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' THE COMPENSATED COMPACTNESS METHOD
APPLIED TO QUASILINEAR PARABOLIC
EQUATIONS OF HIGHER ORDER WITH

'DOUBLY STRONG DEGENERATION

YIN JINGXUE (99- ,,, r")*

Abstract

This paper applios the compeﬁsa,teél compactnessmethod to the study of a olass of
quasilinear parbolic equations of higher: order ‘with ‘doubly strong degeneration. Some
existence and uniqueness results are proved under certain conditions.

§1. Intr_odution

The reoently developed oompenSated compaotness method hag fOund its applica—
tions to many fields of partlal dlﬁ'erentla,l equa-tlons such as nonlinear hyperbolie
systems, d3 sgenerate quasﬂmear paraboho equatlons (see Tartar [1], Zhao J unning

£21).

In this paper, we apply the compensated oompaetness “method to the study of the

first bOundary value problem for degenerate quasﬂmear parabol io equations of the
form '

—3-5‘#—+(*1)"‘D"fA(D"fB(M))=0, R (1.0)
a . . . . N .

’ "‘_D:-—.-.
where B

A(s)= j a(6)do, B(S) = j b(o)do,

with %(s),b(s) being nonnegatlve and approprlately smooth funohons The case A(s)

= |s|¥tsgn s, B(s)=|s|¥lsgn s, (M, N>1), of the equatlon(l 0)was investigated
by Berms“"“, in which the existence of so called “enelgy solutions” was proved by
" means of the the01y of monotone operatms demvmg from convex functionals. When
m = =1, equatlon (1 O)beoomes the nonlmear dlffusuon equatlon_,

i

which was studied in geveral articles (see [4—171).
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o Thls work is an extens.ton to Bernls’ 'I‘he exmtence results are new in some
,respeots even for the seoond order case m=1, Sinoe the method used in what
. follows is sultable to any positive mteger m, we need only to dlseuss the fourth
order case m =2 for mmpllelty, that s,

B 1 D24 (DBw)) =0, G w)eQTJO )%, 1), 5(1-1‘)

B(u(zﬁ 0)) B(u(t, 1)) =DB (i, 0)) DB(u(s 1))=0, _-(1';2)
u(0, @) =u(w), : ‘ 1.3)

We agsume A
(HA)There'exist two nonnegative and appropriately smooth, funotions a;(s),
as(s). such that a(s) =a1(s)@z(s), where as(s), ax(s) satisfy the following condibions:
there exists a constant M>>0 such that for|s|>M,
8 C a9 | manls| P, au(s) <owls|
(1) o w ey |s|B<lay(s) <0‘22(3’ ;
where : &1, Gz, aﬂ, 02>0, 0<<p; <1, po=>0 and -

] Ay(5) = f @ (0)do.

(HBl) The olosure of the ot s of all points at which the genera,hzed inverse
funotion B~ 1(s) of B(s) is ‘multi-valued is at most countable.
(EB2) L ]JmB(s) + 00, 1im B(s)=—oo

8—>efoo §—00

- All the above assumptions permlt a(s) and b(s) to have strong degeneration.

Some examples and related propositions will be given in Section 6.
‘The method used in [8] depends heavily on the convexity of the functions’ 4 (s)

and B(s) and so is not suitable for establishing the existence ‘of genefalized solu-—

tions of probleny (1.1), (1.2), (1.8) , under weak assumptions (HA), (HB1) and
+ (HB2):'The main difficulties are caused not only by the double ‘nonlinearity of
equation. (1.1) but also by the strong degeneration of a(s) and 5(s).

Here we abopt the method of parabolio .regularizainn.i Differing from the case
of second order, the solvability of regularized problems is not known and hence
should be. dlSGuBSOd in advange. We apply Leley-Sohauder fixed point prmelple to
thé proof of the ex1stenoe of clagsical solutions of the regularlzed problems The
energy method is used to establish the needed Schauder" type priori estimates, which
are’ relatlvely less Soen in the study of- quas:lmea,r pa.mbohc equations of hlgher
order. - S : ' 8
The generalized solu’ﬁlons ‘of problem (1 1)~{(1.8) can be obtained as the
Hmits of some subsequenoe of the fa.mlly of solutlon.s {w,} of the regularlzed
probleme ’I‘he oruo;al ; ep 1s to pass the hm1’01ng process by means of the relahvely

leqs estlmates on the approxlma,te soluiuons To do thls, We use the oompenSated '
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compaotness method. Preoisely speaking; a delicate analysis of the family {us} and
‘the regularized problems themselves, together W1th the a,pphoa.tron of some basio
faots in the theory of oompensated compactness, are surely enough to complete the
needed limiting processes concerning the $wo factors of nonhnearltles

We also disouss the uniqueness of genera,hzed solutrons of problem (1 1)—
(1.3). For technical reason, we only discuss the case B(s) =s an_d the case A(s)=s.
“The proof of the uniqueness in the case 4 (s) =s has been done in the previous paper
{8]. We note that the uniquess has not been disoussed in Bernis®, ‘

§ 2. Some Lemmas about the Compensated
| Compactness Method

* Ons of the main difficulties in the study of degenera,te parabolic equations lies
in the following fact: if the nonlinear factors are the samse, then in the degenerate
.case one can only establish less estimates than in the uniform oase. .So, the strong
‘compaotness results can not be used to oOmplete the limiting process' concerning
“the glven nonlinear functions. FBut degenerate qua.sﬂmear parabolic ‘equations
«are always associated with some functions whioch have some property of monotomorty
By means of this special property, we may make use of the basro theory of ‘Gom-
Ppensated oompaotness 0 prove some weak compactness results whioh are enough not
only for the study of the. problem(l 1), (1.2), (1. 3) but also for other degenerate
problems. o : L
First we need the following lemma in the theory of oompensa.ted oompaotness
“whose proof can be found in[9]. ‘ '

Lemma 2.1. Lot Q be an operm set in R" and {uk}c:L°° (Q) be such thwt {uk(m) (<

M, a. 6. sE€EQ. Then there exist a subseguencg {ug;}of {w} and a fwmety of probobility

- mgasures {Us}eca on R depending measurably on @ with supp weC [—M, M] such that
Jor any continuous junction F. R~—>R there holds : S &

F(u;;,‘(m))——* j F(M)po(dh) in I™(0). |
Usmg Lemma 2. 1 We prove the follovvlng lemma. on Wea,k oompa,otness _
- -Lemma 2.2, Let Q be a bounded domwz,n in R" and ukéu in L”(Q). Let A(s)

and B(s) be contmuous in R.and A(s) be non decreasing. Lf fm‘ any. aEA(R), the Sgt B

(A (&)) contasns only one séngle point and
A (uy(@) )= w(w), B(uk(w) )—> 'v(w), a. e, in Q,

#wn tkeTﬁ-hUst., :
X > A(u<Q7)) %U(m)y .B(‘M(m)) Q;(Q;), » a, e Q/nQ

.....



.No. 4 Y J.X. COMPENSATED GOMPACTNESS METHOD APPLIED TO QPE. 5@3#

W1th supp mc[ M M), M >sup|u,,(:v)] such that
(@) = lim (4 (@)= [ pCAM)a(@h), @1y

' for some subsequence {ur,} a.nd any continuous function q)(s) at i any po:mt sin Q\E

Wlth E depend.mg on ¢ and mes H, =0. Denote’ _
K=sup |4(s)].

Is|<3 i : )
Ohoose a sequence {g:} from O([ - K, K]) such that {:p;,} is dense in 0 ( [-K, K 1»
and set :

“ B=\) B,,

k=1

Tt is easy to see that mes E==0 a.nd (2 1) holds for any oontmuous funotion ¢p(s) ab
any point #€ Q\F, _
Again usmg Lemma. 2.1, we have

W (w)_sj Atto (A) = u(w), in L“(Q) (2.2)
‘Without loss of generality, we ‘may assume that ‘ A '
Juy, (@) | <M, f Mita (A1) =u(a), Va:E.Q\E'
For any fixed 6 Q\ B, we conclude that the sst.
L ' F,={3cR; A(s)= fw(m)}
is nonempty. In fact, if F,=¢ for some », then from the nion'cfboniOity of the
function A(s), we have w(w) & [A(- M), A(M)]. Again from the monotonicity,
| | A(ukj(w»e [A(-230), AUD],
which implies that |
w(w) = hmA(uk,(m))E[A( M) A(M)]
A contradicition. So, the set 7, is nonempty and henoe 1s a closed 1nterva.1 or &

A .Smgle point due to the continuity and the monotonlolty of A(s)
Now we prove the followinginelusion

. -SUDP WeCFo Vo & Q\E . (2.3
Suppose the contra.ry Then there exists a poin = Q\E such that - - '

su_pp W=Supp ko, ¢t Fo=F, -
‘which is equivalent to - ' ' '

| Cu(l-M, M] \F ) >0,
‘ Se’mng p(s) =~ |s o), o~rw(a;o), ‘we get from (2.1) and the deﬁmtion of F,

(@) =0 p(a@)n(@) =-[*, 1402 - - o (@A)

~ 'L-mm 14@) - wom<dm><o |
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A contradlohon Henoe (2.3) holds » _
By (2.2) and (2.3) we see that u(w) f Mu,a, (d?\.) EF,, whmh 1mphe§ tha.t

A(u (@) =w(=), ‘

Set ' Hy= {sER B(s) fv(zv)}
“We conclude that F‘,CE 2. o. #C Q. Onoe this is done, we immedmtely come to the
conelusion B(u(w)) =v(x) from u(x) GF ‘ s
.. Let o€ Q\E and set - .
, 8= I A (uy(20)) —w (o) |,
Then [aw br] =A™ ([w(%0) — 8w w(wo)+eu])->A 1('w(wo)),
and hence from the contmulty of B(s),
o [ony B =B([a, b:]) —>B(4™) (’w(wo))) |
Since uy (o) € [wu, by] , we have B(uy(w,)) € [ak, Br]and henoe v(wo) € B(A4- 1( w (wo))) ,
which implies that {v(we)}=B(4™(w (wo))) by the agsumption that the ‘set "B(A™
(«)) is a gingle point. This shows that A~ ( fw(mo))c:B  (v(wo)), ’nhat is, F,,H,,
"We have thus ploved Lemma 2.2,

§3. Regularized Problem

In this section, we prove the existence of olassical solutions of problem (1.1),
(1 2), 1. 3), under the conditions

R a(s) = (a1 () +a) (@2(s) +04), (“>0),

(R2) ()=, .
where a4(8), as(s), b(s) are sufficiently smooth, @, (s), ay(s) satisfy (HA)—(i), (1)
respectiuely. .

Flrst we cha.nge equa.bmn @1.1) into the form

2 1 a(D*B@))b () D= 2 bu(w, Dy, D, D%)Dw, - (3.1)
‘where '
i"b,w, Dy, D, D) Du= - &/ (D’B@)) (D°B(w))* -
—a(D*B (u)) [45'(u) DuD%u-+ 3%/ (u) ) (D )”+66" () (Dw)*D%
+b"' (u) (Du) 4]
Denote o - 3
U X ={u€O®a38 (@) ut, 0) =u(t, 1) =Du(%, 0) =
=Du(t; 1) =0, u(0, @) =u(®)},. 0_<a<1,_ ‘
and define the opera.tor : _ o
. _ M, X > X, ubw, .
where w is determined by the following linear problem
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R

+w(D2B(u))b(u) Diw = z‘b (x, Du, D% D%)D‘fw,

w(t, 0) =w(, 1) =Dw(%, 0)= wa(t, 1) =0,
w(0, ) =uo(a).
The operator T is well-defined by the olassioal linear theory (see Theorm 3, §4 of
{101, prov1ded that a(s), b(s) are suﬂi01ent1y smooth, u, is sufficiently smooth
and satisfies some compatible condltlons The main purpose is to show that the
operator T has a fixed point in X . To do this, we need some priori estimates on.
the classical solutions of problem (1.1), (1.2), (1.3),

Set - | %(s) - f sA(cﬂda,

6t

Multiply (1 1) by B(u) and integrate the resultmg relation over Q:i=(0, )%

, 1). Integratmg by parts, we have
~{{ : ‘DB L€ pe A
o=({ b )( ) dsdm.—{.-JJ‘A_(D B(w)) 2 D*Bu)ds do

K ,
-[f z,(u)( %" ds do-+ J—%M(D“’B(u))dsdw’
¢ T
- b )dsdw-l— o (D*B(u(t, @)))de
¢ . o
[ @Bw@)@, . @2

- From assumptlon (R2), it follows that _ .
f j (22 as o< f M(DzB(uo(w)))dm (33

From assumption (HA) and Proposition 6.1, we ‘may oonolude that there ex1st

constants My>M, us>>0 such that v :
L (5) > us|s|?*2, whenever |s|=M,,

By virtue of this, we get from(3.2)
. ! 1 ]
&8 | IDBC, o) |

< sup ]D%B(u(t w)) |1’+2 dz + sup @E;IDzB(u(.t, z)) [#4* d

0<t<T
<Mgfr2+ 7 sup f M(»DZB(u(f, m)))_n_zm‘
<+ ) M(D*‘Bcuo@))dw. I X
where CE'= (0, 1)\E’ and o »

- ={a; | D’B(u(ty )) I<Mz}
Using (8.4) and the bour}da.ry value condition (1.2), we have
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and henoe

Next, we sot 'v--—a-—

sup| B(u(t, 2))|<0, sup| DB(u(t, 0))| <O

sup|u(t, @) | <0, sup| Du(t, @) | <O, |

_‘ 3#
F +D2[a(D2B(u))D2(b(u)fv)] =0,

D1ﬂ'erent1ate equatlon (1 1) WJ.th respeot to ¢,

(3.5)

- (3.6)

Multiplying (3 6) by v and mtegratlng the resultmg rela.tlon over Q,, we have by

integrating by parts : |
2 1 1 27 2 2 2 .
oa_f w203, cv)d:v 1 f 2*(0, :v)dm+” a(DB(4)) D*(5 ()o) D'ods do

1

+2 j j a(D*B(u))¥ () DuDvD? ds de'+

+ j j o(DB()) [b(u) Du-+ " sy (D) JoDevdsda,

 We conolude that

In féo%,

and noticing that

_ sgplD"’uI""'3<O J: v?(0, @)do+0,
by setting '
suplD l I-D (tO) %) I (to» ‘UO) E QT;

D2 <2 (| DB | + |6 |1 Du]),

‘we gob from (3.4), (3.5) and Proposition 6.1,

l'D “u (tO)

70) |#3< 0 sup | DB (u(to, 2)) |**1+0
. <r<

< sup | A(D*B(u(to, @)))|+0

<0

iy

ﬂ+2

f DA (utto, )| Haa] P 4.0 J | 4DButt ) |55

1 DA Bt 20 [$aa] #.10, f IA<D£B<u<to, |

.10 W

i |D2A(D23(u(to,gz))) |2dm]1+0 U | DB (ut, %)) |v+2 dw] L0

1

D24 (D*B(ut, o)) i [+a

and hence

-~ L2, m)dw———- j v*(0, ev)dm+” a(DzB(u))b(u)(D%)zdsdw+

3.7

(3.8)

pof e

+

21
F2%)

+0
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| D% (0, @) |2 [: | D2A(DB (u(io, ©))) |*dw+O. (3.9)

To obtain (8.8), we peed some estimates on the last three terms in (3.7). Set
={(t, @) €Qu; |D*B(u(s, o))| =M}, |
From assumptions (R1), (R2) and (HA)—(1); (ii), we have
” a(D?B (w))b(u) (D?v)%ds dw | | | o

Qfo .
o >a3j}' (D2o>2dsdw+a2a21 j J DB |*(D%0)sde.  (3:10)
Q¢ .

By (3.5) and assumption (HA)—(I) (i1),

12 j f a(DzB(u))b'(uquw% ds do
Qcp

<s ” (D)) (D%) 2ds da:-{—O j f a2 (b”B @)j o ('1)23 o) (Do_j 2ds da

Q‘D Qt °

<s j (D*0)*dsda-+e H |D2B (u) | (D%) s do-+

40, sup (D' ())ag (D°B (u)) f J (Dv) s do,
@ty i

From assumptlon (HA)— (1), (11) the estimate (3 3) and the inequality -

j J(va)zdsdw-—— HwD%dsdm<<f [ovasda)” (:_”(D%)z\dsdw) ,

it follows tha,t e

|2 j j a(DzB () () Dqu)D% ds cl:vl
Qe - T }
< j j (D*)%ds due j j | D*B(u) (v-(m)) %4 ds-+-Cs suplDQB(u) |4n+2m
@1y ) .
And so from (3.9) and the faot 4p+2p<2p+2,

12 j f a(D*B(w))b' () DuDvD ds da| f
Oty

<6”(D2@)2dsdm+s f j DB (m(D%)zds do+e [ [DzA(DQB(u(to, o)) |+,
_ Q¢y .

(@.11)

- .Reasonmg as for (3 11), we also have

” a(D*B @) b/ () (D) %b% ds dwl

Q te

§0 Isup[DaB (u) | (H vfdsda: ) (H (D%) "’ds da;)




508 : ~ OHIN ANN. OF MATH. - Vol 128z B

<8 JJ (D%) 2ds do+0O, Sup'l- D2 B (w) ] 29
Qt,,

<e U (D*) s da +Ossup DB =40,
9z

<s j [y asdo+e j ) ;DzA(DzB(u(to, %)) |%do+0,, (3.12)

to

UI a(D’B (w)) b’ (v) D2uD?pen ds dw,
Os4l

<s H aa(D*B(4)) (D) %ds dw-+0, j j wl(DzB(u))w2(DzB(u))(.D2u)2 2 ds dao

<s ” (D*0)%ds do+ s f j | DB () (D) s do -+

ty -

+0, sup a1<1)23<u>)a2<p23(u))<1> u)? H v? ds do

Qeo

<sg Jf(D‘«’v)%s do-+6 fJIDzB(u) lﬂ:(D )zds d¢+0 SUP,D2B<M) ’2,,14,,,,.,.2
Oro : .

<o [fmyrsdote | f DB | (D) s da-te [} | DADB (o 2))) |
Qto . . Qa‘ ‘ . . . ! . )
+Gs. = ' . . | ) . : (3.13)
Bubstituting (8.10)—(3.18).into (8.7), we have : - \ ,
) . o o< 020, a0,

* which together with (8.9) 1mp11e>s (3 8).
Notioe that

f (0, o)do— j | D? A (DB (uo(2))) | *do,
From 3. 3), (8.8), (8. )y (8.8) and assumption (HA)—(i), (11), we have
j (075, 2)do-+20° [ j,(D%) °s do
Q.

<o+o;ﬁ|m| | D% ds @0 [[|]| D] ds da
e & -

‘<a? | | (D) %s do+ O,
- = fovee
Thus - ) ' o .
j G, w)dmi<o‘ - o (3.14)
” (D%)”dsdm<0 o (3.15)

By (8.8), assumptmn (HA) (1) (1i) and Propomtion 6 1
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f [4(D*B(u(t, ©))) [""dm<0sup[D2B(u)I2"+2<0
So it follows from (8.14) that. S o
sup[DA (D°B (u)) |<O (3.168)
whioh together with assumption (R1) implies that
: sup|D3B(u) | <0, | (8.17)
Set g (%, a;) D3u(t, ). Then g satlsﬁes L
39 3 ,
a# D/v N . PR (3'18)
By the estimates (3 14), (3 17) and: agsumption (R1), we have
A j ;D4B<u(t, a))) |2dw<0
Thus _ T . -
| | D*B(u(t, 1)) ’“-DSB(M(#, “’2)) |<0[”1"‘w2|1/2z Z1, _Q’gE (O? 1)‘-;‘ o
‘and hence ST ' T
|g(t mi) g(t {02) l <O|m1 - m2] 1/2, L5~ a72€ (0 1) (3 19)

Now we fix @, 31, t, 0<Sw<<1/2, 0<t3<<t,<T, (At)“<1/4 At = tz—ii; Where &
will be spe01ﬁed later. Integraﬁlng (3 18) over (#, tz) X (g/, y+ (At)“), we have

il+(At)
j o ) —gC D106
e [yt 9-+0(8Y) =gt 902708

[ ot g (4 - Dro(s, )15,
. Integratmg ‘bhlS equahty with respeot o | y over(a; a;+ (At)‘”), We get '

@[ gt 40 gt IO

J- J‘w-i-(At) 1)2rv(s, ?J+ (Aﬁ)“) D%(s, ?J)]ds dy

(3 20)

.Usmg the mean. value theorem, there exists-a. polnt z* —y +0“(At)°‘ guch that.

(At)“[g(tz, o*) =gty @*)]

L e g0 -9t de0Caatan |

Ta,kmg thJ.S a,nd (3 15) 1nto aoeount we have from (3.20) -

- 9l &) - - gt “)|<0 (41?)‘1“5’""”2

which together W1th (3 19) 1mplles that "
Ig(fm a:) 9'("'2, 4’)[

<0(At)“/2+d ()-8

<|g<t1r @)~ gty @ *)H‘lg(ti’ ’_’) 9(752, ‘. *)]+[g(t2, ') 9(52’ Q")l
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The choice a-.———i-:_ gives = . -

gty o) - ~ g (82 w)l<0|t1—ta|1/8 o (8.21)
~+ Rewrite (1. 1) as the form -

+a(t a;).D‘-‘u—-f(t, @),
where a(s, w)=a(~D2.B'(u(t Db, 2)1),
G, o) Zb(u(t ), Du(t, o), D (t, o), Dsu(t 2))D'u(t, #),

The estimates (3.5), (3.19) and (8: 21) give
*al gisin@er <Oy [flomusen<0, . : ‘
with B€ (0, 1), 0>0 depending only on the known qua.ntltles Then by the
olassical linear theory (see Theorem 1, § 4 of [10]),we see that N
B ﬂuﬂox+nu~+ﬂ<a1><0 o N (8.22)
In partloular for @ given in the definition of X, we have | o
o Jal careoruiian <O, |flowt son<0"
and hence L : : _ _
, . R  Nuleveiisen <0, . (.23
For any fixed o€ (0, 1], if some function % in X satisfies ¥=0Tu, then from
‘the definition of the operator T, u 'satisﬁes (1.1), (1.2) and u(0, @) =ouy().
Thus v satisfies the estimate (8.23) with O depending 6;11y on the known quantities.
Applying Leray-Schauder’s fixed poiﬁt. theorem to the operator T, we see that T'
has & fixed point u, which is the desired classical solution of problem (1.1), 1.2),
(1 3). We have thus proved the followmg ,
Theorem 3.1. Let a(s) b(s) be suﬁcwntly smooth funct@ovns swtzsfymg (Rl)
and (B2) ‘respectively. Let uo€ O3 (I). Then problem (1. 1), (1 2), (1.8) admits a
classtowl sobution which is suﬁcwntly smooth,:

Remark. The conolusmn 1n Theorem 3 1 is enough for the purpose of con-~ -

structing a suitable sequence of approximate solutions of problem (1.1), (1.2),
(1.8) in degenerate case. However, by an. approximation, we may prove that to
ensure the solvablhty of problem (1 1), (1.2), (1.8) in uniform case in the space
Qiters e (g, 11a suffices to assume w(s) EO”“(R) b(s) EO"’*“(R), uo€04+“(I )
D4,y (0) = D‘uo(l) =0, (q, 0, 1, 2,8, 4) SRR ST T IhAE

§ 4.The Ex1stence of Generahzed Solutlons

We are in a pOS1t10n now to' approach " the. quesbion of the ex1sbenoe of
1 genela,hzed solutions of problem:(L. 1) (1.2), (1.3) under the structural condi-
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tions (gA), (HB1) and (HB2). The 'treatment here will be accomplished by
the method of parabolio regularization, where.the diffioult step for passage to the
limit will be completed by means of the lemmas about the compensated oompaotness
method stated in section 2.

First we state the followmg

Definition ¢.1. A funciton w& L”(Qr) s said o be a genemlzzed solution of
problem (1.1), (1. 2), (1.8), of ihe fOZZowzng conditions are fulﬁlled

1.° B(u ) €0%@r) NL~(0, T; Wi (D). |

2.° For any (pGO‘”(QT)fw@th @ (%, O) (p(f 1= ng(t, 0)= D(p(t 1) (T, @) = o

0, thers holds the Jollowing integral equality ‘
"1
f j 22 asdo —j A(D*B(w)) Dp(dido+ jo-w_o(m)'qo(.l(),. 2)dw=0,

The ba.sm result in 'bhlS section is = : SRR

Theorém 4.2. Lot uo€O0*(T), uo(0) =uo (1) =g (0) =up (1) =0 and the assum p-
tions (HA), (HBL1) and (HB2) be fulfilled. Then problem (1. 1), (1.2), (1.8) admits
a genemlwed solusion in the sense of Defindtion 4. 1.

*“Proof Consider the regularized pr oblems

B 1 D24, (DB(w)) =0, in Qo= (0, T)x (0, 1), (4.1)
Aus(t, 0) =us(3, 1)—1)%(# 0)=Du, (4, 1) =0, | (4.2)
4, (0, a;) uo(zv), - | T (4.8)
whers 4,5~ @0) +) (o) + £)do,

B@)= [ (b(0) +0)do
and up € oy (I) satisfying | D% (x) | <O and
- : g = voll >0, - (6—0), -
By Theorem 3.1, the regularlzed problems’ admit classical solutions u, Whloh |
are sufficiently smooth. We need some estlma’oes on %,

First we multlply equa,tlon (4 1) by B,,(us) and 1ntegra1ie the resultmg

relation over @, ; o .
U(b(us)+s) ( 2u, ) dsdm+”D2A (.D2B (u,>) _ B,(u)ds da=0, |
Integla,tlon by parts gives " | ‘

” (bw")“)(au“) doda H aﬂ’ (DB, (ua))dsdm==0

where }' .2! (s) I A (a)da
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It follows that

oilg‘gr.“ o, <DzB (“;(t ‘U)))d‘;’<f oL, (DzB (uo))dzv | (44)
”(b(us) + &) ( 3%) ds dw<f o, (DzBa(uo))dm s
- L S :

Recalling ’ﬁhat N
o Jai ()= I A(a)dcr}uz[s["*“’, Whenever [s|>M2, -

we get from (4 4) . S -
R | f: ’D2Ba(ui,(t, D)0, (4.6
‘ Suprs(uect"~»»m))|'<O, SgplDBs(u.,(t,'- D<o 4.7
and hence, from assumption (HB2), _ B I
, : - k suplus(t m)[<0 R ©(4.8)
Wthh ’ﬁogether with (4.5) 1mp1y that - . ' 7 -
”( 2.3, (ue))) <0, R 7))
f (b(ua)+s) [DzA (D2B (us))]szww "' (4.10)
From (4.7, we obtam o
IB (ue<# mi)) B (us('b! w2)>l<0Im1 m2| ’ (4'11>
Moreover, we may prove

B (b, @) — B, (us(ta, #)) |<d[t1—t2|1/ % (4-12)

similar to the proof of (3. 21) . . : PL ‘
By the estimates (4. 8), (4.6); (4.9);:(4.11) and (4 12), Wwe can extlaot a

subsequence from {u.}; denoted also by {us}, such that - : :

" ~—>u, 1n L”(QT),

.D2B (us)-—a .szw in L‘”(O T W"’*f’“(I))
B (2&3>’—> 'wv in Lz(QT);Y .

B (us) ~w un1f01m1y in Qp.

The limiting function w€C*(@r) N L°°(O i/ W&””(I)) for- some a€. (0 1) and;
from Lemma 2.2, w= B(u) :

To show tha’u  i§ & genelallzed soluiuon of problem (1 1) (1 2), (1.8), it .
remaing o prove that u satisfies the 1nteg1a1 equality in Definition 4.1, ThJ.S WJ.].].
be done by taking the limi% as s<> 0 in'the followmg equahty
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Uu,——dtdw f A,(DB, (us))quadtdw—l- j uo(m)qp(O m)dm 0

Whele @ is an arbltrary function in O‘”(QT) with (p(t O) o(t, 1) =Do(t, 0) =Dy
(¢, 1) =T, )==0, Since U u‘vin L’?('QT), u%‘—>uo 1‘1nif0r~nqu in (O, 1), it suffices

to show . | o
lim HA (D2B () D ds dm J'fA(DzB<u))D2¢ i dm Cats
The omoml steps are to show the folldwmg | - |
lim ” us s(us) % ———-B(u)] ddw=0, y S '(4143
133,” H %l DzB (us) D2B(u)]2dt do= o, L (4.15)

XT

where

| Fll'S'b We plove (4 14) Set -
F={( ) B NET,
 B={(, 2); B, 2)) € €8},
Sinoe B(u) €0*(Q;), we see that F is a olosed subset of QT and X a rela’ﬁlvely
open subset of @z. Denote : SRR R

%S U(“k: :874): :

. Bo={(t, ); B(u(t, ©)) € (o Bu)}.
Olearly U Ey=FH and henceE mes E;,-—mes E. For sny fixed 8>0 we ochoose IV,

stich that mes U Ey<8. Then we ohoose v7>0 such that

mes H"=mes{(t, ©); B(u(t w))E U (“Ia; “k+77) U (Bu ”, Bk)}<3
Denoting Q%= J ExU E", we have flo_m the ostimates (4.8), (4.9)

k>N

[ j | usf— o (1) ‘_—.dv-%B(u)z)dtdwl<0::'_’1~/_‘°‘,-. I (4.163

Denote o, -a,,+'n, ,B,G-—,Bk -1 and sob

. Er{(# ); B(w(# w)) € [, Bk]}'
Since B (4s)—> B(u) umformly m QT, Wwe ma.y oonclude ’ohafb there ewas so>0 such
‘thad; RN P .
| B(u,,), Bs(ue) € [oak —9-7/2, B;o+97/2] , Awhenevef (‘)<s<so., ‘ _
By definition, B(s) is strictly increasing on any of the intervals [af< /2, BL+u/
2], (b=1, 2, -, N). This'suggestsu, > u uniformly in Bl (h=1, 2, &+ N). It

[ [ ADB, (w)+(1- mz)‘«‘B(u» +s] [aza»DzB <us> +<1 WDB@)+eldh, |
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follows from (4.8), (4.9). that _ S
B ([ ) -2 By d
2 J[ - 3 B.wyas sl
. Rf o )

<suplucl U j ( Bu(w)) b da] (mes Q) 2> 0 (5 0).
By virtue of this a.nd the fa.oiz that ’
| ”u-ét—B () di dap—> E”u—B(u)dtdw (s-—>0),

we ség that
2”%_—3 (us)dtdzv—» ,:?1 Hu—-—B(u)dtdm (s—-)O) (4.17).
Set

| 26 j ab(0)de, B (5) = f o) +e)do. -
As bef01e fxom the estlmates (4 D, (4. 8), (4.10) and equatlon (4. 1), we ocan
prove that there exists a sukgequence of {u,}, denoted also by {u.}, such that
,,”é’*(u,(t' w)) éb(t zv) , uniformly in Qr,
g (us)-é ‘f’ j-n‘ Lz(QT)

Notinoig that Z*(s) is noninoreasing in ( o0, 0) and nondeereasmg in(0, +o0),
we immediately obtain v=%"*(u) gby uging Lemma 2.2,
Set
U{M}, on {(t, ‘U) B('w(ff o)) = ?wa}

Then from the definition of Z*(s), Z"(w)={u in Fy for some constants uy k=1, 2,
ees. Thus :

| 'U«Z—%B(u)dmw;ﬂ'%*‘éz’*(d)dtdw;o |

i [ 5

~H xp(t m) - " (u)ds dm——”u-——-—B(u)dtdw L 41s)
Oomblmng (4 16) (4 17) wﬂsh (4 18), We have __ e
H@ 9 Bs(ue) w2 B(u) dtdml<0’ Ja

and henoce

3(u6)dtdw hm” 1ot @) -2 8# .jfé’*(us)dtdw /,

lim

: 8-—-)0

. ¥F

» andso; (4 14) follows by ’ﬁhe albltlallness of 8 | SRS A
. Using (4, 14), 'we may prove.(4.15) 1mmed1ately from '
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MH & [ DB, (u,) - D*B ()] da:

8-»0
L]

- =1£%’f f [4,(D*B,(w)) — Ay (D*B(w))] (DB (u) - D*B(w)]di do

=~1ng 3“8 (Bo(us) B(u))dtdm 5

-—Tim [ us(T 2) (B, (uB(T w)) B(u(T w)))dw

§¢<0 J

tlim [ W (Bu() ~B@(0, o)))ds

g0 J

».._+11mf (3# (us) B(u))dtdm

&-0

==1£13 H(u us) 6 B (u)dt do=0, | | o
Fma.lly, we show (4 13) by (4. 15) By the estlma’ue (4 6) a,nd a“sumphon
(HA), we have - » , .
([ ettt paoo,
Therefore " |

U J A,(D*B.(u,)) Dpdt do N”j AI(D?B‘(u))quo.dtd;;

{.g“e [D2Bs(u8) DQB@)]zdt dm} | {L[ <D2¢) 2dtdzf;} ->0 (8-—>O).

By virtue of this and the fact 'bhafb : -
j j A,(D*B(w)) D dt do~> J | A(D23<u>)1)2¢ dbdo (5~ 0)

we obtain (4 13) and henoce eomplete the proof of the theorem, . ! .
Corollary 4. 8. If in'addétéon fo the asswmptions én Theorem 4 2, the funot@on
B(s). ds-strictly éncreasing, then the.solutbon obtained tn Theorem 4.2 is continuous,
IF [B(sy) - B(sz)l>am[s1~szl 0_60>O, m>O, S
then thesolution bs Holdea‘ continuous. oy i
Remark. By a,pplomma’omn, We can.. prove that to ensure ‘he conolusmn in
Theorem 4.2 the smoothness assumptlons for w(s), b(s), uo(w) are needed only te
be : . U
a(s) EO(R), b(S)GOI(R), uoEO'z(I), uo(O) uo(l) uo(O) uo(l) =0,

If B(s) ig striotly increaiing, then we may adgame
s A() EO(R), rug=B o) €GR(D), wo(O) <asp (1) =) (0) = -, (1) =0,

instea.d of the- orlgma.l assumptions on A(s) and 1o, In this case, the mltlal value
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condition for regularized problems can be taken as
4, (0, @) =W, (w}),

where W, (s) is the inverse function of B,(s) =-'—J: b.(c) +8)do, w€0F(I),b,(s) €U
R), |DPwh(e) | <O,

w} (@) —> wo (#), uniformly in(0, 1), _
b.(s) > b(s), uniformly in any segment,

§5. Uniqueness Theorem

We prove here the following uniqueness result for solutions of p1oblem (1. 1) ,
(1.2), (1.8) in the case B(s) =s. For another case A (s) =s, seo [4]. _

Theorem 5.1. Suppose that A(s) sabisfies assump%on (HA), B(s)=s, us& H?
(I) yo* (I). Then the genemlzzed solutbons with the p'ropea”ty supIDzu[ <0 of pfroblem
. 1), - 2) (1.8) s unéque.

P'roof Since B(s) =s, the regularized equatlon (4.1) ocan be taken as

aus 2 2,
Z-+D Ay (D) =0,

from which and (4.2), (4.3) we may prove the following estemate
« S
vsupJ' [D24,(D%, (¢, ©))]%dw<0.
By vutue of ‘bhlS and the estimate (4.6), it is eas:.ly seen that
Co sup[.D"’u,(t w|<0.
Then problem (1.1), (1.2), (1.8) has a genelallzed solution with: %he ‘property
sup | D% |<O | .
Now we tmn to the quesﬁlon of the unlqueness ‘Let Uy, Us be ‘the generahzed
solutions of ploblem a€.1), 1.2), .3), : '
. sup| D%y | <O, sup]D 2l<0 .
Then by. deﬁnltlon, for any qDEO”(QT) with (p(t 0) (p(f; 1) = Dp(i, 0) = Dtp(t
1) =o(T, @) =0, we have . - :
” (ul—uz) 2. ajdo~ f f 4 (D D%)qu;‘dzdz, o (5.1)'
0 e ST e

ivzhe.;'.e_: : SR
- j w(?\.D +<1 x)mu,,)dx
Ohoose a Sequence {a,,}c:Oo (Qm) such. that ,

oga,(t, w)<M j j Iaseal"’dtdw<s"’ >0 @)
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" Qonsider the following problem

_93%_ =D*[(3,+8) D% +f, in Qn,

QD&(t: 0) =q’s<t 1) "DQDs(f' 0) “qus(t? 1) =Oy'
' (T, ®) =0, |

where f is an albltraay funotion in OF (Qr). By olassical linear theory the above
problem has classical solutions ¢,, which satisfy the following estimate

” (@, +8) (D2 8) dt clw<- e’ ”P (Zt da; ‘_ : (5.3)
¢

In fact, multiplying the equa,tmn satisfied by @ by @ and integmtmg the
resulhng relation over (t T) % (0, 1), we have

.[ fo ; 3813 ¢§dtdm-f f D? (%+6)Dz¢a]tp,df,da;+f J' fgvsfdtdw.

Integrating by parts, we have
c L ‘
—-—;—-Lgv;“’(t, @) da = f j (as—l—s) D2 gv)%s dw +J J- Jods do

and hence

1, (F(ta o 2 \270
.é_j o34, @)du+ f [ Goro) D925 do

”f’*’dsola;—{— J’ I (ps(s, x)ds clm,

Qr

from which the estimate (5.3) follows, . .\
Replaomg ¢ by @, in equality (5. 1), we have

J (v - ) D*[(Gut S)thps]dtdm—}— j I(ui—uz)fdtdw
Qr

;jja(p D) Dp, d d,
Thus by (56.2) and(5.3), we obtain
|[[ - wadras aal

O
<[] @~ D) G-y D%pu tt

+|[[ (D%~ D) %, dt
e R

T

oo} {Jorma”
(| .

+ s {U (D”q:s) 2dt dm}

A4

| ga\/sms(ps ,)%zm}

[



518 OHIN. ANN. OF MATH. Vol 12 Ser. B

<ONeE—=>0 (e6=0),
Bince f is arbitrary, we immediately obfain ui(t w) =u3(f, ) and complete the
proof of the theorem,

§6. Some Examples and Propositions

A simple example that satisfies assumptions (HA), (HB1) and (HB2). is the

‘function |s|®s with p>0, which has one point of degeneracy. However many inter-
esting examples can:be 111ust1 atod which have more than one point of degenel 0¥,
even infinite number of degenerate intervals.

Eaample 1. Let a(s) be a 0= funcstmn with the pr opelty that oc(s) >0 in (-1,

1), supp o(s) =[ -1, 1] a,ndf . a(s)as 1. Le’n E be the union of a.ll sets of the form:
[4% -1, 45+1] with k any 1nteg91 Seb |

f(s> J“@‘s 40‘)751,7(0)010' |
If ai(s)=f ), wz(s) =1, then a(s)=ay(s)a, (s) Sa.tlSﬁeS assumption (HA)

1 1
Oyg==—ry Ogy=0gg=1,

with py=p.=0, a“'"';;—z‘ T

Ewwmple 2. Let

R A

Then ¢(s) satisfies assumption (HA).

(a, Bo; P>0),

Moreover, if we take b(s) —f (s) or g(s), then B(s) satisfies assumptlons

(HB1) and (HB2). | .
Now we give an assumptlon Whlch is str ongel than (HA) but easy to applyo
(HA)' There exists a constant M 1>>0 such that for |s| =M,

g |8 I< | A(s) |<a32|sl’“
- where &g, 0tg3>>0, p=p1+pa. . .
The following pr oposition shows the 1elat10nsh1p between assumptlons (HA)
end (HA).
Proposition 6.1. (HA) @mplées (HA)', |
Proof For simplicity, we disouss for s>>0. @hoose ¢>>0 such that
A ()< B, .

Then for s=>M, _ . ) o
As(s) =J'o;“1(°')d°'=A1(M) +J1'[ a1 (c)de

<A+ [ auordo

w3
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Gglyo 041 Cyo bl
Sz mi1y 2 g
Pl mt+l
_ (oo+1)oyy Py
ptl

<

For A>1, |s|>7\,M
As) = J‘ (c)do>'[ a(a)da J':wl(a)ag(a)da‘.

*
=0y

—%l Iswl(a)da

o (o) - A ()]
i ~ %21 | Oy sp,[ S _(_w_%(%>m{1] ,

AP p1+1
a (gp+1) e 1 )
o= f,,l, [0‘11 0p1+121-' ?\'ﬁ“_l]sp:l-l

'The ﬁrst inequa.hty of the conclusion follows by setting

1
e Ogy (0l +1) THFT o Oyqlloy _
.n. 1+[-.—-——au(p1+1)} ) ony =L , My=1,

"We can prove the second inequality by the same method and hence complete- the
proof of the p1oposrtron.
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