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INVERSE THEOREMS IN L° FOR SOME
MULTIDIMENSIONAL POSITIVE
LINEAR OPERATORS™

ZHOU DINGXUAN (BRi*

_Abs_t-:‘act

Let {Ln}nex be positive linear operators in L,,(I) y I=[0, 1] or [0, o). This pa,per
considers their variants in L,(IXI) :
Lo, m(F; @, Y) =Ln (L (F (4, v); y); ©) = L (La(F (w0, )3 w), ,y), n, m&N.
The characterization problem for these operators is solyed which gives the inverse theorems
in Ly, for multidimensional Bernstein type operators. :

-§ 1. Introduction

Many papers have been devoted to the problem of extending Bernstein
polynomials or Szész-Mirakjan operators to L, sp_aoe. Saturation and characteriza—
tion are the most important in the regearch of these operatorst-141,

In this paper we want, to solve the charaoterization problem for these operators
in the multidimensional case. | S

 We carry over our results only in ’owo d1mens10n The higher dimensional case
can be treated, similarly. : A

In the following dlSOllSSlOIl we always set 1<p<oo 0<a<], I [0 1] or [0,

For our posﬂnve 11near operators {L,,}, our variant in two dlmensmn is the
operator , : ‘ ' o '

Lo (F; o, ) = L,,(LM(F(’M, 'v): Y); @)= L,,,(L,,(.F('M, U), @); ), FELP(IXI)
with two parameters m, nE N.

Leb . (@) =~/5(T=a) or J?,

| - D={glgeLy(D)yyg EA Om o g”ELp(I)}

For yED leb 8(9) = (9 ¢%")>
| 15¢o) lI, llyllp+ll¢ g”hp

ForfELp(I) —
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K (f, 8) =ing {If = gl+418(6) I}, 0

is the so—called K —functional,
 For 0<A<, let

n_ 2
h S or h?
h** = 1 or oo

responding %o I = [0, 1] or [0, o).
For f& Ly(I) and 0<<i<1, let
o(f, ¥) =911P “ ity A
where : B2 (0) =f(w-s)—2f (a:) +f (m +8)o
For FEL,,(I XI) let
Fw(?/) =F(mr y)r ?/EL
FY(@) =F(a, y), w€l
be the sectional functions, |

Let us mention that the analogues of our results can also be obtained for O ([0,

11 % [0, 1]).

§ 2 ‘Lemmas

Lemma 19,  There exists o constant K such that
171 <EISHL,
holds for any f €D, - -
Lemma 2, There s @ constant K such that

Lo(s, <K (f, <K [. ”<f %) du

holds for all f € Ly(I) and 0<t<<to., :
Lemma3. For FEL,(IXI), the followmg statements are eqmwlent

@ A E e B nm =00,
: - IE(EY B) | ,=0(),
(1) o (Fe b) “5,‘—'0(7»2“); '

. o (B h) |, =00).
It mugt be inter es’olng $o characterize the above sta.bements by
. | 220 F? | myqpponomaxny 80 | A3 oz cacene o
Remark. The 1etstmo+,10n of [h’ h**] is natmal smce w;l:hgu(a;‘) EI 1&‘ wE
[h’ h"] i EEN
- Proof (I)=>(II) By Lemma 2, 1 is tnvw.l T .
(ID)= (I) Suppose ﬂm(F,, t)ﬂ,gMﬁ"‘ f01 3Dy, to>t>0 By ’ohe genera,hzed
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Mmkowsln mequahty, we have for 0<h< to
: 2 . : . Q’(F@, 'L&) ? }1/9
b w1<{f, (& 2 Ee D o ) o

<K, (<2 ay

<K J "M gy KW,
and . LK@, B[, =00
can be easily obtained. ’

§ 3 Maln Result

Definition. 4 real sequence {?\.,,} g8 cwlled fmtarrmedwte. 5f A \O ‘and A<l and
for all b>>0, there exists a>0 and ¢: N-U {0}—> N, :(0) =1, tp(rn.) Joo with

w< 7“!//(n+1)<b ._ : l R ‘
w(n) ' e

We set up our theorem more generally. ' f
Theorem. For pesitive linear operators {L,} 4n Ly, suppcse

(1) La(Lu( Fiy); @) =Ln(Lu(F; 2); y) for F € Ly(IXI);

(2 L,1=1; ’

I Sy
. L fforany FEL(I);
3 suplLj<M; ,
@) 18T No<MAY 1o Sfor F € Ly(I);
(®) 18 (Luf)o<M|8(f), for fED;
6) |Lnf = flo<MAJ8 (), fwfeD
Here An B8 an intermediate sequence and M és @ constant mdependant of f, m and A,.
Then for FEL,,(IxI), '
ll nm(F) Fﬂp—O(?»“M ) (%)
is eguwwlent to :
| sup, - P Hp—O(tz"‘) and II Sup | Aszo:"L e |9 =0(8%), (**)

which is also eng/vwlent to the siatements tn Lemmw 3.
Proof '
Lon(F; 2, 9) - F (2, y)
=L (L,,(F(u, v) F(w, Q’), w), .e/) +Lm(Fm y) ~-F (y)
-—11+Iz Dy R e SRR
Now suppose (#+) holds. By Lemma 3, We can assume

| K (For h) | g<M:p" for h>0.
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T s o

For any fixed z€ I and anyz geD

| E(F) = Foly< (M+1)|F ol aS<g>up
Hence , I m<Fa> F«'n"ﬂ< (M+1)K(Fay Am) -
Thus - ol o< (L +D) LK (Foy o)< (U +1) Mk
By || Lw| <M, we have

I Ealsacro<( [ 202 J | Lu(F (@ 9) F(m, 1D; 0|y do)

< ([ 1z, Pl ay)
SM(M+1) | K (FY, M) |o<M (M +1) MAZ,
Here the fact T o
1L (FY) = ] < (M +1) K (B M)
can be proved in the same way as for F,. Therefore we have proved (ee)
Now suppose: (%) holds, We only need o prove (I) of Lemma 3, :
Step 1: Since |F|*€ Ly (I % I), we havea set ECI with mE=0 sych that for
any o€ I—E, o o ’
| Fal? € La (D).

Therefore S NLn(Fo) = Follzyn =0 - (m~s>00),
Thus . hmnrzuﬂ—j lim| T (Fe) — Flt, - dw=0,

Here we should note that for & I E

[ Va0 )~ Fato) iy <2 (UEl54 2011

while the lagt term is in Iy(I).
In the same way

[],17# @) -Fr@) l?mzmzb(mm 17130
We know that for almoest every €I - : = R
L,(F*) (&) — F° (a;) EL,,(I ) Wlth respeo’o to w.

Hence  Ln (L, (F”) (@) - F”(w))(y)ﬂLn(F") (w) F”(w) (m-—>oo)
Thus we have : R

fin| Ilnz,q;ffﬁm‘ f‘ LB &) - P Y s
- j j 1z, <Fﬂ><w> R
[ a9 @) - F°<w>><y> mej |L <Fv> <m> Fy@ I”dy

whioh is fixed in Ll(l')
Now suppose - A N FA 6
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NEam(F) = F < MaF+25)
for all m, nEN. Let m —> oo, By the above discussion we have

(f f | Lo (F) () — F¥ () | °dy dzv) <Mz,
Step 2: For any 1>k>0, any fixed y€ I and gED we have
K (FY, ) <|F¢—L,(F*) | p+h| S (L (F? - g))llﬁhllS(L,.g)ﬂ
| <SHEY = Lo(F) o+ B UN? | B — gl o+ RS () 91
which implies , o : T
| K (F*, ) <|F'~Ly(F) |+ hMAE (B9, A,).
" Denoting _ o ) e
&) =([ (k@ B o) =1k @l
Whleh is obvmusly monotone non—deelea.smg fune‘ulon, we ha.ve
_ K*(h)<M1K +Mh?\.“1K*(K 3
© Step 3: Lot b= m1n{(2M)1/<“"1) 1/2} ' ’
we can choose ¢>>0 and i astin the definition of 1ntermed1a.1;e Sequenoe such that

A,
a<< »w(.n+1)=<b'
W(n)

For mE€ N U {0}, let £, =Xy a0d W——t,b(m) :
K (ho) < Mathot ML G

<t2 44 max{ZMi( - ) 2M( L% ) - t,‘,;“K“(f,,,)}
m+ ) ‘

<t max{2M:a7%, 150K (t )} TR

Thus we have by mduotlon |
| K*(tm)<(2M1a‘“+h1“K*(?~1))t“
From b<<1/2, wo know thab fy.1<<tm/2.
For any 7\.1>h>0 Wwe.can. chooge m such that
bimpr <Py

KB <K*(t.)< (2M1w’“+?\.1“K*(?\, ) )(

<(2M 1(5““ +A K (7\,1))@“ >
Here the oonstan’n only depends on o and A, We have
K”(h) = |& (¥, B) HrO(h“)
B Fa =03

#;’,‘u-z

oen

o@n be obtained similarly.
The proof is complete.

Remark. The theorem is also valid for non-positWe lmear operators,

Notmg that A,=1/n is 1n‘nelmed;ate, we have
Corollary. ' For FEL,(IXI),

Sl
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| TP - Pl »=0(=5 -—-127)

m

4f and only &f

ll suo l( B FY| 1 gpoponrl =0 (#%%) and, | sup | 42, F | L,,th*,h*‘n llp oG™).

Here {L,} can be one of the followmg classes of operators: .

Kantorovieh operators [2, 4, 97;

Szasz-Mirakjan-Kantorovich operators [6];

Meyer—Kﬁnig and Zeller Type operators [8]; | ' 4
Baskakov-Kantorovich operators [9];

Bernstein-Durrmeyer orerators [12];

Szész—Mirakjan type operators ;[14]

Thus we see that L g-approximation by positive linear operators in two dimension

is parallel to the results in one dlmensuon

The author expregses his gra.tl’oude to Prof Gr‘uo Zhurui for the help during

the preparation of thg_ Present papor!
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