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' WEAK TYPE (, ) BOUNDEDNESS OF RIESZ
-TRANSFOR‘M ON POSITIVELY |
 CURVED MANIFOLDS |

CHEN JIECHENG (F‘ﬁ. .‘u&)*

Abstract

For complete Riemannian manifold M it is proved that v (- A)'ll" is bounded ,
from LAY (M) to weak-L*(M) if Rio (M)>0

'§"1.: ,I_htro_duct_ion .
Tet M be 'a complete Rlema,nnlan ma.nlfold A 1ts La,pla.om,n, /V gra,dlent'
opelator, {Hi}so hea.t—dlﬁ'umon semlgloup, {ht}bo heat kernel AAA+(

| V (V, -55-) Let Va,(rr) deno‘ue the Volume of geodesm ball B (rr) Wlth center ®

and 1ad1us T. Rlesz tlansform \7( A) "1/ ? was mtroduoed by R. S Strlcha,rtz ﬁrst
and earlier on, . M. Stein had 1nt10duoed Riesz transform on Lle groups in a
different way™ ™. Strichartz provecl‘lQJ it L-boundedness, Bakry proved ™ its L°-
‘boundedness (2<p<oo) under some additional oondﬂuons Lohoue consuderedL4J
the case when M is negatlvely curved. In this paper, we get

Theorem. V(—A)~Y2 s bownded frram Li(M ) to fwewk~L1(M) of Rlo(M)>0

" §2 Proof
At ﬁrét, we give the following keﬁie,l representation theorem of V(~A)-¥3, o
Proposition 1 For f€ 9;,; (the domain ‘of( - 4)7%) ‘,‘v(_ A)H2(f)=L2 - tim
.R.(f)'wi;e're R ‘ | . o
RN @ = Ko Of@yay,
N / K (w, V)= 1*‘1(1/2) f 1/2v h (w, Y)ds.

l .

6}

Prroof By speotra,l deoomposﬂimn of A we have -A——I tdE, Thus
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(-myx(py=[ " rmam )

=12 - lim F:i(r-l(l/2)'ri 8-1/2.3*“ nls-)d,E,_,(f) e

80 J
=L - Tim [ 73(1/2)57% 705 (f)ds.

By [9, Oorollary 2.6], it is not ]:_m,ld to show
V(=) () =1 timv | I41/9)5% -~A<f>ds

| =27~ Iim | Mf(y)( JI T/ o, V)is)iy.
Proposition 1 is proved. - ' R "
‘Proposition 2. If Rio(M)>0, then .
VoK. (2, 9) | <OV (d(@y))d (o, y) (V0<s<1), / 2
where d(w, y) &s the geodesic distance between vandy. '

. To prove thls proposition, we need some lemmas
| | Lemma. 3 If R10(M)> la(lc>0), tlwn

Vs DI<[, Ve Dl 0@
Pfroof For ﬁxed yEM let fv(a;, t) V.Jz,(w. ?/) and ua(:v t) H,(v( s))(w)
=J‘ h,(w, z)fv(z, s)dz Then 1’5 1s enough to ‘prove u3>v( +s) Now, let
g , . F (w, t) -max {0, v(w, $46) —u,(w, £}
eﬁd f,(w) J exp( kt)F (@, 1% Whele T (>0)1s albrbra,ly Then
" . F=0 (by, deﬁmtlon of Fa) o
llm F (w, )= 0(by[9 Themem 3. 5])
(A,, -2 ) (o, 8> —hF.(a, )(by[2, Lemmas]).

Thus  Afu(2)= ”%xp(—-lot)M (o, D

> eXp( kt) F (w t)dt f exp(“kt)kﬁg(é, f,)dt :,

#

= ,—a—t—(exp(;—,]at)ﬁ',(zv,‘_?)_,)dt——éexp§.j k1) Fy(w, T)>0

v

and o
J fs (w)dm<T J Jexp( 270#)F2(a;, t)dmclt

<TJ J' @2@;, t+s)dmdt+mj f (a;, t)dwdt :

. <2T%sup |o(., t+8))3 - o
BRI | 1 - L T A T S CH I R
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because{H :}:>o is & contract semigroup and -

[ V(e ) ay<0., o (Vo<izs™).

Bo, fs is'a nonnega,tlve L"’—subha,lmonm funotlon on M a,nd it must be constant.

ThusF =0, i. e., y,=>v(., +s) , .
Lemma4 If Rio(M)> — Ia(la>0), then

2) h”(w ¥)dy<O0, V"(ti’z/fz)eXP(O k%),

.

N R ) y)dy<a,.v;1,<t1/2/z>exp<0.Jw'—,92/3@,' o

MH— z(

o) |vzht<a;, z)l“‘olz<0’ V“(ti/z)exp(a Iat), o

d) ?P | Vi (w, z) sz<0 (t"1+p'2)V;1(t1/2/2)-exp(O ot — p2/3t)

v M—Bx(

Proof a) and b) can be obta.lned f10m the ploof of [6, Theorem 4. 6]. o) can '

be obtained from a) and -

L,,lv;h,‘(in, 2)| 2= f h,(m z)A helz, o)d,

|[, 1o 88 o, )| <On™ |, ht/z(m z)clz
" . ' (by [8, Lemma 7]) |
SJmJ.lally, d) can be obtained. - '

Now, we have
Proposﬂuon 5. I f Rlc(M )> k(k>0), then
| Vahi(m, 7) | <O 742V5 V2(§1/2/3) P12 (4412/8), -
.- | exp(O ki —d%(w, ¥)/248).
Pfroof When t>d2(a;, Y) /8‘ by Lemma 8 and Lemma 4

V., )| <(], s, 98Y ([ 17, 0 128) "
<O,V (1/2/3)oxp (O, bt)t 2V ;2 (1/2/3) exp(O,kt)

<OFVFI(72/3) V*l’z(tlf"’/?:)exy(a bt —d(a, ¥)/244).

‘When t<d2(a;, ¥)/8, let d=d(x, ¥)/2. Then

J ht/a(% 2) | Vil sa(2, Y) |dz.

- =(J'By(&") +jM—B,,(~ )ht/2<w, Z) |Vzh;/2(z, .Q/) Idz

ATI+II '
For II, we have ; : S
11<( j ht/z(a;, z)olz) (L{_Bv . |v,h,,2(z, y)[ dz) R
<O, VY2 (92/8) V5 V2(8/2/8) oxp (O ki — 42w, ¥) /248 )4 4/2,

(4)

©)

©)
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Fox 1, because B”(z)CM - Bw(d . ?j)v wé have
' ~ 1/2 :
Ig(J‘ B,® hea(as 2) dz) (J' @ Ivzhtlz(% ?/) |2dz)_"/2

<<J M-Bz(;i—d) ”2<w 2 dz) <I Ivzhﬂz(z’ y>, dZ)
SO SR (%)Y 43 (842 3)oxp(Oubi-+0%(o, ¥) [24)..

From (5), (6) and (7), we can get (4) ea,sﬂy
As a corollary of Proposition B, we have
Lemma 6. If Rio(M)>0, then :
|V Ve, ¥) | <O t‘iV;,‘i(tm) exp( d;”(m y) /100#)
Proof At first, we have (see[p. 12; 6]) SR
V.(fr)/Va,(R)>(fr/R) (0<q~<R<oo)
Now, let - - o :

i AFL IV.Jz,t(m,' z)' ["’dz',

. — : / D

: '.”A"z ' I M-B.(p) Vel (a @I ‘_M

By Proposition 5 and (9 .
.A1<0n ,,I exp(-—pdz(w, y)/25t)dyVa,"(t1/2)t"’/” o

- o/27~p 1/2 ‘°)' -
! npt V (f' ><ijx-xt<dﬂ<2kt J’d5<t

<O VAV 5P (42) | _
4,<0, ,rwv-v(ti/z)j e exp(pdz(w, z)/25t)dz

<0n, t“*’/ZV;I(t”"') exp( p02/25t>
Now

'Wwvuhz (z, ¥) |‘-<L [ Vohsa(; 2

éj- ’ ;+J,' e
By('P) JM-Byp)y - -

and (dQd(a, ¥)>p>0)

-'y)]dz :

o

®

'

<O, 5o () (1 Boxp(-22p/28)27)

(10)

(1)

J’By(,,, °<qu-s,@-,,>‘v ugaay 2) | )™ (f |V yhera(Y, 2)|%d2)re
<O,V 5 (8/2)oxp(~ (8- p)*/255) (by (9), (10) and ).

.[ M*B.J(p) °<(JM—By(p) Ivyht/z(y 2) lzdz) (j lvwhtlz(w, 2) l%z)
L SO 1(ti/z)elrp( o 9)2/255) (by(9) (10), (11))

Taking p=-=d/2 wo get :
|VaVyhu(a, 9)| <O riv:,l(wz)exp( -@(a; 9)/1008).
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Lemma, 6 is proved.

Lemma 7. If Rio(M)=>0, then for a>>0, there holds
I sV 1(s¥?)exp(— tz/cs)ds/s<0,.,,,Va,1(#)#‘2%
Pmof By(9) V@(81/2>V¢—1 (t)>(si/2/t)” for 0<s<t2 Thus
J ods/s<V;1(t) J gmo-n/2 exp( 12/08)ds/s
O, i 2V 5(3) . o
I:ods/s < V;*(t)r s~®exp( — t*/cs)ds/s
<0, F ()7,

Combining above two 1nequa,11tles we get (12). When MA 1s oompact progf is

similar.

Pfroof 6]‘ Proposiiion 2 By D). and Lemma.s 6—-7 ,
1V, K, (@ V)] <0, f s/ 7 (/)oxp( - #(3, 9) /100s)ds/s

<0 V"l(d(w, y))d*i(w, ).
Fmally, by standard Oalderon—Zygmund methodB’ 81 we ‘can get the L'(M)—

Weak—Li(M ) boundedness of RJ.GSZ transform. _
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