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THE CONNES SPECTRUM OF FIRITE
 DIMENSIONAL HOPF ALGEBRA |

CHEN CAOYU (]‘25:«3:«3-)* ‘

Abstract

Lot H be & ﬁmte—dlmensmna.l Hopf algebra, and A an H-module algebra,. Crzten&
for the smash product A4t H to be prime are obtained. In partmula.r, & correct statement
of §. Montgomery s question is given.

‘The Arveson—Connes theory of the speotrum of actions of an a.beliarr group was
very successful and played a vital role in the struoture analysis of a factor of type
III [6]. When A is a ring graded. by a finite _group @, in [4], S. Montgomery and
D. Passman introduced and studied the Oonnes subgroup of @, and obtained ori~
teria for A4 G* t0 be prime or simple. If G is a finite abelian subgroup of automor— |
rphisms group of the k-algebra A and the field % contains |G|~* and all |G|* roots
» of unity, then the skew group ring AG@ has a natural smash product structure A#:k
[@]*, where & is the dual group of @. The Oonnes subgroup of G determines when
AQ is prime. 8. Montgomery conjeotured that when A is a prime k—algebra. with
a finite group of automorphisms and |G|~ €4, AG is prime if and only if Irr(@) =
I', where Irr(G) = {a.ll irreduocible reperesentatlons of G} a.nd I'= {p Elrr (G) /B,
0, for all G‘—heredlta,ry subalgebras B}.

In [2] the author obtained a orlterlon for the skew group ring AG to be prime
for certain finite non-abelian groups G. This result grves a negative a.nswer for the
suﬁiorenoy of Montgomery 8 question. The positiue answer for the necessity was
obtained by D. Passman [6]. The Oorollary 5 will give a correct statement of the
question. ‘ ' ;
Let H be a Hopf a,lgebra over a field lo with comultlphoatlon 4 H-—->H @H
4(h) = 2 hy®hs, counit: s:- H > k. Let A be a k—algebra with 1dent1ty1 4. For

readers unfamiliar with Hopf algebra, the basrorefereoe is Sweedler s book [9] We
say that 4 is an H ~module algebra if .

i) A igan H —module, the action of H on A is denotedby h-a.,
i) he (ab) = 2 (@) (ha+d), Where A(h) —2 m@hs
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iii) helsi=se(h)14. . .
Given a Hopf algebra H and an H “modals algebra 4, we can form the smash
produst A4 H which is a k-algebra defined as follows: i R
" i) Asa vector space, A% H=AR H, o®h will be. ertten atth;.
ii) Multiplication is defined by
(adkh) (b# 9) 2“(7?'1 b)#Fag, A(h) = 2h1®hz

It is easy to verlfy that 4 and H oan be algebralcally embedded in A#H via
‘d-> attl and'h —> 145 respeotlvely So we oa,n 1dent1fy A W1th A:ﬁ:l and H Wlth.
13 H. :
Given an H—module algebra A A is & left A4 H —module via:

(E w,,,#h) b= Zw,,(h b) for a.ny bEA

The H —mva.rmnts subalgebra AH of A is defined as follows

_ ={aCA/h a= s(h)a, for all hE H}. :

A subset 8 of A is called H-stable if h-STH for all A€ H. 4 subalgebra. (w1thout
14) B of 4 is called a hereditary subalgebra if B=RL where R is a non-zero H—
stable right ideal of 4 and L is a non-zero. H-stable left ideal of 4.

. We denote Irr(H) ={all n'redumble reperesentatlons of H}. Since every ﬁmte——
dimensional Hopf algebra is Frobenius ®#™), any irredugible H—modulql_s isomor-—
Phi'o to a ﬁainimal _leff;. ideal of H. For any hereditary subepl_ggbra_. B, B can be
decomposed as a divect sum, B=®rcrrm Br where B} are the homogenebus compo-—
nents of B corresponding irreduocible reperesntations 7. We define the Connes:
gpeotrum I"4(H) as follows: »

I'y(H)={pcIrr(H) /B #0, for- all heredltary subalgebras B}

If H= k[G] for finite group G, then kp,, wEG ave all minimal left 1deals of
F[G]* and Irr (B[G]*) ={0./2E€ G}, where pa( D) 1= ory =Py ().« Thus We identify
Irr(k[@1*) =G, and then I" is the Oonnes subgroup of G when 4 is G-graded
gemiprime. _ S : : : B

Now we are ready to prove the followmg , /

.Theorem 1, Lst H be a finite-dimensional H0pf wlgebm over @ ﬁelol b, .and la#
A be an H-module algebra. Then the smash product A3 H is prime @f and only of

i) A i8 a faithful left A#H—module and,_ -

[ 4i) fo B#0 Jor all hereditary subwlgebms B,.. :

~where f is @ non—zero integral for H (4. e. hf = s(h)f forr wZZ hEH) R .

Prroof (=) I oaez ik, EA#H then (2 ay#kh). (A#f) #0 singe A#H‘

' is prlme a.nd A#f is'a non-zero leftidesl. But R
(Do) (A = (DG /0EAL
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Thus, there exists TEA with
‘ (2 a;,.#h)-—*fr 2 a,.(h-fr) #0,
4 is a faithful left 44 H-module.

Let B=RL be a hereditary Subalgebra Then Li:f is a non-zero left ideal of A

#H, and ;
0% (fB) (Laf) =+ (RL) #f =f - Bitf.
1t follows that f+E+#0 for any hereditary subalgebra B.

(<=) Let I e a non-zero ideal of A$ H, a.nd lot 042 ay#th€ I By i) there-

exists rc 4 w1th Zw,,(h r) %0, and then
o 0% (Z ay(hef))#f = (Zanith) (r#:f). €L
Denote . L={rcA/r#f€I}.

We can see that L i a non-zero H-stable loft ideal of A. By ii), f -L%O. Let
0#a€f+L. Then fa=a4f €I since f+ L= AZN L. o
. Let J be a non-zero idsol of A4+H. Then there exists Oséb EAH with Ab# &
J. Therefore, - ‘ |

IJ 2 (fw) (Ab4f) = (f (wA‘b))#f'
Since aAb is a hexedlta,ry subalgebra of 4, f. (wAb) %O Thus IJ %0 ‘This shows
that A H is prime.

- Remark. From thas proof of the theorem, we can see that the condition- ii) in
Theorem 1 can be 1ep1aeed by the condltlon ii") h*B+0 for all O%hEH and all
‘hereditary subalgebras B. : :

“When H isa semlmmple Hopf algebra, we have the following result.

Corollary 2. Lot H be a semisimple Hopf algsbra over o field k, and Zst A ba
anH—module algebra. Then ths smash product A+ H és prime of cmd only 4f
| i) A s a Faithful loft A:H:H —module and

11") TA(H) =Irr (H)

Pa'oof Smoe ‘H is a Frobenius algebra, every irreducible H-module M is
“igomorphio to & minimal left ideal Hk of H, If h+B+0 for a hereditary subalgebra
B, then there exists b€ B with heb+#0, and thus we have H-~module isomorphisms M
= Hhe (Hh) BB, It follows that I'y(H )= Irr(H ) by Theorem 1 and the above
Remark. We have proved the neoessity- : e

OonveISely, let B be any heredltary subaglebra. For & EIlr(H ), B0 by the
-gondition ii”). Since H is semlslmple, by the result of Sweedler 72521 we gee that
H contains an integral fwith’ s( f)y=1. For a.ny asEAH f a=1s( f)w a. Thus, B,
:=f ‘B. By Theorem 1, A4+ H is prite. ' : :

When H =%[@]* for a finite group G and 4. is. G‘—graded la—algebla, A=D

rEeQR

A‘A(w) Ay) T A(wy) for all w, yEEG. then p¢-BaéO for’ a.ll wGG ‘and all hereditary
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subalgebras B implies that 4 is a faithful A##[@]*-module. Indeed, for any 0 3
a€ A(2), ad is a hdreditary subalgebra of 4. Then aA(y)=py- (aA) #0. By [4
Lemma 2. 5(2)] A is a faithful left A4 %[G]"-module.

Also, we can See that ii’) and ii’’) are equivalent, since, for any sEG, pyB=
BN A(z) =B, for all hereditary subalgebras B..

Therefore, we have the followmg result. ,

Corollary 8 ([4, Qorollary 2.8]). Let A be o G‘—gmdaol Io—wlgebm foa* a finite
group G, Then A4Ek[G]* is prime if and only if I‘A(k[G]*)) Irr (R [G]°)-

Since a faithful gra,dmg is a nondegererate gradmg, any non-zero one side
grading ideal intersects A(l) nOn—trlvlally if i) holds. Thus, if the oondltlon i)
holds, then the condition ii) is equal to that A (1) is prime. Henoe we have

Corollary 4 ([3, Theorem 2.10 B)e=]). A#k[G‘-]* is prime ¢f and only
of AQL) ds pmm@ and, the gmolfzmg is fmthful o v

If H=k[G]. for ﬁnlte -group’ G and |G| -1 Ek then H is seml—snnple By
Oorollary 2, we obtam a oorreot statemenﬁ of S Montgomely 8 conjecture. -

Corollary 5. Let Abea k~wlgebm w@th @ “finite group G of automorphisms and:
|G|~ € k. Then the skew group ring AQ s prime if and ornly of A s a faithful AG—
module and I 4 (r[G])= Irr (A [G). '

' Next we consider connection between AH and A#H, If H is a finite—
nsmnal Hopf algebra, then the followmg propertles go down from A#H to A%
dlme bemg prime, prrmrtlve, simple Artmlan see ([, Proposrtron 2.4 1), Theorem:
3. 3(2), Theorem 2. 9(1) 1]. Furthermore, if H is semisimple, the simpleness:goes:
down (see [1, Theorem 2.7]). However, these properties do not go up in general,.
as the followmg example shows (see. [2] for details). SRR '

. Ezample 6. Lot A=M 2(k) % being the complex number field, and let a bo a.
cube To0}, and A the inner automorphisms mduced by (Q;) : 2) and (g | g)respeo—.
tively. Then G'=<n, h)==S;. Only A is the hereditary suba,lgebra, of A. T A (B[GT)
=Irr (70 [G]). However, |

((g 3>#(1+’wn+w2n2)),_sA=0; B

thus, 4 is not a faithful AG-module. It follows that AQ is not prime, by Theorem: .
1. But. 4%= k. , ‘

- The general going up problem appears mtraetable However, something can.
be said. We close this papar by the following

Proposition ¥, Let H be a semisimple Hopf dlgsbra over a fwld k (with an. '
mtegml f such that e( f)=1), and let A be an H-module algebra. Then enery non—



524 o OHIN. ANN. OF MATH. *~ - . ) Vol. 12 Sér. B

2010 Gdeal of A H imtersects AZ#:f non~trivially if and only of A ts o fabthful loft
A4t H-module and feL+0 for all non—zero H-stable left ideals L of A. In particular,
of A+ H 43 prime, then every. non-—20ro tdeal of A+ H dntersects A%+ f non—trivilly.

Proof (=)I1fI= ann (4) %0, then I ﬂ (AH #f) #0 by the assumptlon Let 0

R 5 €I. Then
| a=e(f)a= (aitf) ~ 14€ () — A=0,
& contradiction. Thus A is a faithful A:H: H—module _

" Liet L 'be a non-zero H-stable left ideal of A. Then (L# A isa non-zero ideal
of A#H, and thus (L#f)AﬂAH:H:f%O Since f? =f, f(AH#f)f—AH#f. 1t
follows that F (L f)AfsEO But S |

F(LAf) Af = ((f+ L)#f) Af = (F+I) AT#f.
Thus, f- L0 for all ‘non-zero’ H-stable left ideal L of A.
(<==) Let I be any non-zero 1dea1 of A#H By the assumptlon of fa1thfu1ness of
At H-module 4, I Lt f for some non~zero H-stable left ideal of A (it was shown
in the proof of Theorem 1). By the assumption of f L0, Of- Lt fCIN (A% ).
This shows that every non-zero deal of A4 H interseots A%4f non-trivially.
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