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THE INVARIANT FORMS ON THE GRADED 
MODULES OF THE GRADED CART AN 

TYPE LIE ALGEBRAS

C u m  S e n  (邱 參 ) *

Abstract

This paper determines the graded modules of graded Cartau type Lie aigebras which 
possess* nondegenerate invariant form.

§ 1. Introduction '

Let L  be a Lie algebra oyer a field F  of oharaoteristio p>0,  and V  an  L -  
module. A symmetric (or skew symmetric) b ilinear form X: V x V - > F  is called 
.invariant on V r if  =  —X(v, (v^w^co^L,  The subspaoe rad
( ^ ^ « { v G F 'i a O y i ^ O ^ O / V ^ G F l i s o a l l e d i j h e r a d i o a l o f l T l i e f o r m ^ i s  
jiondegenerate if  rad (A) = 0.

In  1986, R. Farnsteiner determined in  his paper [4] those graded Lie algebras 
of Oartan type which poss朗s a nondegenerate symmetrio M variant (i. e.，
assooiative) form oa the adjoint module. Our results generalize Parnsteiner^s

• 1

results and determine the graded modules of graded Oartan type Lie algebras which 
possess a nondegenerate in v arian t symmetric bilineax* form.

In  § 2, wo establish several general properties of the induced modules and  
ooinduoed modules 〇f  graded Li© algebras. § 3 provides the basio tools for the study 
■of the inyaidant forms so that we oail reduce the problem of existence of th.© 
nondegenerate in v arian t forms on an induced module of a graded Lie algebra

s
i  =  ©  J^i；] tip that of the nondegenerate invarian t form on its base space (regarded

i~—r

as Lco^-module). The last section is devoted to the existeaoe of the invarian t forms 
thei graded modules of graded Oartan type Lie algebras 

All Lie algebras and modules treated in  the present article are assumed to be 
;iinite dimensional. i . -
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§ 2. The Induced Modules And Coinduced Modules

Throughout thiiS seotion w© shall be oonoerned with a graded Lie algebra.
3 ,

.Ii ㊉ over a field F.of positive oharaoteristio p>0. Let 石 严 ㊉ and i 一 = '
i=~r i>i

©  i ra. Let U(Jj) and U(L〇) be the universal enveloping algebras of L  and L 0r
« 0 , *

respeotiyelyi Let {2/1? yn} be the baste of Then there exist mlt m^JST  
such that
， (ad

i Thus the elements «i： belong to the center of 17(£) and the suTjalgebra 9 ( Lr
£ 〇) of U(L) ,  whioh is generated by U(L0) and {^, is isomorphio to F[^ lr
*>*•, U(L〇) f the first factor being a polynomial rin g  in  ft indetermiiiates. By-
P -B -W  theorem^ we oan show that U(L)  is a free loft 9(L,  JG〇)-module with basi9-! 
{2/f1 …約 1，¢=^1, •••，及}. Let IT be an a rb itrary  0 ( i，LQ)—module。 
Consider the ooinduoed module ' S . o m ^ ^ C U (L) f V )  w ith 17(X)-action given v ia
(站* /)(而) ：= , ( 测 ) ， Set 沉^=(如；1， …， For and 0 < 〇6.
—(a〇, let X i a) be the element of Hom0(£f̂ o)( U ( L ) f V )  which sends 2/f1*-
^ O S s O S j /^ A O ^ ^ O o n to W c ^ ^ ^ N o te th a t i f F 'i s a n io - r Q o d u le ’ tlie ii t lie  
action of ¢7( i 〇) on F  oan be extended to 9(Lj L〇) by letting the polynomial 
algebra **•, operate via its oanonioal supplementation. Henoeforth a l l
X〇-modules w ill be considered as ^(Jf, £ 〇) -modules in  this fashion. Let ^ denote

■ .. '

the natu ra l representation of L0 in  £ / £ 〇. Then. therQ exists unique homomorphism
cr： U(L0) ^ F  oi JP-algebras such that cr(a；) = tr (^ (〇j)). W6 introduce a twisted
action on V  by setting —aj-y+ 〇*(«) The new Jf〇-module will be denoted bjr 

- . . - .
Fcr- By [6, Theorem 1 .4], there is a natural isomophism of i7(I/)-modules between
tiie induced module and the ooinuoed module . *

.  . . . ,

U F"<r*~̂ H〇Q30(I>.Ze) ( U ( L ) } V ) 7 (2 .1)1
where® Vu £ U ( L ) ,  \ f u £ V .  I i V  is an  i (0)-m〇du2e, then we oan.
extend the operations on V  to L 〇 by letting L x aot triv ia lly  and regard i t  as an. 
L0-module.

Remark 2.1. Note tha t P , V )  possesses a positively graded 
Jf-xnodule structure by setting

^  . ^ ； p ^ i f e P l K U i L ) , ) ^  v j # - * } ,
..

where U ( L ) ^  @U( L) i  is graded by using P-B-W  theorem, such, that P 〇 i&

isoraprpiiio to F  aS an. j&0-raodule and P  is transitively graded (of, [5, Propositions 
4 .2 ] ) r
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Now we shall give the property of adjoint isomorphism.
Proposition 23. Let V  be an L0-.modulet Then

：, (U (L)® e(L, £〇, ( V ) Lo) (U(L), V n).

Proof This follows by adjointneas between Horn and (g).(of. [8， Theorem 
- 2 . 1 1 ] ) . .

' Eemark 2.3 For •••, a5„€i, set

::i. ' ( ^ V ' '〇〇n) T'

Then the p rincipal anti-autom orphism  of U(L) is defined by uh^u1. For i/rG 
(U(i)®«<£,i>0), F )*  and u^：U(L) ,  let ^i(u) be the linear function on F  defined by 

®v) .  Then W: is the adjoint isomorphism of (TJ(L)®giL,Li)V)* onto
：H o m ^ i 〇)(17( i ) ,  F*). Conversely, l e t /GHom^i.^CCTCIr), V*).  Define i/»(M(g)«;)： 
.= / ( My)(7)). Then ^ ) = / .  . . . .

.Proposition %. A. Lsi V  be m  L0-m〇dule. Then C?7(i)®9(£,£(1)F<r)*̂ i7(i.). 

''®ecb,i^V a i f  arid onl'i/ i f  f  .(V ，

Proof I f  by Proposition 2,2 and (2.1),
have

K o m ^ C U i L ) ,  (F ,)* )^ H o in 9Cii.£t)C l7 ( i ) ,F ) .  (2 .2)
Then by Remark 2.1, w© have

c v . y ^ v .  ' -
. Conversely, the suffioienoy is. olear.

§ 3 / Invariant Forms

Let £ be a Lie algebra oyer ^  ajxd V an i-m odule, A  biUnear form X: V X F  

is called symmetric (resp. skew symmetrio) i f  X(vt w ) s=X(；Wy V) (x̂ esp. ^ X ( w r 
v)), V̂ j,

Proposition 3.1, Let L i e  a Lie algebra omr F  and V  cm L^module. Then, there 
ecdsts a nmdegenerate syrrrnietrio (or skew syrnTnetrio) inmrmnt form X on V i f  and 
mly i f  there exists ari L-module isomorphism \js: V->V# such that i}j(v) (w) = (v)

■ (or - iff(w)(v))，\/v，wGV.
Proof Let X be a nondegenerate symmetrio (or skew symmetrio) in v arian t 

form ^ on F- Define ip： F —>F# by ils{v)(ia): -m;). Clearly, iff is a lineax*
inapping siicsfi that ker i/f =  :rad(八) ^ 0  and 少(奴）（w )«  土少（切）（〇; ) ,咖 ，切 Btenoe

^  is injeotiye. Since dinx^F^dim F*, i/f is bijeotiye. For cc^L  and v ^ V f we have
、 . .  . . - + . + .  ； ' ■ 

i(s(m)(w)sf：X(cdv, w) — —X(v, om)
! = (mo) = (<〇,屮(v))(w)， G Y •

. ■ ■ . . . . .  - , ■.

' Thus.i/f is  the desired isomoirpliism of i-moduleis. Goaversely, lot. iff： be am
. i-m odule  isomorphism such that rp(v)(w)^tfs(w)Qo) (〇v^}p(w)(v)) j  V4?, w Q V i



No, 1 - • Ghin, S. GBA3STDED OABTAN TYPE LIB ALGEBRAS 19
• t t . i l — , i ....................................................  , . ,  . . . , . ................. - ......................................................... .....  1 "  i ................................ 1 ............................ ... ■  「 i ....................................................................................... .................. ■ —

P u t w): == ifs(vy(w) . Thus ^ is a symmetric (or skew sym m etric). b ilinear 
form. Furtherm ore, %Qov} w) (^ )  =  =  (cow) =  xw)9
y 〇o ^ Ij. wGT^.vHenoe X is in v arian t. As rad(Ai) —ker i/r«=Or X is nondegenerate. 

Proposition 3.2. Lei Lbe a, lAe alg^yra over F  and V an irreducible L-moduU. 
(rem^ded m L-7nodules) f then, there exists a wndegenerate imariani form 

on V  'which is either symmetric or shew symmetric.
Proof By th© proof of Proposition 3.1, there exists a nondegenerate invai*iant 

form on V 〇 Let
X(vy w) ^ ^ ( v y w ) + ^ ( ^  ^), V^, wGF-

Then X is a symmetric in v a rian t form* Since V  is irreducible, X is . either
nondegenex*ate 01* 0. I t  implies that either or Jb is th© desired form. 、

8 4

T heorem  3.3. Lei  £ =  @ L Cil be a graded Lie algebra over F  m d  V  dn

module. Then ih& following statteme^ts are equivalent.
(1) There ea^sis a nondegenerate invariant symmetrio (or skew symmetric) form  

m  the induced module TJ
、 (2) There exists an L ^m o d u le  isomorphism l ： V ^ i V ^ y  such that

C⑷ ⑷ 公 “ w )(匁) (〇r - 《切) (矽))，％ ，切€ F * ,， .
Proof (1) (2 ). Suppose that there exists a nondegenerate in v arian t

symmetric (or,skew symmetric) form On U ( L ) ® d(LtL(ih V ^  By Propositions 2 .4  
and 3.1, there exists an  i-m odu le  isomorphiiSin i|r: U ( L ) ( ^ ^ lZfi)V ^ ( U ( L ) ® 9(L<iLQy 

such that s 1
l/f(wi®%) (U2®P2) =  (^1®%) (01-^(^2(¾)½) (Wi®%)), (3.1)

Vwi, u2^ U ( L ) } V^i , v2〇, V  and there exists an ZfC〇3-module isomorphism V-> 
(F<r)' Let 夕f  anjd% ==岭 …峨  6  ¢7(1-) ， where a =-(%， …， ％ ) < jf

and j8= ( ^ ly Then by the proof of Proposition 2 A  and Remark 2.B, we
have

if}(ui®Vt)(u2® v2)  = = ^ (ulul)(v2) =  S(sr, a + 0 ) I (% )(v2) , (3.2)
Vvi, ®2€ F .  By(3.1) and (3 .2 ), we have
' C〇1)〇2) =  S(>2)〇 1) (〇卜 | 〇2)(叫) ) .

(2) =>(1). This also follows from Proposition„2.4, Propoaition 3.1 and Eem ark

工....

- : , . '
, § 4. The Invariant Forms on the. Graded Cartan

Type Lie Algebras
. . .  , ■  ■ • . - .  •

* . .  * * * * > * * . :  . • ' «* ■

,We adopt tlje aotation of [2] (os [9, 3L0,11]) . I f  Ii is a graded Lie algebra of
喊$ype 护(>，n?)(==Tf)，及〇MW:)C〒<Sf)，汪(《，《*)(气J?)，their^Dt，…，
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Z)n} is the oanonioal basis of and we oan define … n.
By [5, Theorem .4.4], if  F 〇 is an i c〇3-module, then the ooinduoed module 
lIom ^Lo) ( U ( L ) y V 〇) is isomorphio to the mixed product V〇 (L e〇, ^Qrby m ) ^ \V 〇) r 
where 你 (忉，m ) =  <®(a)丨 0<a<?F> Is the divided pcrwer algebra， m  =(77^1,…，m„) 
and jz；i= (p77*1 —1, [11^ Proppsition 1.2], if  F 〇 is X r^-irreduoible,.
then V 〇 is i-irreduoibl©  unless F 〇 is tr iv ia l ;or a highest weight module w ith a 
fimdatoerdiaJ weight ito highest weight. If  I» is any on© of TF, )S and 丑 ， then  
Lm  is isomorphic to gKn), sl(n) and sp(n), respeotiyely. Let ^i(^=rl, ： •% ^ foi* L c〇1

^=1, •••, w-~l for I(C〇3=sZ(^)； V 2 i〇i° L m —sp〇nf)) be the funda
m ental weights of Every weight of $2(¾¾). ola sp(n») is a linear combination of 
fundam ental w©igh.tj3. "We denote the i^-^irreduoible module with tho highest 
weight X by F(A ). . , .

T heorem  4.L Let L=W(n ,  m )  and V(X) he the L m ( — gl(n))-module with the
/ - .1 n

highest weight X— T h m there exi^U a mndegemrate im a rim t f orm on U(L )  

®a(£.£.)F(X)„{^V (%)) i f  and only i f  2 mod(^p) and «{=0„_<, i = l ,  •••, w —1.<®1
Proof If  there exists a nondegenerate in v arian t symmetric (or skew symme

tric) form on ^(A ), then by Theox^em 3.3 we hay©
' /  厂 ⑴ 爸 (4.1)

Let I^ £ }x t+ B 22+ *^+ ^}nnGgKn) s=:=Wc〇i* Then the aotion of T? oa V ( \ )  an d
n 2

( V are the scalar multiplioation. by 2  resp9〇tively〇 I t
n—l

implies that mod(p).  W rite  XS * S * 7— -̂ s sZ(w)-modules, by (4 .1), we
i=»i i=*l

have

v ( x 〇 m v ( K 〇 y  .
an# —奴;〇A/， where is the unique element in  the 育 eyl group 〇if s2 (饬) sending
the oolleotion of positiuy© roots to the oolleotion of negative roots. Sino© — w〇X/功+• ... v-t . .
S  an-ih , we have»«1 ' ' ' •

， …， 71 —1，

iso the neoessity follows. Vice yersa〇 ：

C oro llary  4.2. There exists a ncmdegeneraie invariant symmetrio fo rm  on $Ji0 

adjoint module W(nr m )  i f  artd only i f  1 and or w—2 and j?=2.
Proof. By [9, Leniina 2.23? the adjoint module.TT(ti, m ) is isbmorphio to th® 

mixed product p (久i ) (爸 [7〇̂ ) ® 《疋•—F^X ；̂ ) ， ▼hpre F*(九i) is the dual module 
o fF (^ i) .  We oan.prove easily tha t if  and only if

and ^ ^ 3  or arid jp^2* Thus i f  ai—1 and j ) « 3  or 7t;=2 and ji) == 2, then 
there exists a nondegeAerate iiiv a rian t f o r m o n  . Using Proposition 3.2,



we oan also prove： easily that y8 is symmetric. Conversely,. the necessary oonditioii 
is olear, ，
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C oro lla ry  4.3. m ) cmd F*(九）如极0 ^ 热谈沒
n-l ' ,

highest weight Then there emsts a nondegenerate invariant form on TJ(L)
— i •；.-•••； . _.

®a(L,£0) F i f  and only i f  ¢ = 1 ,  ?•*, 91 一 1«

Proof The proof is sim ilar to Theorem.4.1,
As in  [10], if  V 〇 is JfC〇j(gsZ(w))«ii#rdeuoible then we denote the unique, 

m inimum submodule CTOSOCl®! 。̂ ） of "T。 by By .[ i〇， Theorem 2.2]'， anjr
irreducible graded jS^-^aodule with .base i3paoe，F 〇 is isomo^phio to (F 〇)min. Note that 
(^(^))min$FCX,) if  and only if  •••, Xn. t and for p>2. For.
oovenienoe. denote (V (h ) )m^  hy

Theorem 4.4. Let L=^S(n, m)  and p>2. Then there- exists a nondegenerate 

invariant symmetric form on and only i f  i o r  n is odd avd .

Proof Obviously, the triv ia l module M(%〇).^F  admits a nondegenerate
： . •*

invarian t symmetric form. Now assume th,at , w—1. By Proposition 2.2,
(V d O y ^ -R o m e is^ iV C S ) ,  Hence ( ^ ( ^ ) ) * i s  isomorphio to
the irreducible quotient module of By [11, Theorem 2.2] , the irreducible
quotient module of F(Xn_{) is I t  implies .that if  and
only H th%t,is n is odd and ¢=  (^+ 1 )/2 , Then there exists a nondege
nerate in v a rian t symmetric form on M(Ki).

I t  is well-known that V (̂ ¾)̂  is ij3〇morphi〇n tp where. V(%i) is the
module of the na tu ra l representation of .^c〇3. Let Qk(nj m )  Be the 8 ( ^  iw)-modules . 

 ̂of differential forms of ifc-th degree with ooeffioients in  ^ ( n f tn) and {eXy •••, en}
the Natural basis of F"(入:t). Then tlie l in e a r  inap 八 … 八〜 ）1~»〇?(05)(2叫 八 …

,/ . ,  . . , . •

八(¾¾.is a motiule isomorphism of 俨 onto 0*(!»，m )..Let J =  {1，…，w } ■夕c：I ， 

arid, the elements of /  be Write
• : : . e产 ej‘h ：“ 乂  (4.2)

If ITI + 1 / 1 = «  for T c z l ,  let
.0r A幻 / ) 外八…八0n.

Then
土1，i f - r u / = r , ， ' 、 •
0, otherwise.

Define the b ilia ea r form j8：F (K-t )  ^  by
' , ： (ex i e j ) \ ^ v ( T ,  J ) , ; .

I t  is easy to show that .
， $ ( x  0T, e r )  ^  r f ^ ( f iT y  〇〇e i} i  ^X£ i o ^ s K n ) ,

th^t is, is invarian t. Henoe there exists an. (^ ))-module isomorphism ^

< T ,  J )
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of F(X„_j) onto (F(^i))*. I f  we modify the proof of Theorem 3.3, then i t  is no t 
difficult to prove th a t there exists an  S(n,  ff®)-module isomorphism ifn U (S )® m ,Sli)
v x K - O ^ c u c s y ® ^  v ( h ) , y  such that

=-H8(uv{, ^ 4-04))8(^ , ej). u (4 .3)
Denote by Da. The linear map Da^ e j\-^xi，e~ct)̂ e j  is a, module isomor-
phism ofDr〇S〇’(S)9(S,S(1>F(A i)(m toF!(W W ;rite 6 ^ = d a ^ /V “ A(^c/1(wlxioiioorresp(mds 
to e - in  (4 .2 ). By (4 .3), ■*

； M C K - d x t C K d ^ F ,  ,
^(cc{a)<̂o>n — a+c6〇i8(o>r, c〇j) , (4 .4)

iis a nondegenerate in v arian t form. Define as usual the exterior differential 
operation <Zfc: V  (>.ft+i) by

W )  f €  ^ ( n ,  m ), I / |  =*,
界  si  • -

where ( 2 / = 2 ( ^ / ) ¾ .  By [11, (2 .4), (2 .6 ), (2.7) and Theorem 2 .2 ], we have

^ A - i = 〇>
M{U)  dim  J f  (Xft) =  (p'm'

^ ( ^ ) = ^ ( ^ - 1) /^ 61-4 ^ .  . . .  ...
I t is easy to show that

for |^ |  —<n~i and | / ' |  = i —l .  Hence

^ ( / ® 〇)r> =  ^®6>r) = 0 , . (4 .5)
fo r/(^)0)/Gker dn_4 and g ^ c o j ^ V ( X ^ i ) .. Henoe we have

• -

尽  Uen^fX疡(A〇5=5 〇‘ (4.6)

By virtue pf (4 .6), we obtain a nondegenerato in v arian t paixung on (^ (4 „ .i) /  
kerdn„{) xM(Ki) ( i .  e., M(Xn̂ t )  xM(^ i ) ) ^ I j x  particular, i f  we take i= ( w + l) /2  (n ；
is odd), then we obtain a nondegenerate in v a ria n t form on Furthermore,

!
by (4.4) and (4 .5 ), we oan oheok that i t  is symmetric, as desired.

C oro lla ry  4.5. Suppose There exists q Timdegenerate im m rim i
symmetrio fo rm  on adjoint module 8(n, m ) i f  and only i f  ^ = 3 .

Proof Since 汶(w，讲）is i的脚：̂t>io to the 讲 submodule of TT(w，m)

監 F* (九;〇 (regarged as an 汶(w，m)-m〇dule)，we have 汉(w，m )堅J?(An-：t). Our 

assertion, is an immediate oonsequenoe of Tlieorejoi 4.4.

Now w© consider the case L ut )  wh-sr© ^>>2, n=^2r and L ^ ^ s p ^ n ) .  If 
F 〇 is L ^-irreduoible^ then we denote the unique m inim um  "submodule of F'o by 
(^o)mia. Since [11, Theorein^2.3] is also valid  foi- p> 2y ( Y ( h ) ) m n ^ ^ ^  an<i  
only ^  ^==^0, r-v Xr. Denote by ilf (X^vTheh F ;(X〇 and M (ii)  ^



爸 货 where 鲁’： = @
a 丰 or 、

Hhei>xem H  : Let m) m d p>2. Then there ecdsts a nond0ge<nemt&
mmrimt- form m  V(K) or M(Ki) for i ^ O y r.

Pm >/ Since 1’ （九）爸 （]^(人） ff)* and the top (or "base) composition factor of 
F(X() is MXK)i  theorem follows direotly from Proposition 3,2 and the px̂ oof of 
Theorem 3.B.

Corollary 4,7. Suppose that p>2. There exists a m^odegmeraU im arim i 
symmetric form on the adjoint m o d u l e - n i ) .

Siaoe th白 feas6 space 丑 [一!] o f thd adjoint module 丑 (w，W) is FXJli)， we
have E ( n } f ' F Since by Theorem 3.3, there exists a.
nondegenerat© in v a rian t symmetric formj8 on F (^〇) (S ^ (w , Hi)) such that

I t  induces a nondegenerate in v a rian t symmetric form on. m ) ) .^
We finally consider the oiase of K(jb} m) ( ^ K )  (j3>2). We put n: ^ 2 r + l

r, ••• • + • • / .  - . . . .  ■ . 
and adopt the notation of [12^ § 4 .5 ] . We define

■ ■ / ■ . ,

Let Djj： aU(n, nt) be the oanonioal linear mapping defined by

D k(<ow ) - g  ( c r ( j〇^ - ^ - a > ^ ^ ) D j  +  ( 2 ~ S « ^ )  ® <〇s,̂ »-

Then we can identify  m) with D^(f) such that
_  , . f ̂ (n , m), 71+3^0 moA(p),
J \ (n* T it)8=31

l <a)^)l〇i<or>, tc+ 3 ^ 0  mod(jp).
- . - n' , . v

Define |« | : = 3 66̂  ||«H： =  \cc\ +an—2 and ^  (n7 wi)Ci3: Then^f(n} m )
<=»1

==©  ^ ( n ,  fn)^(s^= \\<!v\l) is graded. Since (ad Dk(xM) ) pm('=0, i —1, •••, 2r, and
is—2

(ad 7)^(1))^==0, the ele men tig
i = l ,  •••, 2r,

2n ： =  i)fc( l ) ) ^

iDelong to the center of 17 (^ ) and the subalgebra Q(Kj K 〇) of U ( K ) y which is 
genex^ated %  U ( K 〇) and {gj, ■•*, «„}. P u t Vi：=J^ci-23-Tiien V== ® V t is a positively. i>0
aixd transitively graded Z"-module satisfying F ^ O , Let V (^ f 〇) b© a
X ^-m odule  such that i t  iJ3 the < ^ +8̂  K i ,  j<2r>-m odule (i. eM sp(2r)-m odule) 
with the highest weight 入 and the aotion of Qn T  (入，e) is the spalai. m ultip li， 
cation by 〇• Since Fo^jSTc-s^yCO, —2)j by [5, Proposition 4 .3], we oan easily 
show that if ti+ 3 ^ 0  mod(jp), then

K ( n , m ) m ( K ) ® e w V (〇} *»2)
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and if  ^ + 3 ^ 0  mod(p)y then there is an  ©saot sequence
0—■•STOre，讲 )->?7(_5^) fca>F* (0， — 2,)

■  、 • ■ * . . .

Suppose that mod(^)). Since cr(a5(Sn))== — <r&—1 and d im F (〇, - 2 ) = 1 ,  by
Theorem 3.3, we can easily show that the adjoint module m )  possesses a
no'ndegenerate invariaivfc symmetrio form if and only if  ro+3s.O mod(p). F in a lly ,. ,
we assume « + 3 ^ 0  mod(^>). Then i t  Is easy to show that K (n , m)* is isom orphio-.

. • •' .

to a proper submodul of

U (^ ® e (T c fTc9)y V '(X t} —  l)<r*
*• .  •

^inoe the base spaoes of jSTC»*, ni) and K(n ,  m)* are F ( 〇, —2) a n d ，F (^ i, 
respectively, which are not isomorphio, K ( n y ni) is not isomorphio ..to m )* ...
Hence K ( n y m) does not admit a, nondegenerate invarian t form. Thus we have

. . . . . . . . .  . . • . .

T heorem  4.8. Suppose that p> 2. K  (n, m ) possesses a wndegeneraie invariant 
symmetric form  i f  and only i f  n + 5 ^ 0  mod(^?)ft

Remark 4.9. Gorollary 4.2, Corollary 4.5, Corollary 4.7 and Theorem 4 .8
also determine those graded Qartan type Lie algebras whioti possess a noAdegenerate■ , -

assooiative form. But our approaah is less teohnioal than i t  pursued by P arnste iner
[4]. ’
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