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WEAK TYPE (1, 1) BOUNDEDNESS OF RIESZ 
TRANSFORM ON POSITIVELY

CURVED MANIFOLDS
-

• . < . . . . . .  - r  ； •

C h e n  J ie c h e n g  ( 陈杰译 ) * * *

A bstract
' '

For complete Riemannian manifold M, it is proved that V,(—A)~1/a is Ibouaded 
Sxom L \M )  to wesik~L\M) if  B io(M )>0*.

f l .  Introduction
Let M  be a oomplete Riemannlan manifold, A its Laplaoian, V gradient

- ■  ：  . . -  • ；

operator, {丑*、 >0 heat—diffusion semigroup, heat kernel, A‘ A + ( D ，

Let F « (r )  denote the volume of geodesic ball B 0(r)  with center ®

；and radius -r. Riesz.transform V (—A )"1/2 was introduced by R. S. Striohartz first； 
earlier on, E . M. Stein had Introduced Biesz transform on Lie groups in  a 

different way119*73- Strioliartz proved^ 1¼ Zi2-bduiidediie^ proved c13 its i p-
Ijoundedness (2<^><〇〇) undexv some additional oonditionjs, Lohoue opnsidered1*41 
the case when. M  is negatively curved. In this paper, we get

Theorem. V( —A)~1/2 is boanded from L ^ M ) to weak-L1^ )  ¢/ R io ( if )> 0 ,
- * . ■ ' . . .

§ 2, Proof
At first, we give the following kernel representation theorem of V( — r
Proposition 1. jPW /  €  级 /2 (炕 以 抑  〇/ (  — △ 广1/2) , ■̂ △ 广1/2(J〇 =  **

J2«(/) where

K 9(<cy y) -r^(i/2)f81 ŝ /̂ ACic, y)ds. ;
J  e  ; 。  -

6 * ^ 0

0■)

/ * + 〇»
Proof By speotral decomposition of -  A, we have, ~  A== U E t. Thus
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( - A ) - 1/ ^ / ) -  r ^ d E ^ f )
J 〇

广屮 oo /•'s*1
=  L 2-  lim J〇 ( ^ ( 1 / 2 ) ]  s-1̂  ds)dEt( f )  -

(by Lebesgue (dominant oonyergenoe theorem)

' = L 2 -  l im 「* r - K V 2 > _1ZV SA( / )办。
$-♦〇 J8

By [9, Corollary 2 .6], it is not hard to show
.'Wi )

V ( - A ) - ^ 2^ )  = i 2-Iim  VI r - ^ l ^ s - ^ e - ^ C f J d s
e^O J  9

=  £ 3-n m  * T - \1 /2 ) s-1/27 M 〇>, y)ds)dy.

Proposition 1 is proved.
Proposition  % I fR io (M )> 0 , then ' . . , :

\VvK t(x} y) I < 〇nY ^ {x ,y )_ )d -K x , y) (V〇< 8 < l ) ,  ^  (2>
where di{ca} y) is the geodesic Msimce l&tweeih <36 an& y.

. To prove this proposition, w© need some lemmas,.
- ： ：乂 . . .  • ；■ . .

Lem m a 3. I f  Rio ( i f )  >  - k (k > 0 ) , then

|VA+»(a5, 2/)I < f  |VA(«i, P)\h(x, z)dz. , (S)

Proof For fixed y ^ M 7 let v(x} V) and us((c7 t)= ^ S t(v(.}8))((ci}
.  . . . : .  V. . . . . . . . .  、 + . . .

= . ht(a>, »)v(», s)d&. Then, it  is eftough tp prove ue> v ( ., .  +  s) . Now, let .
J  J£ ' ' ■ • ■ ■ ,、 •

; Fe(〇}r^ ) ^ m ^  {Ot v(a}, iH-6) - u e(〇}, t ) } . ;
and / 8(®) == (T& ip(—M )Fb(cd, t)dt where !T (>0 )is  arbitrary. Then

F 6̂ 0  (by definition of F 9)
■ ■ '•+ ,  v' :  '  . . : .

lim ^ 8(o?, t) — 〇 (yjlQy Theorem 3 .5])
卜 o

Thus

(△ * i )>  —缺 8(咚 #)(如 [2, Lemma6]).

^/8(3?)==|" expC — ̂ AJP̂ a), t)'dt ’
^ { Texp( — M )-^-Fa(a}, exp(—ki)kFs(x,t)dt •

(T (exp(—M)Fe(jx}, t))d t= exp(-hT )F i(sc! T)>Q
J O  O t

aî d
f ff(a})dsD<sT  [ [^0̂ ( - 2^ ) ^ ( 35, t)dxdt Im, JmJo

\ I ^(xy t+ 8)dscdt+T \ J ul(as7 t)d〇 )dt
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beoaus©{jfft}#>〇 is a contract semigroup and …

f  | V A 〇c，夕 8. ( V s C K s - 1 ) .  . -
J  M

80,/ 8 is1 a nonnegatiye X 2-subharmon^ funotion on ajad it must bo oonstant<,. . .  . ....
T h u s J^ O , i. e” +

L e m m a s  I f  B io (M )> -h (Jc > 0 )  9 then
. . . .  . ’•

a )  f  hKx, y)dy<OnV~a^ /2m ^ i 〇J〇t), ； . . :

b) f , y ) ^ < 0 „ F ^ 1〇1/V2)exp(anM -pV 3〇, …

o) \VM ^, »)\sd»<〇 nV ^ /2) ^ W i )，tM

d) 1 |VA(®> ^I^^OnC^+p-^F^C^^-expCa^-pVSi). ■-
J  M^Bx(p)

Proof a) and b) can be obtained fi-〇m tho proof of [6, Theorem 4 .6J-. o) oaa 
be obtained from a) and

' ( \Vzht(x, ht((〇, a：)A3V(̂  (〇)d%,
J  M J  M

[ ht(〇}, z)A^ht(c〇,)u ^ 〇 ict I ¢̂/2(̂ 7
Z' (by [3, Lemma 7])。

Similarly, d) oan b© obtained.
Now, w© have
Proposition 5. J /R io ( i f )> -^ (^ > 0), then

■ IVA(̂ , y) I <〇„ ^ 27 1̂/2(̂ /2/3)7 1̂/2(^2/3).
^xp(OnM—d2(a)j V)/2M).

* Proof When t>d2(x, 2/)/87 by Lemma 3 and Lemma 4

i v a 〇, 2〇丨< (1 ^ 的  〇, 幻 办 2/ ) 12 办y /a

⑷

；̂ a „ ^ 1/2( ^ y 3)6xp(0 „^)r1/2F^1/2(#1/V3)exp(a^> 
<Onr 1/2F^1/2(i1/2/a)r^1/2(«1/2/ 3)exp(0 Ji-(Z2(®> y ) /24t). (5) 

When i<d2(a;, 2/) /8, let ^=^(35/ 2/) /2. Then

f hm (c〇 , a )\Y A /2(«, j)\d»  ； ' , 'J M

■ KL身 +k 祕 ^ 办 雜 如 ^，20啤 "
AI+II.

For II, we have
7  .  .  t  . .  .  . ,. . j , * * * •

, i v. vc^) ! 2̂  ：. •
-. < O „n i/2( ^ 3)F?1/?(^VB)exp(0 ^ -r(22(®, ^ / ^ r 1/2. (6)
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For 17 because Bv(d) czM -  JBa(d -  5), have

iv̂ 2̂  ^ 1̂ 172.
^ T \ \ m ivA/2̂  y^ T

< a nr 1/2F；1/2(«1/V3)F^1/2〇1/2/ 3)exp(an/bf+cZ2C®,>)/24〇〇 

From (5) , (6) and (7) , we oan gei< (4) easily.
As a corollary of Proposition 5, we have 
Lemma 6. I f  B,io(M)>Oy th0n .

IV.VAC^ 2/ ) I y ) / i m ) ： 
Proof At first, we have (see[p. 12; 6]) .

V M / V a(R) >  (r/B) n(0<r<R<〇 〇 ) .
Now, let

广 .• .

J AT

( [VA(®J \P̂ -

By Proposition 5 and (9)
. * * * * * . *

^1«^»,«) ( Qxp(-pd2(x, y ) /25i)dyVZp(i1/2)t~p/!>
J S£

/  C O

, < 〇„.pr 3，/2F^p+1(i1/2) ( l + ^  exp( -  2fc- V 25) *2fcn)

< 〇„,， 师 ; p+1( f 2)

人 < 〇n,p r //2F ，(兴2) exp(如 2(0J，12)/250(¾

< 〇n, (#1/2) exp ( -  V25〇 „ .
Now

， I ▽ * ▽  A  〇, 2〇 I . < 丨▽  A /2  0»，' «0 h  I ▽  A /2 («M ) j

f
Ĵvw *

and (d^d(a), V )> p >〇)

f .<(fJ . NJ 3f— p)
(9), (10) and (11))

•• _ •

L-VP) «)l2^ r ( L 1VA/2fe a)l2̂ r
^ « r ^ C ^ e x p C -  (d - p )2/25#)(by(9), (10), (11)).

- •  ,  . .  .. , • r • ... •  會•

Taking p =  d/2, we get
y)\< 〇 r %VzKty2) ^ { ~ ^

JVA/sCaJ,

(7)

(8) 

(9)

(10)

(ID
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L em m a 6 i s  p roved .

L e m m a  7. I f  R i o ( J f ) > 0 ,  then  f o r  a > 0 , there holds

r s - ° F ^ 1(s 1/2) e x p ( - i 2As)(Zs/s<G /n,0F * 1C〇 r 2a〇 
J〇

P r o o f  B y  ( 9 ) , F a(s1/ 2) F r 1( 0 >  C ^ V i)"  for 〇 < s < t 2. T hus

r J •(Z s/s< inF ^ 1(〇  J s~a~n/2ei.'p( — i 2/G s)ds/s

< 〇 n,ar 2liV ^ ( t )

. . , |^*cZs/s <  S~〇 0XP ( "* t z/ 〇 s )d s /s

< 〇 n.aV ^ ( t ) t A2a>
O o m b in in g  above tw o  in e q u a lit ie s , we get (1 2 ) . W h e n  M  is  com pact, pr(^)f is

. . . .  : ： - . ' . . . . . - /
s im ila r .

P r o o f  o f  P ro p o r tio n  2  B y  (1 ) a n d  Lem m as 6—7

I V ^ C ^ , y ) \ < O n f V ^ ^ s ^ e x p C - d 2^ ,  2/ ) / 100s)cZs/s
, Jo 丨

* F in a l ly ,  b y  s ta n d a rd  O ailderon-Z ygm und ia e tli 〇 d l：3,8：1, we oan get the
. .* - • . 

w e a k - ^ C lf )  b o u n d ed n ess o f  E iesz  tran sform .
. . . . . . .  . . . ................ : .... ；
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