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F-VECTORFIELDS ON TWO-MANIFOLDS
， . ■  ■

. Gh e n Y iy iu n 、 （陈 一 元 ） * *. ..
■ , ‘ . . - . . . . . .

A b strac t

The concept of i?-vect6rfields oa two-manifolds is introduced and some properties 
of P-veotorfields are proved. Particularly, it is sh〇T7n that some P-reetorflelds on the 
toms have no nontrivial recurrent orbit竽• Also, the absence 〇£ dosed orbits for the left 
invariant yectorfields on two-dimensional Lie group is discussed.

§ 1. Introduction

The concept of P-yeotorfields on the plane was introduced in  [1]. In  this
paper we generalize the concept of P-veotorfields to two-diraensional manifolds.

. - • •

First we set out the definition and properties of P-veotorfields on the 
plan0cl*2：l needed for understanding later sections and give simpler proofs for some 
theorems in  [1] and [2] •

Let X  - A . + X 2-^ --  and 7 )==^  + D 2 ® == (*i,
〇c〇x d〇〇2 ■

Yeotoi-fields on. the We define functions ' ■-
i ) ] 2- X 2[X , D]t,

®2) € R 2, be O1 

： (1.1)
and jset$ - : 〜

| ^ = ：:{a ,fA = 0 , w in 2}, H = {x \B -= 0 yx £ R 2}, . (1 .2 )

where [X , D] =  [^T, JD]i - ^ - +  [X , D ]2- ^ — is the Lie bracket of X  and D  (see

[7r p .212]). -r ' ；V；；; -； .v ： "  ：： V- ： ' ■ ' ::

motor iield D suoh that J
⑴ △ > 0 ， (1.3)
(2) the set W hqs no two-dim&mioml subset 

then X  is called "a P-moiorfield with aid D.
R em ark  1.2, This definition of P-yeotorfields is slightly different from 

that in [1] • It weakens the conditions in  [1 ]. Henoo some oonolnsions in  [1] and
[2] may be changed a little.
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Taking ct>«=*Z"idaj2— in the following formula a 7，p^ 92：J) ， 

do>(X, JD )==X (o>(i)))--I)(6 )(X ))-〇)(.[X ；I ) ] )>

we get
8B dB X 2« 5 ( d iY X ) - A tt ( i .4 )

Lem m a 1.3. Lei X  be a P-veotorjield with md J5. I f  L  is a dosed orbit of X
L f ] S ^ 0 f.then LcHC\W ^  ̂ , ,.f - -， …. ■ ‘.............

Proof Let L ： be a closed orbit with period T y and L f ] H ^ 0 w Without
loss pf generality, w© suppose that i. e,r 5 (^ (0 )) =0^ From (1 .4) we
have ,

I  A(^(#))exp I  (diy " i

0xp { ijo

The above equality and (1.3) mean LczW . On the other hand, for any a > 0 y 
O^i^ayczW y&o

0=  f A(〇j(i))exp I —f (A iv  X ){x (t))d A d iJo l Jo ■ -J - ■ V - .  ̂ -

u =5(a!(a))exp  (div X)(cc(t))dt^t ^

L  e., x ( a ) ^ S .  Hence L C H  from the arbitrary choice of a. ^he proof is  complete, 
Theoreni 1.4. Let X  be a P-veotorfield with aid D md L  a closed orbit o f X . 

Then - :
(1) L  is a nonhpperboUo dosed orbit i f  L ^ S  md L d W f

 ̂ ； ' •

(2) L  is a  hyperhoUc stable (unsiable) elo^d orbit i f  L ^ W  and Lc{<c\B >0^
^ R 2}({(〇\B < ^  x Q B 2}) .  ’

■ .. > • '■. • • - •

P^oo/Let i ： be a olosed orbit with period T. It L 'Q JSflW , then• . u •- '； '• ... •

L f \ H = 0  (Lemma 1 S ) , i.o.j- 5 ^ 0 on £ .
From (1 .4) we get

. • •.« % * •.

J 〇 (div X )  (a)(i> )^=  -  (A(aj(^)/jB(a!(〇 ) ) ^ 4

Hdnoe the proof follows from the Ppinoar^ oriteriori for-stability. .
C orollary  l.d . Any P-veotorfield has no peHod epohs and Us Gompound cpcles

> • . . ’ i * • ' * • r * t J
___  • ... •• '• - •' " • . •' i , . '• •

丑  •
. ；

Theorem  I S .  I f  X  is a  P-veotorfieMy then iU homooUnie orUts eonmetirig a 
.h^pe^bbUo sdddh point and KeteroeUmG orbits * 6(PrtmGting two. hyperboUo saddle jpomts 
ate in W (C1：I\  t : ,

. R em ark  1.7̂  ̂ I f  for X  there is a Yector^l^ suoli that A<0-, then we 
take(-i)) instead of D to satisfy tie  oondition (1) in  Definition 1,1.
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⑶  Instead of 〇L l ) ， we define 、 f
A ^ g ( X t l X } D-]2- X 2tX y D2i) and

. ■ -.

where ^ is  a O1 function with constant sign whioh does not vanish at any regular 
point of X . Then the above results are all right, (Replacing A and B  in  the above 
proofs by A/g and B /g  respeotiyely.) Henoe suoh a faotor g is not essential to the

• r  r  *  r  • . '

definition of P-veotorfield. ■
i .-

Other interesting oonolusions and applications of P-vootorfield oian be found
. • •• . , • . •• •• •• •

in  [1] and [2],
In  Seotion 2 we define the P-veotorfield on two-manifolds and give its 

properties,
Seotion 3 is devoted to'the P-yeotorfield on the torus, which have moro 

Striking behavior,-
i - .

Finally , we diisouss th.8 absence of closed orbits for the left invariant 
veotorfields on, two-dimensional Lie groups in Section 4. , .

§ 2. Definition and Basic Theorems
• v •• • •

We now introduce the oonoept of P-veotorfielda on two-manifolds. For sim pli­
city, we only consider the twa-diinensibnal di&i-sntiable manifolds of olass O00.

, Xet X  ,axid D fee O1 veotorfields and 〇> a O1 differential 1-fprin on two- 
mandfold M,.Wq define functions :,

A =6>([X , jD]), B-o>(D ),  ̂ (2 ,1)
and set曰

W (2 .2)
Definition 2.1. Let X  be a Ox motor field on two-mmifold M. I f  there exists m 

O1 motor field JD and a O1 differential 1-form  co on M suoh that
(1) co(X ) == 0, {singular points o f co}—{m^gular pomU o f X } ,
⑶ △ > 〇,
(3) the set W has no two-Mmensional subsets} 

then X  is  called a.P~vectt)Tfieid M with D and differential c*>?

Bemark°2.^. (1) I f  the a^^-plane, th6n wq write X  =  X± - ~ - + X 2dxi
,Ck

and the 6) satisfying the oondition (1) of Definition 2.1 must be g(Xxdc〇st

, r r - » wli0r0 ^ is a O1 function with： constant sign wMoH does not vanish at 
any regular point of X . Heno  ̂ Definitidix 2.1 ooinoides with Definition 1.1 in  
this ease (of. Remark 1.7(2)).

(2) I f  i f  is a.sympleoiio manifold with th；0 nori-degeneratei closed differen­
tial 2-form thstt Wq: o»n a>^Q (X , to Satisfy the oonditioa (1) of
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Definition'2.1.
Let F : M ->N be a diffeomorphism of class O2 between two-manifolds M and 

N . Let X  be a P-yeotorfield on. M with aid J) and differential a>. Then
F^X  is a O1 veotorfield on N , where F^. TM -^TN is the tangent bundle map 
induced by F , and ( F " 1) 9 6> is a O1 differential 1-form on where (F -1) 9: T*M  
^ T *N  is  the cotangent bundle map induoed by F '1

Now we consider the yeotorfields FJD  and the differential 1-form
(F ^ y co  on N . Define functions ；

A ^ ( ( ^ r 〇> ) ( [F ,T , F^DI), (2 ,3 )
and sets

TT#—{wjA^^O, == 1 r i ^ i \ r } 〇 ( 2 。4)

We have
((F-^yco) (F ,X )  ^ ( ( F - ^ F . X )  = 6 )(X ) , (2 .5 )

J?»= 〇3 (D )) (2..6)
A ,= co((.P-1) ,  IF ,X , ) = 〇 ( [X , J5j ) . (2 .7)

(2.7) and (2.6) mean that . ,  : ' v i '
W ^ F (W ) and ( (2 .8)

From (2 .5 ), (2 .7) and (2.8) we obtain the following lemma.
Lem m a 2.3. Let F ： M -^N be a O2 MffeomorpMsm between two-mamfolds M and 

N . I f  X  is  a P-veotoTfield on M, then F^X  is a P-^eotorfield on N .
.W© know that a olosed curve li on iff is one-^ided (two-sided) if there exists 

a neighborhood of L  on J f  which is homeomor-phio to a Mobius band (an annular 
region on plane)

Let i  be a two-sided closed o rtit of P-veotorfi吞Id JT. Tlieu there is an 
neighborhood U ot L  which is diffeomorphio to an open annular region V on tlie 
^ i^p lan©  c43. Henoe U and F  are also O2 diffeomorphio ([5, Ohaptei- % 
Theorem 2 .7 ])* Let F ： U->V be a O2 diffeomorphiism/ Then is  a P -
veotorfield on F c i S 2 (Lemma 2 .3) and. jP(L) is its closed orbit, Henoe we com© 
to the following oonolusions from Remark 2.2 (1) , Lemma 1,3, Theorem 1,4, 
Corollary 1.5 and (2 .8) .

_ Theorem  2.4. Let X  be a P-motorfield m M with aid D md differential 1-form  
6), I f  L  is a  two-sided closed orbit o f X } then ； .

(1) LczH  (\W  i f  L  f ] S ^ 0 ;
(2) L  is a  nonhyperhoUe closed &tMt i f  â rtd LczW\ . * -
(3) L  is  a hyperboUo stable (unstable) oloseA erbit i f  L ^ W  and J '

L cz {m \B > 0 } Jfef}({*»*[jB<0,
Gorollary 2.5; Any P-veetorfield on M has m p&riod cycles and Us oompaund 

cyotes are m S  f\ W* - . . . :



Theorem 2.6. Let X  be a P-veotoTfield on M with aidrl) cmd diffefev>Uciil l - f 〇Tm ' 
d>. Therii. the one-sided closed orbits of X  mtefseot -H and W> '

Proof It L : is  a one-eided oloserd orbit of P-veotorfield X  and i  fl-S

^  each point m{t) is a tangent 2-*fi*ame tokikf and it is a Q1 frame field 
on £■  It is impossible for oue;sided olpS9d : orbit £• /(It i? a well-known faot in  
topology.)' ■ So we iiaye L ( ] H ^  0 v  Siinllai*ly■ we 〇an obtain i f )  .

Let F :  N-^M  be a covering map. (The definition, of covering map is that in 
[；3 ] .) If there exists, around each ppint to GJiV 為 'iieigh/boi-liood t 7 > d  whose 
complete inverse image F^^TJs) Is the union Vi§\JV^\}^9 of a set of pairwise 
disjoiiit regions Vich h -%  ?, with the propex-ty that the restriction F \ Vjtj\ Vior^ 
Uj9 of F  to each region Via is a O2 dififeomorphism between and 17/, and 
moreover-M Is ooyeriad; by finitely or oountably many regions, then for P -  
•vrec^prfield Z  on M with aid D and differential l-form  eo, we can define Ox 
yeotoi-fields (E  is a local, diffeomorpliism) and O1 dilferential
1-form F*o> on N . We define functions

(2.9)

(2 .10)

(2.11)

(2.12)

(2.13)

(2.14)
(2 .15 ) ；

Lem m a s.? . Let F ; N ^ M  ie a oop&ring map satisfying the-above assumption. 
I f  X  is a P-veotorfield on M, then is a P-veetovfield) on N.

Theorem 2.8. let F: R 2->M  be a covering map satisfying 0 & above msumption. 
I f  X  is a P-veatorfield on 'M; thm US hcmoeUrmiO orbits omneoting a hyperboUo saddle 
^>oint and heterooUrdo orbits conneoting two hyp&fboUG s£cddh points are in Wk'

Proof I f X  is a P-Teotorfield on M, then is ,a P-veotorfield on B 2
(Lemma 2 .7). We note：tiiat any liomooliilie orbit olr heteroolinio orbit of X  is 
lifted as homoolinio or heteroplinio orbits of and the homoolinio orbits
qonneotliig a hyperbolic saddle point or the heteroolinio orbits 6oxme〇tin.g two 
hyparbolio saddle points 〇f  (.F-1) ^  are in TF*V Henw the oonolusion. of Theorem 
2 .8 foIloAys from (2 .14). .

i g  K o m N t： -A,m^ o f  ,m a t h . . y 〇 l 13  b&t^b -

A* =  (F*o>) ( [ ( ^ X K (Fr^B-] (F*o>) ( ( F ^ D ) ,
and sets .

； S *  =  { « |5 *= 0 ,
Evidently, … . . ：

- ；-(/■  ^ ) ( ( ^ ) ^ ) = = 6 ) ( ^ ( ^ ^ ) ^ ) = = 0 ) ( 2 / ) , '

, A*=o([X, JD]).
From (2.13) and (2.12) We get , "

. (complete iriverse； image of TP̂ )
瓦 (丑 ） （complet穸 inverse’image of:丑 ）

From. (2,11), (2.13) and (2.14) w iistve tie-following lemma.



C orollary  8,9- I f  X  is 0 P-veoiorfield on the torus T 2 (the' sphere the 
proje^ive plane/MP2} th  ̂ Klein bottle JST2), then Us homoeUmo orbits Gonne^tmg a 
hppeo^bolic saM h point md heterocUmo orbits eornieoting two hyperbolic s<zddle points 
m e m TF".

Proof It is knpwn that i?2 is  a oovering space of the torus T2 and the .coyeriiig 
map J?1 : 丑 is a looal diffeomorphism(w，p.1313)。 So tiie corollary is proved foir 
Ts (Theorem 2 .8).

An example in [3] ( [3 /Pai’t I I ， example (e)，p* 151] ) that th© torus 37a
；i& a 2-sh.eeted covering space of the Klein bottle K 2. We oart olioose a covering 
map F : T 2̂ ->K2 whioh is a O00 looal diffeomorphism (using Proposition. 2,7^ 
Proposition 0,12 of Chapter 1 in  [6] and Theorem 18.3.1 in [3； Part I I ] ) . I f  X
i s  a P-yeotorfield on K 2, then (F ~ x) tX  is a P-yeotorfield on T 2 and any homo-

, * . 、 . .... ' !.
'dlinio orbit or heterooliriio orbit of X  Is lifted as homoolinio orbits or heteroolinio
orbits of £[01106 001-01^1^2.9 is true for from (2.14) and what we
Mv© just px-oved, . ^

' I f  X  is a Pr-veotorfield on the sphere fif2, we ohoose points -4 and B, a pair of
■ diametrically opposite points of /̂ 2 wliioii are riot on. the iiomoclinio orbits and
Jbieteroolinio oi-bits of X , Taking A jas tlie north pole of 8 2, we consider 4；lie
^tereograpliio projeGtxoii o f o n t o  the plane S 2̂ >M  ̂ (see[3} Part I, p, 87]), It
is  easy to verify that F  is & O00 diffeomorphism between 8 2 — {A , JB} and i22 —{ ( 〇;
〇) } .  Hence is-a P-veotorfield on {(0 , 0)} and the conclusion of Oorbllary
2 .9  for jSf2 follows from Theorem 1.6 and (2 .8 ).

The example (0) in [3] ( [3, Pstrt >H> .p, 150]) shows that the sphere 8 2 iB a
5-sheeted ooyerlng spaoe of the projective plan© It is easy to ohoose a covering
jnap F : 82—>RP2 whioh. is a 0 00 local diffeomorphism, Henoe Oorollary 2 a9 is true
加 • 及 P2 from that for jS气

,.. ； ■ . . .

■ § 3. i^-Vectorfields on the Torus

We are interested in yeotorfields on the torus T2 because of the existence of 
the nontrivial oreourrent orbits. (Singular points and closed orbits are triv ia l 
Tepurrent.)
t The torus can be obtained from tie  square 1 =  [〇y Ji] X [0, a] .on the 
p lan e by identifying points (0, xz) and (»i, 0) with, (a, ca2) and (a?x, a) I'espe©*- 

We ,oaU points (Q, 〇?2) and (®v ^2) (〇i* ( î> 〇) an-d . (a ,̂ « } )  a pair of
identical points. ' ：；：> ； ： ：-v： j   ̂ - .

\ .
A yeotorfi^ld (or differential Irfoi'ffi) on J  is  a  vector field (car dififetontial 1-

：.•• • .

^orm) 〇a  T2 i f  it takes same value at e^olivpaix* pf idaatiaol points. A vootorfield

No/1 Ohen, F. Z. P-VEOTOEFO；BLDS ON TWO-MANIFOLDS 11
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X  (or differential 1-forxn 〇>) on I  is a O1 veotorfield (or O1 diffex-ential 1-form) om 
T2 if  it  is  a O1 yeotorfield (or 0 % differeatial 1-form) oa I  and X ,  dX /d〇)ly d X f 
dx2 (or <〇, da>/dxly do>/dx2) take the same value at ©aoh paix° of identical poiats 
respectively. Henoe any veotorfield X  (or differential 1-foirm 〇>) on T 2 can

, Q ' f)
written in  the form Z" -5----h X 2 —  (or =  and the 〇>

p 〇j \  £7052

satisfying the oondition (1) of Definition 2.1 must be X 2c2a?〇 , where gr ifir:
a 0 1 function on T 2 with constant sign which doas not vanish at any regular point- 
of X . So we always take 〇>== Xxdx2—X^dxt ia  Definition 2.1 for T2 as ia  Definitipix 
1,1. (of. Remark 2.2 (1) and Remark 1 ，7 (2))

, Theorem 3.1. I f  X  is a P-veotorfield mihmt singular on T 2t then th&
nontrivial reornarent orbits o f X  are in； W.

Proof Suppose that X  is a P-veotorfield without singular points on 272 aud its 
aid i& D(a>==Xxda)2 — Thon

' J ) ]2- X 2[ X,  D ]i> 0 . (3 .1 )

If X  has a nontrivial recurrent orbit L ^ W y then we oan ohoose pQ L and a  
neighborhood ?7 of snob, that U f]W—0  (because W is a closed subset of and' 
it has no other two--dimensional subset) and U does not interaeot any olosed orbit- 
of X  (as tho number of closed orbits of X  is finite near point j〇 (Oorollary 2 .5).
So min{A)a?G U } > 〇0

, *
W© consider 1ihe flow： box F  oonstruoted in the proof of Lemma 2 .4 in  [6] (pf„

[6, pp, 146—147]) and suppose that F c iU , From bliere we know there exists ^
femily of ■十 細 s ；> 0 ， 0 < w < l， （"wlie:ire F  vanislies outside
F ) } and for some 0 < ^ i< l ,  Z(u±) -hsL& a closed orbit L(ux) through ^

S4110今 : 1 a?石 ?7}；> 0 , oan ohoose s>OrS〇 small that :
A(«) =^(w )i[^(w ), D ]2 —^(w)2[^(w), D ]i> 0 o n  TJ. (3 .2)

Heno© Z (u ) y 0 < w < l, is a family of P-yeotorfields with the aid of X  (Note that- 
^ ( m) = X  outside and every veotorfield in ijiie family iias no noahyperbolio 
dosed orbits through F  ((3 .2) and Theorem 2.4).

On the other hand,sif w tends to zero from wi, the olosad orbit L(u±) of Z (ut) 
must disappear (?7 does mit inters兮cit any olo^ed ofbit of Henoe tli3；r© is
suoh that and L(u2) is a nonhyperbolio closed orbit of ŷ laioh.

, ■ .

intersects F . It oontradiots the above oortolusioii. So the nontrivial reourrent 
orbits of X  . are in  TT, <

Theorem 3.2. is cô P-veotorfield on：T^ md the smgiclar points of X  ĉ re alt
hyperboUGj then the nontrivial ô eourrrent orbits of X  are m  W* ， !

: Proof I f X  iias aiiid D (differential 1-form w theu
. r ：. . ：：v ;.-v ： - -  - ^



麻  1  Gkenf r .  r .  P-YEOTORFIELDS ON TWO-MANIFOLDS 13

If X  has a nonti-ivial recurrent orbit L ^ W y then we ohooso and a neigh.-
Ijorhood U o ip  sxxoh that Henoe m in{A |^G i7}>0*

We oonstruot a flow box as that in  tliQ proof of Lemma 2.5 in  [6] (of* [6,
pp. 148—:15〇} )  and suppose that FczU . From -fehere we know that there is a fam ily 
of yeotorfields. 6 > 0 , (F  vanishes outaid© ^ ) ,  and for
.some 0< m〇< 1 , ^(w〇) has one homoollnio or heteroolinio orbit L 〇 through

: Since rQin{Aj a5GC }̂>Q>. we can ohoos^ s > 0  so small that
[艺&〇) ，Z>]2- 么 〇0) 2 [名(《〇)，2)]：1>0〇11 艮  (8.3)

^B.en〇Q Z (a〇) is a  P-yeotorfield with aid D (Z(u〇) := X  it has no
homdolinio or heteroolinip orbit through F  (¢3.3) and Tiiborem 2 .8 ). It 
contradicts the existeaco of L〇. Therefore the nontrivial reourrent orbits of X  are
in W. ■ ' ■ "'

The above theorems oan be used to deny tk© existence of nontrivial ieourrent 
•urbits. We give two simple examples on T2 obtairied fi*〇m [0, 2?f] x [0, 2i7r]ci22„ 

Mmmple 1. Oonsider veotorfield

X  =  (sin (®i+ ic2) +  6 (a/2) 〇〇s (a?i+ w2) ) 8
diBi

f  gin (¢5.+^ 2)- d
dx2

^where &(a52) > 〇  is a O1 function with period 2w. We take D

△ =&(® 2)> (V  J8 = s扭 (¢1+ 3½).

d
d〇>L Then

Senoe X  is a P-veoto^field Without singular points on !r2 4 ELd it hais no nontrivial 
Tecurrent cfrbits (Tlioorem 3 .1).

In fact, H ^ { ( a h , oj2) |9in(a5i+a!2) ==〇» aj2) € ^ 2} contains two closed： ourves
ŵrliioh divide into two regions, and -S' has exactly one olosed orbit iii eaoh 

region (of. [2, Theorem 2 ] ^ > . '
Example 2. Consider veotorfield ，v. /

Xet

Then

.and X  is a

wMoh are .all hy^erbolio. 5*Iie TT oontains two olosed pujYe$ (wn^lsting of pibits x 
of JT. Therefore X  has no nontriyial ireourrent orbits (Theoreiui3；, 2 i ) . .

X  =  — (cos 0¾+sin a?i) (cos % 00s a?2—sin 0¾ sin x2) a
dwt

+  (sin (¾ cos «2+ 00s 〇h sin

:(0090¾ 十 gtaccO' d
&Xi

A «  (cbs a)i 4- sin aji) 2X | + 0,
-veptorfield on T 2. X  has four singular points：
(3ar/4, w/4), (Bnv/4t'f 5si?/4), (7n?/4, tm/4：), (7or/4, 5〇r/4)
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§ 4  An Application to Lie Group

We now consider the left invariant veotorfields on a. two-dimensional Li©*
group (?, wiiioii ax-e yeotorfields ([7, Proposition 2, Chapter 10] ) ；

< 、

Let ^  and be linearly independent left invariant v©6toi-fields# Then

I% ，f , ] = (4. 1)
, * 

where ¢7¾ are the constants of structure 6? ( [7, p. 537]).
{•XV 戈 2} is ar basi铒 of left invariant veotorfields on 保 ， its dual "basis is {o)1，6>a}  

ponsisjfcing of left invariant l-form s. So we have
l < i ,  ' (4.2>

Every left invariant veotorfield ^  is a linear oombination of ^  an4 ^ 2：

〇t and 0 2 are oonstants. (4.3)
Theoreni 4.1. I f  constants 〇x and 0 2 satisfy then the left^

invariant veotcf field ^ ^ O ^ X ± + 〇2^ z  hm no closed orbits.
Proof i f  〇s；〇t2—〇i〇h > 〇  ̂ by taking

D ==—Ĉ2̂ i + 〇i ? 2, 一〇x〇>̂9 (4*4)f

w© have ((4 .2 )) 、

〇>(戈 ) ==? 0，■
: 6> ( 这 ，1 ) ] ) 雄 ( 仍 + 〇 ! ) ( 0避 2 — : ( 4.5) ，

Hence ^  is a P-yeotorfield on G. I f  0 2〇 i2 —̂ 1^ 12< 0 , we can oome to the same 
oottoItisiOEL by takiag J)= O ^ X x ^〇x̂ 2  ^  (4.4) .

I f  ̂  MS a olosed orfeit J ic z ^  then a l j ^ { a b \ b ^ ^ } } is aliS6 a closed orbit
〇{  S  (beoause ^  is a left in varian t veotorfield), i. e”  I/ is  a period oyole. I t  
contradicts Corollary 2.5. The proof is oomplete.

I f  (? is a two-dimensional oompaot Lie group, then €f is a torus T2 (G x&- 
orientablo ( [7, Gdrollary 3, p. 5〇7]) and any nontxdyial left invariant - 
vectorj&eld has no singular points) .

O orollary 4.2. I f  Lie group G is a torus T 2y then O\2=̂ 〇\2^ 〇.
Proof I i 0^2^0, then w© take 0 2 =  1, 〇i=*0 in (4.3). From Theorem 4.1 we 

know that ^  has no olojsed orbits. So ^  has a nontrivial recurrent orbit (it is a- 
well-known fact in the theory of dynamical systems), which contradicts Theoreia, 
4 .1 . Therefore we have Sim ilarly we can prove (?12 =  〇.

-： ■ . r ' ' - ■ ，. ， - . . . .  . . . . .  r,
-A  . .-
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