘ .

J +' 9(?\:du>du‘[1' F(1/2+q,t x)u"1/2+¢tdt‘+ 1+l;\:ly L5 1+8' |

we have ‘ :
81(x) <L max U F(1/2+%t x)dtj Tl (——— log u-A du) dul
+ d"”"’l'"’z‘“ L .

Now we apply Lemma L to the inner mtegral on the r1gh’a-ha nd side of (3 4)»
and obtain ' _ 4 Y
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1ty .
I u V% <-- log u+?\.du) du<er? min <y1, 2 NS )
@ ' Tt] o n |64+ 20hdu| /7
Therefore

. /. ‘
T I i ( o - )
81(;() < Ty ma:x min\ ¢4, 's/ lt I r mln ‘t+2ﬂ—7\‘ dul

. m<u<m+1/x

(F(l/z +ity) |de

+ yd~1/2z—1/2—-s
Let H =ay~*+10|A|y. Since for lt+2avhdw1| <H

win (g :7T;T><<mm (o W>

|6+ 2w\ day | SHH  (h=>1)
|44 20 du | =EH — 2w ||y >hH

v holdé and for

. holds, we have -

T . e .
j-rmln<y1’ \/lt[’ min |t+2whd | | F(1/2+3t, 2) |db

L ;mi<use1+Yr

<« min (yi. \/W)[Fa/z”)wt

lt+2me'<H

. 1 1/2+ 4t d:
+ 2 © min - |t+2m;?\.du| |[FQA/2+it, 2) |8
k‘H<2T EH<|{2+xAdes] <(7c+1)H

L TytH - 4
<D max [ (min 00 )+ ) 1F 2t x>ldt=°

Sinoe it is a S1mple matter to show that

min ?/1"\/ ma)* i <<JW/1 s/’%‘
we have -

i< Tmx max a8y - 1>’/2j P (2488, o) |db-+-yd2/m-305,

(I \wi<2?
To prove Theorem 3, now it is sufficient to show that for all possible (I;) and

|T.|<2T

> S e e S S

We oonsider three cases separ ately
" Oase I. The indices j=1, 2, -+, 5 na.y be lelded into two blocks J a.nd Ja
.such that . . . A
M =max ( H N, H N,) <<yl"

Let e - e o
M;— IINI) M1M2<<m1 (’Z=1, 2),.

- B (s, 2) I[ fi(s %)= 2;@(%)94-(%)@?5; . R

where
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vear

lb (n) [<<d5 (n) «d® (fn) ('b 1, 2)
By Cauohy 8 mequahty, Lemma 2 and the well-known estimates

E d**(n) < N (log N )02
and
(Z.i 0(‘"') 1024
5 S« g Wy
we obtain

N+ _ '- .
s | P/2a ) as
x4 1 .
ht+HE

Lol TotH - - \N1/2
<E3 (3 [0 (B2, o 2a) (30 )
<<H-2((LH) 124 M1/2) ((ZH) 1/é+M1/2) 1024
& (Z A2 122 H—J./z 1/2) 1024
<<y1/2(z(1—a)/ (1+s)/2 1/2 -1 +zi/2 —-1/2 +l(1’8)/2) 202
<<y1/2z(1—s)/2L1402 :
So in this case (3.5) holds with ¢;=1030. -
Case II. There exists N, >24%/3,
Since for 3<j<5, N, <X <2a;1/3, we must have jy=1, 2. Without loss of
generahty We §uppose jo=1,

. i/2
|Fa(1/2+48, 2)|2d5)

Now wo first show o o _ , ,
L (TtE L L ‘; ' .
>3 IERCVEREAPILCIES - 2 (3.6)
X3
By Perron’s summation formula it follows that

P32+, D= Tu(t/2 it 4@, 2) L%f.‘&l:__

' (3.7
where . : A
Ly(s, %) = nE x(n)n” ’(Res>1) andc——;— %
(".q=)=
For Res>1 |
L 0= (1- x@)) ~I(s, x)II<1 x@)) 3.8)

This gives an analytio continuation for Li(s ) m the whole s-plane, gince L(s 1)
" is an entire function for pr1m1t1Ve character Aoy (l>1) It follows th&t (3 8) holds
for all s and S ' c o :

[L1(0+q,t x)[«p(q)(L(a—i—@t x)l 0'>1/2 (3.9)

It i known that for 0<o<1, |#] >2 , o
L(o+-it, xf)«(l]t[)“""’leoglltl (8.10).

Now moving the integral hne in (3 7) to Rew=0, by (3.9), (3 10) and_the faot

- p(q)<<9" we get



T 'OHIN. ANN. OF MATH. -+ ¢ Yol12Sern B

o

Fi(l/2+6t, x>___f L1(1/2+w+w x)(—QM:—)———Ldv B

+0 ( max (‘<T+g°)>1 o N"logl(T+To)>+O (

O<ec’
. On taking
Mty g?/3+5]1/8 +"T<<m7/9+~a’,
it follows -
: ° \
iFagas2wis, 1< ([ p(g)|1;(1/2+w+w x)|1 T )) +1
" <p2<g>L j [L(1/2+w+w x>l2 T +l T
Henoe o

p ISP ACV RO | |
<te@g [ sl [Ba/riio x>|2—ﬁ+zﬁ‘ |
=Lpz(q)J_o——ﬂ;l—2"J IL(1/2+@t+fw x)[2dt+zH
=Lp? (q)f_o-—q_-w- Lﬁ:m 3 L /24, x)l"duﬂﬂ,ﬁl»

By Lemma 3 we obtain

H : ’ ' E
[ /i o oo @Iz,
% : . _ e
~Wh10h is (3. 6) ' . :
From Lemma 2 and (3 8) it follows that '
- [P Sy |51/, 0 |8

3

<z (3 [ Ifua/ai, o Papr(se [ jn l;<1/2+wt x>|2dt)

< a3 naEy () +(‘NI> ~ > ot

<<y1/2(l H1/2 -1/2 +z1/2 ~1/2 1/3d—1/2) L514.
L g AT . L

Henoce (3. 5) is true in case II W1th 01>520
Oase III a,ll N ,<2w1/3 (1< 3<5)

Suppose that N, <N ,.< <N 5.- Sinco w1<<l'_[ N, &y, there exztsts r, 1<r<4 a.nd

: ' N,‘Nj,...N,rgza;i/&, Nﬁ"'NJ,Nﬁ,+‘>2W1/3-' |
Let B
S o M:I.""N Ninn MB_Nfi ) Nh)
“Wehave < L. . -
. M1<w2/3 — ym—s«yz.—l
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e e s e it feieran fm St 4 s Pt €a e B e a gesee Patan o

and
o e e - MLyl - L
So N ,(1< g<5) satmfy the condition of case I, and (3 b) followse
Now we have finished the proof of Theorem 2.

§ 4 The Proof of Theorem 3

In thig seo’olon we assume all the oondltlons of Theorem 3 a.nd use the notatlons

81(x) and 8:(, d) in § 3.
We'start from Perron’s summation formulas For @y <u<2w1 -

P u(m)x(m) L cm_z(s x) miols+0( ;'), (4.1)

s<m<oi-+yr 2977%
L (m O=lx .

where ¢c= 1+~1_; and

122(8, x)— 2 u(m)x(m)m” Re s>1.
(m q)=1 .

'ForvRe s>1, - ‘
L 0= H(l LB )17 x)H(l—”(p))

In faot this gives a oontmuatlon for Liy(s, x) in: the s-plane. Moreov_er,
-1 . oo . . ',
La(o+i4, x)<<[L‘1(a+@ﬁ x)[]_’[(l—- 25> <<L,o(g)[L"1(0‘+'i,t, 2
for Res=0>1/2. '" ' ‘
Let M-be.the so-called Euxley—Hooley contour as. desoribed by K. Rama-

cha.ndra,“33 Briefly speaking, we take the 1eota.ngle

—:}L)J—<0'<1 14| <T+2000(10g T)2

and divide it into equal rectangles of. helght 400 (logT")? (the real line outs one of
these reotangles into two equal parts, we denote thJ.S reetangle by Ro). Let B* (n=
~fg, e, O, - m) be all these reota,ngles In B" we fix a new right side and obtain
a new rectangle a8 follows. Consider R, B" and Rrtt whenever all of the thlee
© are deﬁned Plok out a zero of II*L(S, ) Wlth the glea,test real part 8. and Re

s= ,B,. is the new. right- SldB of B, Now we JOlD. all the rlght edges of the new
reota,ngles by horizontal lines.: These form:the contour ', L S
The Huxley—Hooley contour, or blleﬁy, the H-H oontoul s obta.med by;
making the following oha.nges on M'. :
Let @, b and @ be posztlve oonstants to be ohosen later, satlsfyz,ng 0<8<1, 4
shall be small and. b ‘shall be close, to 1. If B;<4, then in pla.oe of B, we take 8,=8, -
+8a(1—8.). 1t ,8,,>0 then B. is replaced by.B,= 3~+b(1 -B.)+These- form the .
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H-H ocontour.
Now we join the pomts ¢+¢T to M by horizontal lines H 1 and H,. T will be
chosen as a suitable power of . Sinoce
| LG, )| <T"
for s on H, and H,, as shown in [8], shifting the integral E-line in [(4.1) to M we
get -

) “_(m)"(m)"“"'f ILy(s, x)“ —ai ds+0< ;e')

Therefore (M) .
8:(x) = j e@du)d 3 wmyz(m)
) (m.p)—i
=—2—;—157Jﬁ 'e(?»du)du‘[ Ly(s, x)u"1ds+0 —+J—M—U— 1*“') |
_ oy 1+|x|¢_/
o Tats, s [ e(xdu)du+o(77_w+_).
Take ‘ '

. /- di/z 1+sy .1+d1/2w1+s ‘M (cvi/3<<T'<<:v2/3+’),
Heay+10[Aly.
Leb M (H) denote the part of M satisfying :
. T,<Res<T,+H, |Ti|<2T.
In the same Way as in § 8 we could obtain

() <Ldp(q) oy H)Y? muax [ 07| Lo3(s, 1) ||y 2™,

. 1T <27
~ To prove Theorem 3, now it is sufficient 0 show that for |T,| <27,

2 JM(H) o L, 1) | | ds| <<(Hya;“1)1/2L—A-
- or, since H=wy™ we Only have to pr ove |
s o~1 -1 A1 ‘ :.
% JM(H) [ L(s, )| |ds| <L (. 3)

“To p rove (4. 3), we Just follow the ethod of Ramaohandram It is shown 1n_
[3] that . | - '
|L(s, x) | T, if sEM(H) and Re s<0-+b(1-0),
I, 1) | <exp(log T)24) if s€ M (H) and Res>0+b(1~0).
We divide the smallest vertical strip co.nta,ininvg" M(H) into vertioal strips of
width 1/logT. Consider the bit of M(H), say M(H, a’), in the vertical stnp'
about: the abscissa ¢’. Then we have S :

10
e <N Ty H 1 (logT)*,

wheore ¢’ is a+3a(1-—~0') or a+b(1-a) aocordmg a8 o'<f or K4 >9. By the a.bove-
d;soussaon and Lemmas 4~6 we obtain (<L) : e
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%}' fM(H) Qa-llL—‘l(s Z) ' 'dSI

=S| o'-1|L~1<s w)]]dsl—!—}] @ LG, x) | | ds|
1 J bt ("H) : J“esa"<<‘9+b(1—8) A ’

+3 J 2L (s, )| |ds|  (s=0'+it)
' A R

F8/31-30) \1-p , [ 11600(L-b)2i2 (6311 N (1~b)(1—6)
ce (B Y
@ @ :
11600(1~6)—(1~b)™4/2 )co(i-w(lozl')‘ 40

+exp ((log T)*~) +(
proivded @, b and ¢ -sé,tisfy

@

HEBa-30 gt - ' (4.4)

r_pzoooa—e)"ml—b)"“<m . (4.5)

In faot, we may ﬁlst choose @ such that o |
’ g (—é——}- e) (1- 3w) “lLl—g (H<w1/3+’) |

b such that 3(1—b) = 100 and then @ such that (4 5) holds. Honce ]

A

and (4. 3) follows. ‘
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