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A RESULT ON THE BIRATEONAL MAP BETWEEN
TWO NORMAL 3~FOLDS |

- CmEn MiNa (l‘.ﬁ? »ﬁ)*u

AbStra.ct" '

This pa.per tries to study crepa.nt morphlsm of algebra,lc 3-folds. For certain o
blratzonal map f between normal 3-folds, when i f an 1somorphlsm in codimension one?
The author glves one suﬁ‘iclent condltmn

§1 Deflmtlon and Introductloa

v The resea.rch in algebralo 3—fold is very bl‘lSk rooent years. Here, all the
terminologies and results remain the same as that in [1], [2] and [3].
The main object considered hero is normal algebraio 8-fold. Let X denote a
normal 3-fold. Generally speaking, Weil divisor and CQartier divisor on X need
not be the same thing. You can know in [4].

1. Oanonical divisor on X

Suppose X =npI", a Weil divisor on X. We define asheaf Ox(D)cK(X),
I'(U, Ox(D))= -{fEK(X) |or(f)= —np for all prime divisorscU}.

~ Definition 1.1. Let L be a sheaf on X. If i satisfies L=L**, L*= Hom(L
Ox), then we say L is a divisorial sheaf.

‘According to[1], L=L** is equivalent to the folloWing condition, If X°cX
is a non-gingular open subvariety suoh that X'\ X° has ood1mens1on>2 then L|g
i§ invertible and L=, (L|z.), where § denotes the inclusion. )

Aoctually the sheaf Ox(D) is.a divisorial sheaf. Futhermore there exists a
bijective correspondence DHOx (D),

{Weil divisors on X} < {divisorial subsheaves LK (X)}/I'(X, Ox)*.

" For X PV, define wx=Hsi}5*(Ox, wpy). Let X° be hon—singular locus on X.
Beoause of the normality of X, we have codim X\X%>2, C:)xlxo.= Q%, wx is &
divisorial sheaf. Hlence wy corresponds to & Weil divisor K z and then Ox(Kx) ==
(Q1)** = juoozn j: X*>X, |
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2. Partial Resolution S CHIERIN.

Definition 1.2. Let X, Y be normal varietics. If. thefre enisis @ b@mt'zzoml
morphism £, Yi>X, we say f is a partial resolution. ‘

We always suppose’ X to be a va,rlety with slightly good smgulamtles
(terminal or canonical). . o 8 : :

Definition 1.8. X &s said to have only termmal(a’esp cwnomcwl)smgulwmtws Sf
the following two conditions are satisfiod: * v

(1) 3 positive integer r, - DrK x ts a Cartéer divisor;

(2) I a resolution of singularities f, Yi>X, SrKy=f* (rK x) +A A=Zr
48 & Oartier divisor with r>0. (resp. r=>0)- whea'e B run hrougk all  the pmms
divisors on Y contracted by f. 4 :

Remark, (1) Oondition(2) of Deﬁmtlon 1.8is equlvalent to saying:. er y=
f*(rK z)+ 4 for every partial resolution f,¥Yi->X. [3], hag accounted for if. -

(2) X has canonical singularitios = X is Cohen-Macaulay. ‘The case of
dimension 3 has been solved by Shephered Barron. High dlmensmnal cases have
also been solved. R A U : L -

. Definition 1. 5 Suppase X have OnZy canonioal singularities. I f f Y HX s a
partwl resolution, then Ky=f*K x+ 4, A4=0 s mwda up of some divisors, 4 &s said to
be the diserepancy of f. : ‘

We say f is orepant if 4=0. .

Definition 1.6. f: X ->X 2 48 an Gsomorphism in codimension one, fwkwh means
that f és a birational map and by deletmg subsets of Xy and X, of codémenston=2, f
becomes an isomorphism.. i -

§2° USe of -Discre‘pa'ncy‘ |

At first, we 1ntroduoe two results of Miles Reid. L

Theorem 1.(Weak Index Theorem) “Let f; Yi>X be a proper b@miwnwl
morphism between normal varieties, of which Y s supposed to be: Ooken—Macaulay. -Let
A be- a Oartier. diwisor: made- up - of - eveceptional - prime dinisors. Then there ewists a
component F of A such that.

(1) 04<0.for all curves O=F cmtmctcd by f and not nymg in @ proper closed:
subwmez‘y ofF PR R S : : : X

(2) the curves OCF contmctecl by hit such tlmt o A<O ﬁll up 6 dense: subset of F,

Theorem 2. Lot PeX:boa canowical sfmgulwmty Lot f; Yi>X be a.orepmmt
morphism. Then ¥ has canonical singularities on f"P If X has only torminal

smgulamtws, then Y has terminal s'mgulwmtfaes to0.:.
M. Reid thinks it is probably true that & blratlonal ma,p fiX -—>Y hetween:two
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8-folds with berminal singularities, such that Ky and Ky are both.nef, is
necessarilly an isomorphism in eodimension one. He did not.give the proof.

I do not want to answer this problem directly. Now I give oage sufﬁment
condition in below. Let us see the following simple corollary.

Corollary 1. Assume that X has only camonoal singularities. Lot f, Yi>X be
@ partial resolution. Then f is erepant 4f and only ¢f Y s Ookon~Macaulay and Ky is
relatively nef (shat means Ky0=0 for every curve OCY contracted by f). ' ;

Proof Theorem 2 implys that ¥ has canonical singularities. We know from
Remark (2) that Y is Cohen-Macauly. Woe can write Ky=f*Kx-+4, 4 is Q-
Oartier. Beoause f is orepant, 4=0,: K y=f*K x.. For any curve eontracted by f, -
we have OKy=0f*K y=0. Ky is certainly relatively nef. |

Oonversely, Y is Uohen-Macauly, Ky is relatively nef. We have K y=f*Kx
+ 4. Ky is rela,tlvely nef=> 4= Ky — f*K  is relatively nef t00. Theorem 1 implies.
4=0, and hence f is orepant.

Theorem 8. Let X, Y be normal 3—folcls Let f, X >Y be o b@mtwnal map, X
has only canonical cingularities. Y has only terminal singularities. Ky is nef. If there
ewists partial resolutions g, b such that h=fg and h is orepant, then g is also crepant.

T Proof g. Zi>X , h: Zt>Y, they are both partial resolutions. Because X and ¥
both have canonical singularities, we have =
K;=g*Kz+ 4(9),
Ky =h*Ky+A(h) = h*Ky,
A(h) =0 because n is crepant. ' : =

From Theorem 2, we know that ¥ has only terminal singularities => Z has only -
canonioal singularities = Z ig Cohen-Maocaulay. If ¢ is nob crepant, that is to say
A(g) +0, then according to Theorem 1, there exists a component FcA4(g), such
that the curves OCF oontraoted by f and satlsfymg 04(g) <0 fill up a dense subset
of F.

| CA(g)=O(g Kzt A(g)) 0K 4= OB K 3<0,

This means that O can not be coniracted by /. Because ¥ has terminal singularities:
and h is crepant, you .caﬂ.se'e_ obviously that. -k is'an isomorphism in codimension..*
one. ' .

- Now F is a two dimensional prime divisor, there exists an irreducible curve
(76.1!’ and g contracts C. Let O'=h(C), O’ is an irreducible curve in Y. '

“We see that .0 is birationally. équivalent to O, h; Z>Y " is an isomorphism
exoeph for- a part whose d1mensmn<1 K vy is nef and acoording ‘to projective
formula, ' RS . . '
C%*K’Y—' \KY>0
which s.contr ad101301y to Oh*Ky<0. ‘Henoe g i8 mepant
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Corollary 2. Under the above conditions, 4f X has terminal singularities, then
J: XY is an tsomorphism in codémension one.

I greatly appreciate Professor Chen Zijie and Professor Xlao Gang’s
instrucbion. They have glven me much encouragement '
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