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PARAMETER ESTIMATION OF SPATIAL
AR MODEL
JIANG J IMING (ﬁaﬁ_aﬂ)

Abpstract

Consider s stable AR model of two pa,ra.meter spatial series {X,, t&N 2} o 0. { Xy
$&N?} is homogeneous and satisfies the following difference equation
X 3 a'a-Xf-QEWt (teN?),

o SE<0p]
where {W;, ¢€ N?} is a two parameter white noise and the nota.txon<0, ] expresses the - -
set of two dimentional lattice points { (%1, %a): 0<h1<p1, 0<kg<p2 bub (%, kg) #= (0,0},
and furthermors the two-varidble polynomial e
1-(81912<0;pj a_“‘ 'a)Zk‘Zs"#O ( !Z1| <1, lZﬁl <1).

In this paper, under frirly general condmons (1t is requn:ed that {W} satzsﬁes the
conditions of two-parameter martingale difference, which is much weaker than supposing
~{W} to be i. i, d.), the author obtains ét'rozig consistency and asymptotic normality ‘of"
the Y-W (LS) estimate of the AR parameters {@,} whenever nng->co, where ny and n,
o .denote the horizontal and. vertical sampling width respectively. :

- Introduction
‘We consider an AR model of two pa,rameter spatial series {X; #& N?}, that is,

{X,, € N*®} is homogeneous and satisfies the following difference equa.tlon :
_Xg’f > %Xt-a -W.(t€EN?), : o | (O 1y

’ SE<OQP

where {W, tEN "‘} is'a two Parameter white noise, <0, p] denotes the set of two
dlmentlonal lattloe pomts {(k1, K O<k1< pl, 0<ho<< p2 but (ki, k2) #0}. The

1" 2 w(sus-)Zsz *0 (|Z1‘<1 ‘Z21<i) o (0.2)

(81,83) € <0, ]

The probabilistio meaning of the stable AR model has been explamed in [4], 1t.
exactly desoribes the finite order quadrant Markov: property. [7] and [8] congidered
the problems of parameter estimation and order determination of a stable AR
‘model. Under the hypothesis ‘of {W,} being i. i. d, it is proved that the Y-W
estimate of the parameters {a,} is weakly consistent prov1ded NyNg—>oo, where Ny,
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and n, denote the horizontal and' vertical sampling width respectively and are
asymptotioly normal prowded 1, ng—>00. [8] a.lso oonsudered the followmg weaker
' condltlons on {Wt}

iy {We is strlotly sta.tlona.ry with ﬁmte fourth moment

1) B(Wo| F{Wst 61<<ty or 5:<85}) =0 a. 8,

iii) E(szgz'{W, 1<ty Or $3<tp}) = o-,,, a. 8.5
and obtained strong oonswtenoy and asymptotlo normahty of ‘the Y-W (LS):
estimate of @, Whenever My = ng—>oo, It should be pomted out that the proof g ouven im.

7] and [8] seems to mVOIVe some ﬂaws However, it could be. 1mproved 1f We make
some modifications on the definition of ‘the sample a.utooov:zmances Under the-
hypothesis of {Wt} being i. i. d, [8] gives a weakly consistent estlma,te of the order-

p, using BIO crlterlon but the proof also involves ﬂaws

In thig paper, under the conditions weaker than 1), ii), iii), we discuss the-
problems. of pa.xa,meter estimation of the stable AR model. The paper:- moludes three.

parts: § 1 enumerates some ergodio theorems concerning stristly staduonary spa,tla,];*
geries which will be used: latter; § 2 disousses strong consmtenox‘ of the Y-W (LS)
~ estimate &, of ‘the.AR parametber g, a8 mny—>co; § 3 discusses agymptotio. normality

of g, as. ninz——>oc5 For simplioity, we consider 2—parameter case the results obtained:

can be easily generalized to g—parameter (g>2) oases.. ,

f “In a subsequent paper, we will disouss uniform oonvelgence mte of the sample
autocovamances and give strongly oonsmtent order determination method. An
1telated logauthmlo conyergenoce rate of the AR parametber estlmate will be also.
glven . v :

Thig paper is a pa,rt of my M So dlsserbatlon which has passed in Pek.mg

Umvelslty in June, 1988. I would like to thank my supelwsm Prof. Ohmng Tge—

pei, for his guidance and encour: agoment

Notatlon

In thls paper, N denotes the set of integers. For t= (ti, t) EN?, |t| denotes:
the ploduot of absolute value of the nonzero components of . The elements (0, 0)
and (1, 1) will be also denoted by 0 and 1 and IO[Al For s, t€N?, s<t iff §,<éy,
and $3<tg; #4(s> aét) iff s<t(s>t) and S s“’< i i<ty 01' s;—-t,. Sa-i<tfg_q.
(v, =1, 2), sOLE Iff SO<t and s, t—>c0 means t2->oo For a, bEN2 [w b]=
{tEN"’. o<i<b}, <@, b] ={tEN* a4 <t<b}, [a, o3) = {tE N2 t>w} '

Let{F. n $EN} denote a fa.mlly of a—ﬁelds with € F, where (Q, F, P)-
s the basio probablhty space, and suppose FioF it s<t. Define =

strﬂ(t) \/ﬁs,g—cﬁ ) \/ﬁ',(q, 1 2)-_ o
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~=?8¥t=g’7-s5 f(t):ﬂ'}l\/ﬂ';‘:,
fE?’: means that § is measurable w. . $0 F. 8,,=1 if o=y and 3,,=0 if oy

- Logh=1 if A<e and LogA=1loghA if A>e, where log( .) is the usual loga,uthm
funotion.

§ 1. Some Ergodic .Theorems about Strictly
Stationary Soatial Series

Theorem 1 1. The're ex:ost consmnts A B>0 such thwt fofr every stmctby statoonm'y

A.P(supI;IIE 1 X, >A.)<AE}Xo}Log}X0}+B @1

<IN

The proof is contained in Appendix.

Lot {X,, ¢€ N? bea strictly stationary spatial series and define the measure
Preserving iransformations U, ¥V on the probability space (B¥' B¥ L PX™Y) by
U e=1a, (Va)e=01y,, Where u=(1, 0), v=(0, 1) and o= (2)sexs. Leb 75 Ty
‘denote the a.s. invariant o—fields corresponding to U, V respectively. Let 7=7,
Ty, {U, V} is said to be elgodio’ if 7={, QF, it is said to be strongly ergodic if 74
=Ty={d, O} 0} {X,, t€N2} is said o be ergodio if X"l('v) {6, O} O}, it is gaid to be
strongly ergodio if X "1(1:,7) ~X- L(zy) =1, OF. '

Emmple 1.1. Consider the probability space ([0, 1], Bco,nv P), where P is the
lebesgue measure. Lot A, w=0 and U,=a+A, V,=o+w(mod 1). Then {T, ¥} is ergodm
iff ons of the A, w is rational; {U, V'} is strongly ergodio iff both A and w are 1at10na1
" From Theorem 1.1 we get. (see [2, 9])

Theorem 1.2. Lt {X,, t€N®} be smctly stationary and B|X,|Log| X ol <oo
Then as n—>oo,

S X—~>E(X,| X" 1(7:)) a. 8. & L. 1.2)

. [%!1<t<n
If X(7y) =X (%y), then (1.2) holds as |n]|—>co. Pwrtoculwq"ly, if {X. t€N? ds
ergodic, then as n—>00, .

]__1 3 XoBXye s &I (1.3)

If {X y tEN 2} ds strongly ergodic, then (1.8) holds as [rnl—->oo .
Finaly we point out that the moment condﬂnon EIX olLong o <oo can not
be arbitrarily Weakeneﬂ (sew [5]) :

'§2. Consistency Qf the .Par-amétéf.Estimﬁte

Consider the folloviring sspdtial Vl‘inear'prooe'ss
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=B, e
whele {Ws, tEN %} is white noise and
2 [Bs] <00, ’ 2.2)
Some times we need {b,, §=>0} to have betbter convergence property and suppose
3 b Je+1[ <00, ~ 2.3)

It is easy to see that 8 stable AR model is a speoial case of model (2.1), (2.2)
or (2.1), (2.3) (see [71). Because the medel 2.1), (2.2) is homogeneous, we can
define its autocovarianoes «
r(t, ) = B(X-uXs-0) - 2.0
and sample autocovariances :

r(u, v) = > Xi oK - - (2.5)

Inll

For a stable AR(p) model (0.1) we get bhe following Yule-Walker equatlon

Z @ (u, v) =r(u, 0) o T(2.6)
and as in [7] we can. Write 1t in matrlx‘form. | 3
Ra=r, 4 L 2.7

where ’uhe elements of
BR= ("’(u; ”))u.ve<o,m, = (’7‘(% O))ue<o.p: and = (%)ve<o,m
aire ordered _aeeording te(g Analogiea.lly we have
R= (”'(M ) )u, ve<o, g a0 r= (9”(% O)>ae<0:93
If R is reversible, we define the YulewWa,lkel estimate @ of the AR palametel‘
veotor @ 0 be the solution of the following equation _
| Ro=r; | ~ (2.8)

if B is not reversible, we fefine 3=0. . '

Another type of estimate is the least—squale (LS) estlmate which can be

“defined by minimizing

1

[n] 15
We will mainly disouss this kmd of esbimate in the subsequent paper. As for. the
problems -disoussed here, the two kinds of estimate are equivalent in -the. sense ‘
that the results we get for one kind of estimate hold naturally for the other one, 0
we need only to diseuss the former klnd of estimate. For simplicity and without

’X 2 cht-—s, among ¢= (Us)se<o o1

loss of genera,hty Wesuppose .
oW—EW” =1. (2 9y

Lemma 2. 1 Let {Xy, tENz} swtesfy @45 amd (2 2), where {W;, $€ Nz} s
stmctly smtewwry and stfrongly ergodec and :



436 ' \ ' OHIN. ANN. OF MATH, ‘ "~ Vol 12Ser. B

e T s

E(W"' Log|Wol)<oo | | L@ 10)
Thefnb

*(u, 'v)————~—> fr(u,. X .' (u. 'v>lO)‘. o .(2.11);

The proof can be straightly: obtalned from Theoren 1.2. , .
Theorem 2.1, Let {X, tEN %} be a stable AR(p) model such that the immovation.
seguenoe {Wt, teN 2} sat@sﬁes tke conditions of Lemma 2, 1 Then |
- o | a-lfl-j-;a | L (2 12),
Lemma22 Let {X, tGN"’} satisfy (2.1) and (2 2), 'whefre {w,, tENz}
stréotly smtwmry and satisfies (2.10), and

BW:| F (8- )) =0 (¢= 1 2, e (213)
é {B|EWiol 32._(—1,0)) -1 +EI'E(W(0.¢) | Fr0,-1y) —1]|}< o0, (2.14)

where Fy=0 (W s<<t). Then (2 11) holds..
Proof By Theorem 1.2, we need only to show for every ts_ >1

p , | |
l'"' t‘gXt— Xt-u————>f1'(u, 'v) (@ 1,2). s (2.15),
And it is enough to see $=2. (2.15) will follow pr ovided we ocan show for a;, y=0
P . .
.-')%2- tz_‘ W(t:—-dz'x ta-—m)W(h-v » $3—92) '—’—"“) aa:,v . . (2 ] 6)

Firsh suppose @ +y. Then one of the followmg oases will ocour: (1) v=+#y; (2)
o< #y; (8) o>y, Ba<lysy (4 m<yy @5>1/5. By Symme’ary, it needs only to see (1)
" Let @=%2_, in (1) and G,=F %, _,, in (8). It is easy to verify that' {£,=
W o ,t,;w.) W n-sntegy Ftw 6=>1} s a striotly gtationary martingale difference
sequence. So by Theorem 2.19 of [5] we get (2. 16)

Now suppose w%y Let - :

AR ' Wt;-a; to-tdg — 1 Gy= f (h-mrte-ga)y
-3 Bl 90, Vium 3 {BEual F0) - BEusal G} -

The result then easﬂy follows from T ‘
’ : R Ea=Yt* 2y~ Zpni o (2.17)

Theorem 2.2. Let {X ty tEN?} be a stable AR(p) model such thwt the: énnovaition
sequence {W,, & N2} satisfies the conditions of Lemma 2.2. Then.(2.12)-holds. . ..

" Lemma 2.3. Suppose for {My, 1<k<'n} thore ezist {F(D, 1<h<m}. <¢'-_,1 2.
such that for ovory 1<Fks.i<ng.y, {M(k, Ty J,G,’, 1<k¢<rn4] s @ mertimgale (i=1, 2).
Then i

o , E(malek|)2<16EM2 o (2 18)
The ploof is eaSy Leb zp(?\.) be a fune’olon deﬁned on, (0, oo) satlsfy;lng 1) x[:(}\.)
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>0; 2) 1[1(7\.) is nondsoreasing;  3) llm P(A) =oo,
- Lemma 2.4. Lot G:=>0, t€ N? cmd

EGt/ll'(lf'l)<oo - - (2.19)
inl=ves WUMI»IG Q° (2 -20)
Now we intr oduoe the following condition on-{Z}: for evely r.v.§¢
H(BE|F ) | F (- ))=E(§I9"s-) G=%2. = (2.21)
‘ A stronger condition is: for every r. v. § : : - o
| . BEBE|F)|F G- 1))=E(§l%.) (22
. Beample 2.1, Let {£, tEN"} be independent . and f,—a(f,, s<1). Then
(2.22) holds. L |
- Lemma 2 5. Let {W,, tc N} sat@sfy .. .
- P(IWfl>?~)<0P(}Wl>A), S (2.23)
wlwre 0 48 @ constant and W is @ r. v., and suppose o |
- WEF, B Fe-) = 0, (229

. where {F, t€ N*} satisfies (2.21).
i) If EW*Log|W | <oo and for every =0

| MIZ E(WMI%-;_) —m%i; R (2.25)
then for every x, y=0 . ' ,
: U '[_142“ Wf—GWt—u n l SM. ek i (2.26)
i) If E(WLong[)2<oo and for every z=0 , o
s o, Evcwz_tt%.m e @
then for every @, y>ﬂ0 o L o o |
| T:LT g Wt-gw,_,,-—“—?—» Buye (2.28)

_ |n|~>
" Proof i) we'have o
Wg= WtI([W'|<|t[lll) +WfI{lW¢l>ltl”')

‘=Ut+Vt"‘Ut E(U:lﬁt_)'{"Vt E(th%..)=‘l&+’vg . (2 29)

For @, y>0 wq&y, let Mk—— 2 Yooy By Lemma 2 3, it is easy bo show. tha.’a
| ;()’P(ma.x |M3|>el2‘|)
>

1<k<2

16 1

<<3e) E ltla E“t—a'w;_,<oo.

- Thus by Borel-Cantelli’s: Lemma, wo have i 1l . |

TTIZ u‘""““”"’x‘e’*“ T - {2.30)

<i<n
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On the other hand, by (2.23) it is easy to show that as |n|—>oo,

L S v, Tjﬁ—l S ohyond o S o, (2.80)

‘ l')’bllst@s N|1<t=n
convergence in probability to zero. Thus we have (2.26) fr a#y. In the case =y
=0, one can similarly prove |

3, W E(Wt.mlft-¢_>1 0. (2.82)
Using (2.25), we get (2.26). for z=y. : -

ii) Using (2.23) and:Lemma 2.4, one can show that the thres terms in (2 31)
cOnvergence a.s. to zero. Thus (2.23) follows f01 wsy. The proof for the case z=y
is gimilar. A ~ '

Lemma 2.6. T) Let {X " tENz} swtfasfy (2 1) and (2 2), where {W;, t€ N2}

satisfies the co'nolrz,mons of Lemma 2.5 4). Then
fr(u, rv)————> r(u, v) (u, v=0). e (2,83)

1) Let {X,, ¢€N?} satisfy (2 1) amd (2.8), fwhe're {Wt, tENz} swt@sﬁes the
conditions of Lemma 2.5 i), and . ) :
| sup= S B(Wioo<Fr )< dns - (2.34)
) n>l l')’bl—n<t<n . . i : : o
Then (2.11) holds.
- Proof We need only to see II) It is easy to venfy
1

miqz‘n WeeutWeovt - Oustirost
<1+(\u+1\[4)-{—1Hk+1HZ+1‘)2suplil_ng“wz. © (2.35)
Similar to Lemma 2.9, one can prove - .
L s - BV F )15 0. L (2.36)

n]-vStkn
So the rosult easily follows by using rhe dominated convergence theorem.
Theorem 2.3. Let {X, $€ N?} be o stable AR(p) model.
(I) If the immovation <*eguefnoe {Wy, t€EN?} satisfies the conditions of Lemma 2.6
I), then _ : = :
A P
a

. C s (2. 37)

|9a[->oo
1) If the Ennovation sequence {Wt, tE N 2} sat@sﬁes tize cond@towm of Lemma 2. 6‘
II), then (2.12) holds. ‘

§ 3. Asyrripto’tié Norihal_i?ty .

U From (2.5) we get
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P, 0= 3 7w et d@, - (3.1)
where Aw) = T—l- 2 X oWy or writing in matrix from,
= ﬁw+ﬁ ' | (3.2)
where A=(4 (u)),,e<o, o But When R 1s reversible we have . ‘) :
r=Rs. - ' (3.8)
Thug we get o ,
RG-a)=4. ' (3.4)

Ag in [7] and [8], the key step to get the main results is to prove the asymp-

totio normality of ~/[n] 4. First we give two lemmas which are multi-parameter

analogy of Lemma 3.1 and Theorem 3.2 in [8], a speoial form of this kind of
analogy has been oongidered in [8], buf the proof given there for the latter lemma
has place which is not clear, | . ’ | o ‘
Lemma 3.1. Let {£,,1, 1<t<m, nz>1} satisfy
P

max lf,,,,l—-——-)O\ - - (3.5)
1at<n |n l—>oo : ‘
s T , (3 6)
1<i<n I l‘-> :
where 1 is @ bounded 1.0., and for every real number A R
| 1;[ (1+'1,?\.§,,,t)—-———> 1 (wewkly in L), - (3. 7)
Then ' : _
o =3 §m—--—~>Z (stwbly} (see. [1]), N CE)|

 where the r. v. % has characteristic. funct@on B {exp <*% nzi\,z)}.

The proof is essentla,lly the same as [3].
Lemma 3.2. Suppose for {5,., o 1<<t<n, n=>1} there exists {,9" £ t>1} suoh that

fmtégz—tv E<§mt‘y(t ) 0 ('I’ 1 2) ‘ (3 9)
Let (3.5), (3 6) be satisfied and there ewists constant M such that foo' every n=>1

E (max f,,,t) < M - (3.10)

Then the conclusion o f Lemma 3. 1 holds.
Proof Suppose 7°<0. Let é’ﬁ? fn.tI{Zuess,v, fn.u<2a}, where Sﬁf?"‘{ué [1, n]:

w&t}; J! S,”=ﬁ2 £, Then for every Eef ,
. <
| H (exp (@7\..7 W) — H(exp(GAJP) I) | <2P(B,),
where B,= { E £2 ,>2C}. Thus we need only-to show -
exp (@A.J ‘1)) exp( é 22."’) (weakly in LI) 5 (3 11)

- Note ’ohat {ER, 1<t<n, n>1} sa.’rasﬁes (8.5) and (8. 6), 0 we only need 170 prove
that for every real number A :
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.o | ) (1+q,7\,§(1)) 1 (weakly in I') (3.12)
’ <t<n
{see [3]). For this purpose we first- prove that for every EE.?' L
| B{I, [[ A+ 2 P@. (319
{ - igi<
Fix % a,nd let HC . #,. Then for w >n we ha.ve L . R
B{Iy [T 1+ =B{Ta _TT (1+3)}, (8.14)

whe1e L®(n, o) = { (t€ 1, o t1<n1} Fmthermme, let ¢* be the maximal eleront

Qf the. sot {te L, o'l 2ués§})’, &n '“<20} under< Then we have - -

u (1 +7~2§$.1.’§“') =11 @a +7t2£$3.’f) (1 +AEGR) <GXP (202%) (1 +?v2 max f ' :)
<t<n! v tes,‘.l,’,. ‘

_ ' : (3.15)

For t.G'L(‘"(n, %), lob £3 =§,,,,J {2.,65«, gﬁ.,,,<20}, where S‘?}t ={u €LY (n,

w'): u(2) <#}. Then 51m11arly we have : : o

E{Ig (146 5533, -}=E{1'E,1"[h1< (1 +m§<%>t)} - (8.18)

) . teDm(n n’)

and - S

(1+x2§g%3?) <exp (20A2) (1 +7\.2:n?x .. (3.17)
<t<n’ .

tELL(n,n’)

‘Thus we easily get B
| E{Iz JU (1+%?~§$.1";)} B{Iy AL (1+%7»§‘”’ o

<2 exp(OA?) (L4+A2M)Y 2p Ba) Y 2;—,:;;—» 0. (3.18)

- It'is easy o see that o |
| T (i) -1, C (3.19)

50 (3.13) holds for € #,; from this one easily shows that (3 13) holds for BEeF

(see [3]).

Now we consider.the case |n]|->co, Reasonmg exa,ctly as before, one can show

- tthas for every fixed ng_i=>1, R
E{I,_TI (1+%7v§8£ no t)}~'——‘> P(E) (3 =1, 2) (3.20)

1<t<(ni,n)
By (8.13) and (8.20) it is easy to get (3. 12)
Now let d=(dy)ic<o, 5 Do a fixed veotor and

&= Wt 2 d 4 X ety §mt '\/I_l-gh Jn= d"\/TTA 2 f,,,g - (3 21)

Lemma 8.8. Le¢t {X;, tEN"’} satisfy (2.1) me (2. 2), where {W;, tEN"’} s
siriotly statbonary and strongly ergodic and BT B
RS | ._ E(WéLo_ngo\l){oo. | | (3.22)
Moreover, let o o ” ‘

Then

i e -Wge.‘%yE(’W:‘_l?’;(t—))=0-=-(e}=1, 2. . . .(3.28)
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|al—>
'Where 2 (G(ua ”))a,oe<onm) O'('ur 'U) E(WOX-—uX--v)
Proof We need only to prove thabt the §',,,, defined by (8. 21) satisfy the
coditions of Lemma 8.2, : '
Lemma 3.4. Lot {W: ¢CN?} be strictly stationary and satisfy (3.22) and
(8.23). If for every o, y=+0 and t5_&E N,

P
HH Ewearaamiso-n|+| 3 <E<Wzl%-> n=2o0
(8.28)
(i=1, 2) then fm‘ every , g> #0, 4
_Tl<t<n WtWt"“Wt‘” [ 8"” R (3 .26)

Proof Fix @, y=>+0 and let’ 'I}t-—WtWt_th_,, By Lemma 1.1 and Theorem 1.2,
we need only to verify for every ta_,>1 i - :

S ¥y (212 (321

By symmetry, it is enough 130 508 G= 1 2. Let Y, t,,-—F(h t.+1. LThen by [3]
Theorem 2.19 we have

"");2‘ ):21‘['37@1, t:) - W(t:.—a‘u t:—-ﬁa)W(tx—!/v ts—y;)E (Wr?tx..ta)l f(tx‘: t:)—)]
2= e :

"M : . : P . . s
=—1- E (et 20— B Moty 20| Gt ta-n) ] o 0. v (3.28)
Thus by (3. 25) we need only to show ‘
_— 2 W(tx—ﬂhs ta—@z)W(huﬂv tamya) 80?’ ye (3 '29)
. , Ny f;=1 RNg—>00" L
If oy, then o '
(= = t;_: W a,W,-y) = B(WAW2,) —20. (3.30)

If o= ¥, then W€ ﬁ- t—mcg— (r~1s ba—Ca +1) = = ths Again uSilng [3] Theorem 2.19
a.nd (8.25) we get the results.

Lemma 3.5. Let {X, t€N?} sat%sfy (2 1) and. (2 2), fwhefr@ {Wt, tEN“‘}‘

satisfies the conditions of Lemma 3.4. Then

T -ﬁi—»"z\r(o- oz'Roz)', | (3.81)

- where R= (r(%, v))wve<om T, 'U) E<X Xo)
Pmof It i enough to' Venfy '

152 |n]—>

bub thls follows direotly from Lemma 38.4. . e
. It we str enghhen the condltlons on the oond:xtlona.l varianoe of W,, the moment
oondﬂuon in the ahove lemma can be 1educed ‘that 18 we have

72 N (O, #59), 3.2

S = th——»d’Rd e (3.32)»
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Lemma 8.6. Lot {X, t€EN?} saiisfy (2.1) and (2.2), where {W;, ¢CN?} is

striotly stationary and satisfies (3.28) and B(W?|F(5—1))21. Then (3.31) holds.
Proof As in the proof of Lemma 3.5, it is enough to Vel‘lfy (3.32). Usmg the
following facts:

» o _
1) Z, WZ iff for every {m}c[l, o) satisfying |{m| 52, ©° there exist

{mu} = {m} such that zm,;% 7z
2) for every {m}[1, oo) sabisfying Inklm oo; there exist {m;}c{m} suchk
that {my} is nondecreasing (with respect to ‘<<’) and |my] i_—);» oo, we need only to
show that if {m,} is a nondecreasing sequénoe of lattice points and || 200 then
R et L N

Order the pdints in [1, o0) by #i, t5, -+» as follows: first order the points in [1, n}

ey €h)
aueordlng to <, then order the pomts in [1 ng]\[1, ny] according to <, efo.

Now let

[mox | §=0;
g,=|ZONC V F, R CSANERE
s€ll,nilis < t3 :

FONFm.V( V F)r  |ma] <6< |m], B2,

s€HmNnnsdis <
T$ i8 not hard to ver 1fy
i) %, is nondecreasmg, ii) m—ft,e%, iii) # ;,_c%_lc:f (4~ 1)
So usmg Theorem 2.19 in [3], one can prove

L3 - 3, X,-.oﬂ]—»o (3.34)
lm,l l<tanyg .
. , A
The result then follows provided we can prove —%—-1 > Wl th_ — 3,4, but
k] I<t<ny

this can be done by caloulating the second moments in case sy and by an ordering
analogous 10 the above one in case z=y. ' :

- Lemma 3.7. Let {W,, t€ N*} satisfy (2. 23) (2.24) and (2.21) and

g H(W*Log|W|) <oo: (8.88)
Mo'reowr, suppose forr every o, y=> 5&0 fwe have

lnl{ P Wt_th-y(E’(Wﬂ&" t-) 1) l+, 2 (E<Wt—al g-,_'-)._i)".l-}z _

1<t<n
— 0. o , . ’ (8.88)

P
] oo

_ leon for ofvefrfy @, y> #0 we hw've _. , :
| T——12 WtWt-th—v"‘"“"aa:,y- L ‘ L e i :“‘ (3'37)

<t<n |n |-



‘No.4 .~ Jiang, J. M. PARAMETER ESTIMATION OF AR MODEL 443

The proof can be easily given, as in the proof of Lemma 2.5.

Lemma 3.8. Let {X; t€EN 2} satisfy (2.1) and (2 2), whm'e {Ws tE N%}
“Satts ﬁes the conditions of Lemma 8.7. Then (8.31) holds.”

Now we can give the main theorems of this sechion.

Theorem 38.1. Let { X, t€ N?} be a stable AR (p) model suoch thwt the mnowt@m
seguence {W:, tE N 2}- satisfies the condm/ons of Lemma 8:8. Then '

VIRI@- @)= N, BESRY). (3 3%)

Proof By Lemma 8.3 and the arbltra,rmess of d in (8. 21), one easﬂy gets the
-results, using Oramer-Wold's lemma. Note in this case we obv1ously hayve

Theorem 3.2. Lot {X,, tEN "’} be a stable AR(p) modol suoh that tke mnowtwn
soquence {Ws, t€ N} satisfies the conditions of Lemma 3.5 or the conditions of Lemma
3.8 or the conditons of Lemma 3.8. Then

VilG- ot N o B, (3.30)

Appendix |

The proof of Lemma 1.1:
Lemma. Let £, n be nonnegative random variables satisfying for every A>0

| AP(E>0) <EnI e ‘ (A-1)
Then for B=0,-1, 2, «+, we have
E(¢(Log€)?) < AsE(n(Logn)?t) +be, (A-2)
: B B8+1 '
where Az=2e {2"*1 +<m> }
m—1 n— :
Lot Moo, My=sup = 3V M,T, My=sup < 21 M,V!. Then
m—1 n-1
My> 2/ S}zlg ——-_m’fb 420 2 l IU‘VJ (A'—g)

By the one para,meter msximal ergodlo theorem (see [6] Pirs) we have for every
A>0 ' |

AP(My>A) < EMy 1l asy (k=1 2). ' (A-4)
The conclusion now follows from (A-8), (A-4) and the above lemma,
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