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COMPACT HYPERSURFACES IN ELLIPSOEB
WITH PRESCRIBED MEAN CURVATURE

Huare XUA_NGUO (:3: ZE)*

Abstract '

g (1) and §*(1) x §*(1) can be embedded into spec1a.1 elllpscld Wlth suitable mea.n
- eurvature funetion,

Introduction

In 1982, 8. T, Yau raised a nonlinear global problem®,

H is a function in R**, can you find a suitable condition on H such that there
is a olosed hypersurface in R*** which is homeomorphlo to S” (1) and whose mean
ourvature is given by H?

Bakelman and Kantor, Tréibergs and Wei proved a theorem™%, ,

Similarly, we considered g+t (1) in place of B! and obtained an existenoce
theorem!?, ’ '
~ In§1, we disouss a compaot hypersurface in an n+1 dimensional ellipsoid and
we have a result which is more general than our theorem in [2].

In § 2, we discuss torus S*(1) x §*(1) which is imbedded 1nto special three—

dlmensmnal ellipsoid with suitable mean curvature.

§ 1. Compact Hypersurface

In this section, we consider the following n-+1 dimensional ellipsoid:

Mﬂ-l-i:{(ml’ Lgy *°*y Bpyty a’n+2) ER"+2 w1+m2—; ‘I"mn-{-i + g;‘z 1}’ (1'1)

where @, b are positive constants. w* is a hyperplane @,,;,=0 in R**2, "\ M,.1 is am
y ¥ .

n-dimensional sphere. ,
8" (@) = {(aws, avy ++*y @ay1, 0) € B2 |0f +af+ - +al =1}, 1.2)
In the hyparplané w*, we oonsider a variety of n~dimensional spheres
. 8" (M) = { (haw, hawé; Y A'dmn+1r 0) € R"+2"U§+w§ oo +w12;+1=1}r 1.8)
where A is a positive constant, |
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For the.ﬁ-x-@d paint A.(O; 0, o, 0, b) in Mn-r-.l and a point B(MOJ-;, Aaws, @00y
AGw,1, 0) in S*(Aa), by a caloulation, We can see that there is a unique point
0( Mawy  Mawmy . 2Mewmuy  BAI-1) )
AZ417 ARLT 7 AL AL
in My, suoh that three points 4, B, O lie in a straight line,
So.we can set up & oompaot hypersurfa.ce M in Moz, M, is homeomorphie to n~
dimensional sphere Its Position veotor field -

oy fa . BePol) N O
X 14e™ T+ 146, N’ @4

where N= (0, 0, ++, 0, 1), = (.réi, @g, **%y Bpyy,. 0) i the pomtlen veotor field of n~
dimensional unit sphere §”(1) in the hyperplane w*, u is a dlﬁ'erentla.ble function
on the S”(l) M, =X(;S'”(1))

At a fixed point pES” (1) ", we, can’ ‘choose & local orthogonal frame field {ey,
82 **) ¢asa} Such that, restrioted to B’” (1), 61) 62, *** 0, are tangent to 8" (1) and ¢,y
18 the radiocal dlreotlon of 8" (1) r;( p)=ei(p), <1:( p), r,( p)>=3;. In this seotion,
1<i, §, &, +-+, <n, where. Subsorlpt e(1<e<n) expresses the oov:mant derlvatlve

along . oy o> denotes the mner produot of two veotors m R"+2 {wi, ‘©a, e : co,,+1}
is a dual frame field. o
At pomt X (p) of M,, we can see

. 2% [ a(l-e™) 2be"
| X¢ 1+6M[ LTre um+wr,,+ e “‘N]ﬂ R 1‘3.(1.5)
The metrlo tensor of M,is o ’ |
e Ao T 1 U RREREEEE _
_: gtl“‘<Xb Xj> W[Sz;’*‘m u@u?], (16),
" where
Az u) = 2(1+32u> :

2(1 62“)2+4:b2 2u- e
The mverse metrie tensor of M, satlsﬁes '

Ate™?Ts  lum, 1
g'= 4q°6* [8” | Vu|®+ A(, u)]

where |Vu|2=2 ug, Xy, Xz, -, X,; is a bagis of the tangent -space at pomt X (p)

@n

of M 1n M nele We know & normal veotor n* a.t pomt X ( p) of M m1 1n R"“ is

o 28 - 1 |
At pomt X (p), the unit normal vector n of M in M it satlsﬁes B
{n,. X¢> 0, <m, n*)=0, ~ (1 9)
Bya calculatlon, We,can. see TR S R .
| 1 1-6 be"
L+wA@MM‘Emu—ErﬂA@mHﬂ

JAcw, u)+|w|2
T (1.10)
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Using Weingarten formula, we see that the mean eurvature H along ‘® in M,,.,.a

satisfies - ' I

‘aH A(X)*--é -2 y.".<dia (e:) v X x d1.11)
. J

By a straight oaloulatioh-, we obtdixi

dn= ——dln[A(m, u)+|Vu|"’]n+\/A(m’ u]5+|Vul“’{[[ '-(l—i‘ﬁz-.z)-yA(w, u)_]

1-¢* 1-e*
| i d{i(w, u)] +5 I Togt 4@ war fguuwm
( 2bet — 6% " S : ,
Ly [dA(m, u)+ﬁ—ﬁcluA(w, u)],N}. T a
“Then =~ . o N o
: 2ae* 1 f - 1=
oo, S0, Ko T+ VG o+ Va[*L ity g 5 Ao 90
4{1 - —5 o™ ‘
1 e”“ ( a ) ]} - (113)
_ ' . o e 1+ T3 Uil [1+W A(m, u) '
InSertmg (1 (0} a.nd (1 13) into (1. 11) We oan. 500 ' _
o [4 (=, u)+qu|2]2un—Eucwwﬁ-—-B(m, , W), (L1
where
. . 2
..B n(l 6* ) .A A 4<1—_L 2"(1—6%)
(w) U, Vu) —‘T_!'_"'gi"" (mr u) [ (m: u)"' lvulz] . (1+62“)3 .
43, 0) |V 4225 L o )+ [ V2 (2 e D)
| : X @B
Bet : o
D= {X=ad1 §? r+bsN€M,.+1| 1<S’<1} (1.16)
In other words, D=M,.,—{(0, 0, --+, 0, B) U (0, O, ~b)}.

In this section, H(X)€ 0% “(D), where Io>1 is an mteger, 0<a<l, 1. 15) is

a quasﬂmear elliptio equation. -
| Elliptio equation theory tells us: If there is a constant U, which is indepen- '
dent of 1€ (O 1], such that. floa] o:(s,.a»<01 for all u satisfying . N ,
A, w)+ |Vu|2] Zu,, - Z u,u,u,,-—tB (2, u, Vu) +(1- t)u. | (1,17)‘ ‘

'*where t€ (0,1], then Equatlon (1 15) hes & dlﬁ'erentlable solutlon
Now we shall set-ap & ’oheorem. S - : L
" Theorem 1, e

M"+1_{(m1’ m27 Y mﬁfl? w”+2) ER"+2 w1+w2-’; +mﬁ+l +wz-l"2 1} Z. .

%samn+1 dwmensooml ellfbpsouMnR"“ R s
(oot D={av1- s2r+bsNEM”+1| 1<S<1},
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és an open subset tn M, .4, where N = (O 0, «--, 0, 1) and 7 is the position vector fww;
of the n ~dimensional unit sphere S*(1) in the hyperplane X,.3=0. Given fumoiion
H(X) €0%*(D), F>1, an integer, 0<a<l. Supposs H (X) satfbsfws the followmgr

two conditions: (1) There are two constants Ty, I3, rr2>1>fr1>0 When §>—5——- e +§IL. y

H@v1-s r+bsN) >HL [an/1-s% -+ BsN],
where : : . |
| Hylaov/I-s* r+b N L
plovl-s'T+bsN]= 4(1 s2) TG o1
Hy [a/1-s*r+bsN] és a constamt mean curmtum of the lwmtude hypsrsw faos
X=a1-s Tgo +-bsN in M_,H.i (s is @ constanﬁ)\.h

’1”1*'1 .
Wherm S<EFL ri+1’ _ L o S
_ H[a/I-1+6NI<H; [av/I-5 r+bsN].
(2) Set
L e 1
{w«/l = r+bsNCD 1<s<_'r_g___}_} |

IS Ry
3H [a\/lassz T+bSN]\, 1—- 3 H[w\/l—.sz Q‘.\-‘-}—bSN]’.

in G.. Then, there is a compact hypersurface in M, ., which is homeomorphic o 8» (1)
and whose mean curvatwre és given by H(X). :

Proof In the following, w denotes a dlﬂ‘erentlable solutlon of (1 17) for some
¢€ (0, 1] ,

u(Ey) ="max w(w). (1.18)

@efn(1)
The left side of (1 17 ) at pomt x4 i8 less tha.n zero or equa.l to z0r10. If u(wi) >1n Ta
=0, the right side of - (1.17) at pomt By, - -

[¢B (@, u, V) + (1 - )u] (71)

-t b o[ G2 e >< o
D ande aw
Obvioustly - |
SolEy>L, (1.20)
) e e e
oD beolE@ o e

The nght side of 1. 19) >(1 t)u(a;l) >0 It is 1mpos ” 1ble. DR
" Then, we have - L

3
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Similarly, we can see

| u@E)- mnu@hn WD)

' Secondly, we estlmate qul2 Set function®¥ o
- ' C=e*In(|Vul®+1). -~ o (1.24)

By suocessive differentiation | S R
: 2l s
w‘=2eg«[ wln(|Vu|*+1) + W%WT] | (1.25)

| E'MWM
- wti—%%“} [ugln(lvu! +1)+ V |2+1]
4 20% [uuln(IVul +1) +T§;62|—Zf_l'_—1 %u;ﬂum

+-|—v—2;ll—2—+—1—(.;f‘.s umﬂm%% Uillias) f‘"‘(m!zz—_i__io_z b2 ukumuzuu] .
_ ' (1.26)
Suppose that at the point wo & S"* (1), function ¥ attalns its maximum _
@y(e0) =0, (SH[A( u)+ |\7u|2] 8- uﬂu,}wi» <mo> <0.  @.=2n
By (1.25), at point zy, We can see ’ _
- Eukum—— —ui(IVulz—l-l)ln(IVu[ +1). S (1.28)

All of the followmg items are valued at point oy, From (1 28), we have
’ Eukumut-— — | Va|2(|Va| 24+1) In(| V| 24-1),

EU]G'MEi'MjUh [Vulz(IVu[2+1) (In(|Vu|®+1)]2 (1.29)
Usmg (1.26), (1.29) and the seoond formula of (1 27), we obtain

0= [4(@,w) + | V|2 In(|Vu|2+1) Eu,ﬁ‘ A@i,vq;)]j—izw ; udy |

+T—-l_2ﬁ{[A(m’ u) + |Vu[2]2 u,u,ﬂ—Eu,u;ukum} A
 _24(a, u) | Vul?In(| Vu|?+1) [1+1n<|w12+1] - - (1.80)
Wlthout loss of generality, we assume |Vu| (@) >1 For :|Vu| (20) <1, at once, we
have Vo € 8*(1) : L
|Vu]*(0) <o -1, (1.31)
~ where . Lo ' |

02——-—-—- In2,.
. rs

{We differentiate (1 17) and use (1.29). We oan see . ' : .
[A(a;, u)+ | Vo] 2 Uggi Ui - 2 s Uy um~# 2 [B(a;, % _Vu)]k%k+ (1 £) IVMI 2

- [E(A(a:, u))kuk-—2|Vu]2(IVu|2+1)1n(|Vu|2+1)] Euﬁ+2|Vu["’(|Vu|2+1)3-
5% [In(| Val+1)]% LR @.82)
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" Using the Ricoi formula of 8 (1), we can see _ o S
L | Zu,%tii—Eusuer(n 1)|Vu|3 - (d.33)
: 'USmg (1.17) and (1 29) we obtain |

Sy e S TTRTr B @ ?u)+(1 ) | V| (| Vs |2+ ) In (| Vao| 2+ 1) .
‘ (1.34)

By the Oauchy inequality, we can see

= Toar D3> e (St =(|Vul-+1)°n | Vul 1)) (1.35)

By use of (1.82), (1.38), (1. 34) and (1.85), (1.30) oan be reduoed to the
following
O>A(a:, %) [Vu|2‘1ﬁ(|\7u|2-+1) +‘3tB (v, u, 'Vu)
§ [B(@, % Vi)l Os[Vul® . (1.36)

T P DIn([Va 1) 2

where 0; is.a POs:Ltlve constant and it is 1ndependent of 4, 80 is a eonsta,nt Oa (a>4)
next, B | . | |
 From the expression of B (2, w, V), Wo obtain =

3B(w, w Vu)> 161“‘; [A(s, 0)+|Ve|TPH -0, Va]?,  (1.37)
- Where | 2 o
H= H( 2073 4+ b(@ ""1) N),

1+ 2u ‘ 1+32“

E [-B <m7 'M, Vu)]kuk

> 2”“3-{1+ | V(A (2, u)+|Vu|"’]3/2H

1™
~3|Vu]2(]Vu]2+1)1n(|Vu12+1) [A(o;, u)+qu[2]1/‘“’H+ [A(a;, u) o
. +|Vu|2]3/2EHkuk} Os|Vul*(Vul*+ DIn(|Vul*+1), (1 28)

Inserting (1. 37) and (1.38)into (1.36) wehave -

0400 |Vul*In(|Val+1) + ff:‘j; { L o | Vu PH+3 Hkuk}

[A(w,u>+ivu|2]8/2 '_ role o
i (Ve *+D)In(|Vul*+1) .Oal,Vul . (1 39)

By » straight caloulatlon, We can 500

46% V|2 3H(w\/1 s r+bsN)

_OdVu|  (L.40)

2 H kuk>—‘_““"""—( 2u>2 2 A
1+64u lVU] H+2 Hk'wk | . B » R
ﬁ?‘]—)'?IVM! [ H(“Vl t"’r+bsN)
1-s2 . \ L

[

s—(‘“‘-l)/(1+l"')
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where we use the condition (2) in the theorem. :

msertmg (1.40) and (1.41) into (1.39), at once, we can ses : (1.42)

| Vi |2 (9). <. |

Then, Yz€8"(1) | o ‘
B | Vu|2(o) <e® -1, o R 1.43)
where '
! 2 '
\ og=%1n(os+1),
The Theorem 1 is proved.

§ 2. Compact Surface

In this sectlon, M g i8 a spemal th1 ee-dlmansmna.l elllpsoui in Rt Tts posmom .
veotor field is" ' '

Y—-{(aa, @y @3, xy) €ER?

‘where a; b are positive eonstants

m1+(l)g @3‘{"(2}4._
R b2 1} : (2'1)).

We consuier oa,mpa.ot gurface M, M 3. It posutlon veotor field is

X ae® )
ST e r+ x/lét:e"‘“ P (2.2)

where R*=R?x R? r is the position vector field of a circle §*(1) cR°c R* (the first:
R?). p is the position vector field of another unit eircle §*(1) cR*c R (the second:
R?), s, +> denotes the inner product of two vectors in RB*. At any fixed point, {7,
p>=0. 4 is a differentiable function on §2(1) x 8t 1), M, is homeomorphlo to §*(1)
xSl(l) o
We adapt a local orthogonal frame {31, 62, ¢s, ¢} in R%, such that restrioted to
the first R?, g is tangent to the first S*(1) , 05 i8 the ra.dloal direction on the first.
S*(1). And, restrmted to the second R? e, is tangent to the second §*(1), e, is the.
radiocal direction on the second 6'1 1). {4 @z, W3 w,} 18 dual frame. The indices %,
- gy b * Tun over 1, 2. Mz—X(Si(l) xS*(1)). At a fixed point o(p) of My, wher p&
S(1) % S“ (1), we choose the normal coordinate, Then |
Ty (P) =e1(p), T (p) =0, ‘
pi()=0, pa(p) =es(p), - ) (2.8}
where the subsoripts 1, 2 express the .covariant derlvatlves with respeot to
dueotlons €1, 6a, Tespectively. At point z(p) : :
Xi=e*(1+6*) 2 [aur+a(l+e™) Py~ beusp), (2 4)
Xz—- (1+e*) ~8/2 [e g (at — e“bp) +b(1+62“) pz] (2.5)
' The metno tensor of Mpis oo
gu= <X1, X,)= «42“(1-%62")’8 [w”(1+e"’”)"+ (w”+ b "“)m , . (2.6p
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gr2=<Xy, Xop=o™(1+6™) (@ + Vo™ )ugta @.1).

- gaa=<KX,, Xop=(1+¢*)2[0?(1 +62)24 (a?+ b2 2") ez"uz] (2.8)
At point #(p), the inverse metrio tensor of M, satisfies - ' '
gu__ 9"2“{w262(1+62“)2+ (a®+ b%) (b2u1+a2 202) }—1 Q. 9).5

X [02(1+6™)2+ (a+b%>) ™uf] (1+ ™), .
= — {a®*(1+6™) 2+ (a®+b%) (b} +a%™uf) }

x (1+6*) (w24—b202“)u1u2, o . - (2.:10) 
{a262(1+e2")2+ (w'z_*_‘bz- 2) (b2l 4 aPeul) }~* ' ~
x (1+6™) [w2(1+32“)2+ (a®+b%™)ui]. (2:11)
The normal veotor N of elhpsmd "M in R* ab point o(p) ‘may be written as
. \] .
w\/ 16+e2“ b\/11+ B P @.12)
The unit norma,l veotm nof M,in elllpsmd M 3 satlsﬁes _ -
<, XD=0, <n, X,y=0, <n, N>=0,  (2.13)

By a calculation, we can see _ ' _ :
| n={a?b?(1+e™)2 (a + b%™) + (cu”+b2 2)2(b%i +a’ 2uy2)} 12
«{ad (1+e"’“) ( - ar+be*p) + (a® + bZe™) (bugrry +ac“uspz)t.  ~ (2.14)
We oa.loulate the mean ourvature H of M P a.t point o(p) in elhpsmd Ms. By
definition and the Weingarten formula : . _
- -RgdamGe), Xy @19)

Usmg a stralght oa,lcuia.tlon, We can gee ab p01nt z(p) .
dn = —_;_ dln[a262(1+02“)2(a %)+ (a+ 1) (Bul +a'eu) I

+ {a?b® (1+32“)2(w +b% 2")+(a +b262")2(b ug + a’e 2)}-—1/2 ,
X { - [26°be™du+ (a°+ b% ) bu1co1] 4 [ab®(1+362) 64du |
- —a(a®+b%™)e" 2620)2]P+[ azb(1+62“)a>1+2b3e2“duu1
4 (a2—L b26%) belusy] 71+ [ab®(1+6*) 6wy +a(a’+3b% 2“)e“u2du
+w(a +bz ‘“)e“‘du>]p2} L - _‘ i(‘2.16)
So, we ha.ve Ldu(es) X1> {dse(eq), X2> and .
{dn(es), X1> [w262(1+32“)2(a2+ b%™) L ,_
+(w + %) 2 (b 4 a’e™u3) ]~V 2abe® (1+6™) 782
[(L46™) (a* B%e™)us = a*(L+0%)? o
— (B%* + 2076 +a?) u?], @.17)
(dn(el) X2> [a®0(1+6*) (@ + b%e™) + (a®+b%*) (bt +a’e™ud) ] 1/2
xabe“(i-&-e“) -8/ 2[(1+62“) (a® +b2 °“)u12+e2"(bz 2)u1u2],
- | (2.18)
(dn(ez), X,o>= [w2b2(1+e°")2(a2+b"’ 2")+(w”+b"’ 24)2(p* u1+a e™ug)] M2
! xabe“(1+32“)‘3/2[(1+62“) (@®+b% 2“)u22+b2(1+92“)2
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+ (a%+2b%™ 4+ bo% )] . E - (2.19)
 Substituting (2.9), (2.10), (2.11), (2.17), (2.18) and (2.19) into (2.15), we
oan 8See .
[0~ (146%)%(a®+b% 2“) —1'}‘%5] Uy ”2161%2‘1412'*‘ [“2(14‘3‘%)2(“ +5%6™) il otss
=B (w, u, Vu), _ (2 20)
where '
B(w, u, Vu)ww2bz(1+e”‘) (a®+ %) ~2(e72 — 1) +a’b% “2“(1+32“)’
e <02+ b2e™) ~23 — o2b% 2u(1+e2u> (w +b% 2u) ~2 2(ab) 1=
X (1+6™) /2 (g?+ ™) -3/2{w252<1+32"> + (w +52 )

X (Bt alom) A E (e 74— p). (2:20)

Beoause P is an arbitrary point on S x 8D, 2. 20) is valid on ;5’1 D x8*D.
Equation (2.20) isa quasﬂlnear elhptlo equahon on S x8* (1), Where His a

given function.
Let o ‘
| N= {X—wsr+ Ny p[0<s<1} o (2.22)
N is an open subset in elhpso:Ld M s. In this section, wo glve funotlon HX)E
OF+(N), where k=1 is an integer, 0<a<1,
If we can prove that there exists a consbant O, such that
) oxsrcy sy <Oy for all u satisfying [b% ~2(14-6%) 2 (a2 b%™) '1+u2] Uy
— Qo+ [62 (L4629 2 (@2 + b%6™) -+ 1] ugg
=¢B(a, v, Vu) +(1—)y, o , (2.23)
where 0<{<<1, O, i mdepand')nt oft then there ig a dlﬁ'erentmble solutlon u of
(2.20). ~ ~
- Now, we shall set up an exm’oence theorem :
Theorem 2. R* R2X B2 7 is the pOsfbt'Z;(m vector foeld of the umit circls S*(1)
* n the forst R*CRY, p is the poswt@on fvectoa‘ field of the second circle S2(L) in the second
R:*cR¢ N= {asr+b /1-5%, p|0<s<1} is an open subset of three-dimensional ellipsosd |
M. Suppose that function H ( X) EO’E'“(N Y(F=>1, an integer, O<a<1) satisfies the .
Sfollcwing two conditions:
@ There ars two aanstants S1, Sz where

136,54/ 2500,
H(wsf+b~/i s P>< 2s '\/1 §? «/Ziz—i- GRS
when sz>s>0 et . i

1l 1 _
2s Jl s ~/w2+(b“.-—w2).s2°

H(wsr+b~/1 s p)>
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(@) Sot P={X=asr+b/I=5 pls;<s<s:}

6H(wsr+b~/l s® p) 2 r T T N g
s =5 ) | H (ast°+b~/1 5% p) | in P

Then, there is g compact surface in the ellipsoid My which is homeomorphic to

torus S*(1) x Si-'(l) and, whose mean curvature is given by H(X).
Proof In the following, u is a solution of Equation (2.23) for some #& (0, 1],
(%)=  max u(w) I ' (2.24)

: FES(L)XSL(L)
The left-hand side of (2.23) at point z; is. less than Zero or equal to zero,

[tB (a'ﬁ u, V’M) + (1 t)u] (wl)
= {thbz(1+62u) (a +b262u) -2 [e-zu -1~ 26—“

: x(1+e"“)‘1/2(w +b% 2“)1/2H(\/1+“ = +\/1_Z:_ew‘ p)]v+'(1—_t')u}(51')..

(2.25)
If u(2y) >ln T] l in Theomm 2, we can. see
[tB(m, u, Vu)+ 1 - t)u] (a:1) > (1 -t)u(®) =0, (2.26)
It is a contradiction. Then
' — 8
() <In 71_—1_3%_—
Similarly, we have
| =N _ . 8s ' R
Cu(mg) = wES%}?H‘.(I)u(w) >1n T v (2.27)

We now shall estimate |Vu|2=ui+u3. Using § 1, we introduce funotion
P=e*1In(|Vu|2+1). . (2.28)
Suppose at point #, € 6* (1) x §*(1), ¢ attaing its maximum, A1l of the following
items are Valued at point:w,. From [3], we have : :
Uy Ugy +UaUgy = —us (| Vs |2 +1)1n(|Vu|2+1),
Uy Ugo+Us Usg= — U (| Ve |2+ 1) In( |V |2+1). (2.29)
Without loss of generality, we assume |Vu| (o) =>1. Because inequality (2.89)
in [3] is valid on any compact two dimensional manifold, we have
O>3tB(a;, u, Vi) + (L+e*)2(a®+b%™) 72 (0% *u} +a*ul) In(| Vu|2+1)
+1[(|Vu|?+1) ln( | Vu|24+1)] “12 [B (a, % Vu)]wi— 02| V|2 (2.80)

Usmg 2. 21) and (2. 29), We can see Q _ R
' 8B(w, u, Vu)> 6(wb)‘13”“(1+e2")"1/2(w2+b 2“) "3/2{w262(1+02“)2
' +(w2+62 ) (6%} +ae 2“uz)}"/"’H O:|Vul?, - - (2.81)
where O, 1n (2 30) and 03 in, (2 31) are posutlve oonstamts a.nd are 1ndependent of
tE (O 1], g0 is 0¢(a>3) next.
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H='H<;/fj:‘ez“- f+\/l—?—eﬁ“ P')

By a caloulation, we can see
%J [B(w, u, V)] 7"1-:6"}2 (ab) -1 {6—u (@2+ bzeé“) ~8/2 (1 +e™) ~—1/2[w2b2(1 +62“)a

+ (@®+b%™) (b%uf + ae®u3)]%/?| Vu |2 H [ (1 +e*) "2 (1+2¢™)
+3b2e2u<a2+b2e2u)—1] "36—“(1"{'62“) -—1/2<w2+b2 2‘11) -3/2

e [a262(l+62“>2+ (w2+ b2 2“) <b2u§+“232u 2\]1/2

X [0%*(b%uf+ a’e™u3) | Vu |2+ (@®+b%™) (a0 3 | Vu|® - bl
X([Vu!2+1)1n(]Vu[2+1) a?e®ul(|Vu|2+1)In(|Vu|?+1) 1 H
- (1+62“) ~2(g?+ b2%) "3/2[w262(1+6‘f‘)2+ (a®+ b2e™)

(525 +aPeZ) %/ 3H(&sT+b\/r:s_2-p) |Vu| %}

Os s=e¥/vVITe™
— 04| V| In(|Vu|241), | | (2.32)
Inserting (2.31) and (2.32) into (2.30), we can see ‘
0= (1+6™)2(a®+b%™) ~* (b%*ui+a™uf) In (| Vs | >+1) +2¢ (ab) ™ [ln(IVul"’-i—l)] ~lge
X (1+32M) -—1/2(a +62 2u> 3/2[Q2b2(1+32u)2+ (w +b232u)

e (b2u'{ +“262uug)] 3/2{ [(1 +‘62u> -1 <1+232u> +3b‘262u (02_1_ b262u) -1] H
— 8[@?b2(L+6) 2+ (a?+ b%e™) (b%f -+ ae™u)] (0% (0% +ae™u3)

+a’e™(a®+ 0% uf] H ~ ¢*(1+-6°) 7/ OH (asr +abs\-/i e - «/Jn-a—u}

~C|vul?, ». (@39
when H >0, . ' ‘
— [a?b?(1+ %) 2+ (a®+b%™) (b%? +a’e™ui )] ~* [b%™ (0% + w’e™u})
: +0262u (a2 +b%)u] H : ' :

= — (&®+b%*) " (a®+2b%™) H, - (2.34)
_When H<0, ‘ | T
_ [a®H2(1+6%) 2+ (a®-+ b%™) (b +ae™ul)] ~* [b% 2‘“(6 Eateug) -\
-+ a?e™ (a®+ bu)wi) H ’ . '
> — (a2+b%*) %™ H — O | Vu| ™% . (2.85)

Inssrtlng (2.84) and (2 35) into (2 33), and usmg 00nd1t10n (2) in Theorem 2,
We can 86 -
0= (14-6™)%(a® +b2 26)~1(p2e 22 + o®ud) In (| Vu | ? +1) 21‘,[wb@"(:l—{—ez")l/ﬂ1

X (a2+ b%?) %/ 2In( |Vu|2+1)] -1 [w262(1+92“)2 ’ :

1 e
2,24\ (}2, 2, 3/2 -
o+ (a®+b% ><bu1+w ui)] {[1+mx<1+ 1+‘e2">J'H'

. 6H(a;sr+b\/l s’ p)
+e“(1+62) ~3/2 Bs

} - 0|V
-e"/‘/1+e"‘

= (1+e™)?(a? + b%?) 1 (b% 2l + a%u2) In( l Vu l 4 1) 07 l Vu ] 2, "‘(2 .36)
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So, we obtain o '
| |V ]2(@0) <O, ' | (2.37)
Then, Vo€ 8 (1) x 81 (1), ' "

|Vu|2(@) <e®-1, | (2.38)
where : s -

~SH =) 1 g1y
| | 09 —s-zg-(l—_-ggj ln(as‘i'i)e.
The theorem is proved. '

Remark 1, When a=b=1, M 3——;5'3(1) ‘The above theorem is our last
result™,

Remark 2, There are many functions satisfying the conditions of Theorem
2, )

For example, set

H(asr+ BVI=sp) = 281”& - 5)1/2m+1> +f (T, p); (2.39)
where f (r, p) is a smooth funotlon on 8*(1) xS*(1), and constant

, "¢>1» |f (r, Pl <(1 - %)270-1,

Then, Y0<s<1, we can see .
~s(1 +—s2)—é—a§— H(asr+b~1-s%p) - 2| H(asr+b/1-5%p) |>
[b(1-25%2-2|1-2¢| +1] -2|f(r, p)| -

> g 1)1,2(“1;( 1)-217 )

(1= La-aipr, p) |>0.

1 .
ETR(] s2) T7206FD)
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