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THE INVARIANT FORMS ON THE GRADED
MODULES OF THE GRADED CARTAN
"TYPE LIE ALGEBRAS

GHIU Sexn (%% O

Abstraét

- This .pa,per determines the graded modules of graded Cartan type Lie aigebras which
possess nondegenerate invariant form.

§ 1. Introduction

Let L be a Lie algebra over a field # .of characteristio >0, and V an L-
module. A symmetric (or skew symmetric) bilinear form A: VXV —F is called
invariant on V, if A(e+v, w)=—Mo, v-w)Voc L, Vv, wc¥V. The subspace rad
A): ={weV|(A(v, w)=0, YVwEV} is called the radical of A. The form A is
nondegenerate if rad (A)=0. |

In 1986, R. Falnstemel determme(i in hlS paper [4] those graded Lie algeblas
of Cartan type Whlch possess a nondegenmate symmetrio invariant (i. e.,
‘assooiative) form- on the adjoint modu]e Our results generalize Farnstelner S
results and determlne the graded modules of graded Cartar type Lie algebl as which
Possess a nondegenerate invariant symmetrio bilinear form.

In § 2, we establish several general properties of the induced modules and
-coinduced modules of graded Lie algebras. § 8 provides the basic tools for the study
-of the invariant forms so that we can redqcé the problem of existence of the
nondegenerate invariant forms on an induced module of a graded Lie algebra

L= 6—) L, to that of the nondegenerate mva,na,nt form on its base space (regarded

-
a8 Lio;-module). The last section is devoted to the existence of the invariant forms
.on the graded modules of graded Oartan type Lio algebras.

All Lie algebras and modules treated in the present article are assumed to be

:tﬁnite di‘mensional
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§ 2. The Induced Modules And Coinduced Modules

Throughout this section we shall be concerned with a graded Lie algebra.

L= (—D Ly over a ﬁeld Fof posutlve characteristio p>0. Let L,-—Ei—) Ly and L™=

=1

@ L. Let U(L) a.nd U(Lo) be the universal enveloping algebra.s of L and L,
§<0, o ’ ‘ '

respeoﬁively; Let {¥y, o+, ¥} be fhe basis of L. Then there exist my, +, muEN

' such tha:t
(ad yl)””"zo 1<i<<h.

. 'Thus the elements z: =¥#™ belong to the center of U(L) and the subalgebra. (L,
Lo) of U(L), whioh is genera,ted by U(Lo) and {zi, s+, #), i8 isomorphio to Flzy,
e, 2] ®@r U(Ly), the first factor being a polynomial ring in % indeterminates. By
 P-B-W theorem, we oan show that U (L) is a free loft'O(L Ly)-module with basis:
{y2.- Y3 0<ai<p™-—1, §=1, ---, k}. Let ¥V be an arbitrary 0(L, Lo)-module.
. Qonsider the coinduced module Eomm,, 1o (U(L), V) with U(L)-action given via
(uef)(B): =f(au). Set o= (mwy, -+, wp) = (p™—1, +--, p™—1). For v€¥V 'and 0<ex
= (a0, ***, @) <m, lot X be the element of Home;, 7, (U (L), V') which:sends ¥§:.--
Y2 (B=1(B.--*Br)<m) onto d(a, B)v. Note that if ¥ is an Ly-module, then the
action of U(Ly) on V can be extended to 6(L, L,) by letting th'e"pt)l'ynomia,l
‘algebra F [z, ;'~-, 2] "opera,té via its canonical supplementation. Henoeforth all
Lo-modules will be considered as §(Z, Ly)-modules in this fa,shion.\' Let { denote
the natural representation of Lo in L/L,. Then there exists unique homomorphism
ot U(Ly)->F of F-algebras such that o(s)=tr({(s)). We introduce a twisted
" aotion on ¥ by setting @+ v:=wv-+0 (v)v. The new Ly-module will be denoted by
V.. By [6, Theorem 1.4], there is a natural 1somophlsm of U(L)—modules between:
the 1nduced module and the coinuced module .- -

B: U (L) Ret ey Vo> Homtgz, 1 (U(L) V), - (2.1)
where @ (u@fb) =u X®, YucU(L), Yu€V. ItV is an L-module, then ‘We can
extend the operatlons on ¥V to Lo by lettmg L1 aob t11V1a11y and regard it as an
Lo—module A
o Remark 2, 1 Note that P= Hom,,(_r, L,,(U(L), ) Possesses a pOSlthely gmded.
L—-module stl uoture by settlng

- | - Pi={fEP|FUI))=0, Vﬁe-—@},
where U(L) (-D U(L), is gladed by usmg P-B-W- theomm, ‘such that P, is

-

| 1somorphlc to ¥ as,an Ly-module and P is tmnsntwely graded (ef, [5 Propos;tmm
4.2]). :
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Now we shall give the property of adjoint isomorphism.
Proposition 2.2. Let V' be an Ly—module. Then
(U(L)@ecr 1o (V')*2Homy;, Lo) (U(L> V.
Proof ThlS follows by adjointness between Eom and ® (of. [8, Them em
2.11]). ‘
) Remark'2.3_ For @y, -+, @,E L, set
(@100om)T: = (~1) "0y
"Then the prlnmpal anti-automorphism of U(L) is deﬁned by ub>u”. F01 1[:6
-(U(L)@o( nzoy V)*and uc U(L), lot (u) be the linear funotion on 14 deﬁned by
o> (u® @v). Then P >y is the adjoint isomorphism of (U(L)Rez, 1oV )* onto
“Homyiz, 1y (U (L), V*). Conversely, let f& Homy:, Lo)(U(L), V*) Define . (u®@w) s
—f(u®)(v). Then () =f. |
| Prop051t10n 2. 4. Lot V be an  Ly-module. T}wn (U(L)®0<L L°>Vq)*f0U(L)
‘Rz roV o of and only if f (V ev. ’
Pq'oof If UL« 1V )" ‘/’U(L)®e( L roV.er By PlOpOSlthIl 2.2 and (2 1), we
bave : _
EOme(L Lo)<U(L) (Vcr)*) mHomg(L LQ(U(L) V) : (2.2)
- Then by Remark 2.1, we have '
(Vu)*“V
00nverse1y, the sufﬁclenoy is clear.

§ 8. Invariant Forms

Let L be a Lie algebra over FandV an L—module A bilinear form A: V' XV
—>F is called symmetric (vesp. skew symmetrio) if A(v, w) = 7\.(fw, v) (resp. —A(w,

- 9)), Yo, wEV.

Proposition 3.1, Let L be a Lie wlgebm over -7 afnd V an L—mooluZe Then them
- eists @ nondegenerate symmetric (or skew symmetmc) invartant form A on V' if and
.only §f there ewists an L-module @somorph@sm ¢ V—->V* such thwt P (v) (w) = (w) ()
(or =¢(w) (), Yo, wEV.

- Proof Let A be a nondegenerate symmetrio (or skew symmetno) mVarla.nt
: f01m Aon V. Define ¢: V-V by ¢(v)(w): =A(v, w). OIearly, P 1s a linear

ma.ppmg such that ker Y=rad (A)=0 and $(v) (w) = :{:l[l('ll)) (v), va, _waV Hence
«3 i8 injeotive. Since dim P =dim V™, s is bljeotlve For a;E L and fvEV, we have
- U (aw) (fw) = A (a0, 'w)=_—5\,(fu, ow)

: ' = —(v) (ow) = (@ 3h(0)) (w), VEV
“"Thus. is the. desired isomorphism of L-modules. Conversely, let. lll V—-)V* e 'an
. L-module isomorphism such that ¢(v)(w)= i (w) @) (or—¢(w)(v)), Vo, weV:
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Put-A(v, w): =P(v)(w). Thus A is a symmetrioc (or skéw symmetric). bilinear

form. Furthermore, A(wv, w) = (ov) (w) = (v (v)) (w) = —(v) (ow) = —A(v, 2w),
Vo€ L. Vo, w€ V.. Henoe A is invariant. As rad (A) =ker =0, A is nohdegenerate.
Proposition 8.2, Lot L be a Lie algdbra over F and V' an trreducible L-moduls.
If VRV* (recarded as. L—modules), then. there evists a nondegenerate wnmrmnt form
on V' which ds either symmetric or skew symmetric. ‘ ‘
 Proof By the proof of Proposition 8.1, there exists a nondegenerate invariant
form B on V. Let - ’ ’
. ’ r(w, w)y=pB(v, w)+B(w, v), Yo, wEV
Then A is a symmetrio invariant form. Since ¥ is nreduelble, A is. either
nondegenelate or 0. It implies that either B or A is the desired form.

Theorem 3 3. Let L= @ Lm be @ gmded Lie algebra over F amd V an L~

'nwclule Then the followmg statements are equivalent. _
(1) There exists @ nondegenerate invariant symmetfrfw (or skew symmetmo) form
on the induced module U(ID)Qer;inV e
(2) There ewists an Lig~module isomorphism : V——>(V.,)* such that
L(0) (w) =L (w) (v) (or—{(w) (9)), Yo, wevV. _
Proof (1) =>(2). Suppose that there exists a nondegenelate invariant
Symmetllc (or.skew symmetrio) form on U(L)®ez,1y, Ve By Propositions 2.4

and 8.1, there exists an L-module 1s0m01ph1sm P U(L)@M L,.)V ——>(U(L)®9(LOL°) .

V,,)* ‘such that

(@) (“2®’Uz) lp(u:z@’vz) (@) (0r—1f (4@ vs) (4 Q01) ), (8.1)

Yy, u2€ U(L), Vs, €V and there exists an Lgy-module isomorphism {: V-

(Vo). Let wy=93--¥2cU(L") and ua=YP---¥5:E U(L"), where a=(ay, *, a;) <w

and B=(By, ***, By) <w. Then by the proof of PlOPOSJ.tJ.OD. 2.4 and Remark 2.3, we
h‘é,ve

" :b(ui@m)(ug@wz)—-X%z,)(uzul)<fv2> 3, a+B)L(0) (),  (3.2)

’ Vtvi, v, €V . By(8.1) and (8.2), we have ’

E(v1) (02) =L (vg) (v) (or—{(va) (%))
(2)=>(1) This also follows from Ploposmon 2.4, Ploposmon 3.1 and Remark

2:3!; g

§ 4, The Invarlant Forms on. the Graded Cartan
Type L1e Algebras |

We adopt the nota.tlon of [2] (or [9 10 11]) If L is B graded Tie algebla, of.

!
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D,} is the canonical basis of L™(=Ly;) and we can define z‘_:" =D, 4=1,

By [56, Theorem 4.4], if: ¥, is an L~module, then the coinduced module
Homgy, zy (U(L), Vo) is isomorphio to the mixed produot Vo (. ey U(n, m)XV,);
where % (n, m) = (a;(“’[0<,a<:n;> is the divided power algebra, me=(my, <., Amn)

and = (p™—1, p™—1). By [11, Proposition 1. 2], if Vo is Io-irreducible,.

then ¥, is L—irredumble unless V', is trivial ‘or a highest weight module with a
fundamental weight as its highest weight. If L is 'any one of W, 8 and H, then
Loy is isomorphio to gi(n), sl(n) and sp(n), respectively. Let Ay (¢=1, s+, n for Ly
=gl(n); 6=1, -+, n—1 for Ly =8sl(n); 4=1, ++-, n/2 for Ly=sp(n)) be the funda-
mental weights of Lo, Every'weight of sl(n). or sp(n) is a linear combination of
fundamental weights. We denote - the Lm-—uledumble module with the hlghest
weight A by V' (1). :

Theorem 4.1 Lot Lim W (n, m) and V(1) bo tho T (=gH(n))-mode with the

h@ghest weight A= E w;?t.; Then thers emsts @ nondagenemte mmmam;t form on U(L)
N (L),(WV(A)) &f .and only %f 2 Em,_n mod(p) and &;=a,_;, 4=1; =+, n—1,

Proof If there exists a nondegenerate invariant symmetrio (or skew symme-
trio) form on 7(7&), then’ by Theorem 3.3 we have '

remm). RV

Let I =Hyu+Hop+--+ B, Egl(n) =W, Then the. action of I on V() and
(V' (A)o)" are the soalar multlphoa,tlon by 2 fm, and — 2 i@, 1espeot1v<aly It

¢=1
implies that 22;L ta,;=n mod(p). Write A= 2; d@ihis As sl(n)-modules, by (4.1), we

have

yamemwon:

and A= —w,l/, where we i the unlque element in the Weyl .group of st (n) sendlng :

the eolleotlon of p051t1uve roohs to the eolleotlon of nega.tnre roots. Smoe —~ Wl =

n~1

> @,_;M; We have
g==1

G=pgy 5=1, o+, n—1,
so the necessity follows. Vice versa. ; o

Gorolla.ry 4.2. Thers exisis a nondegenerats invariant symmstric form on $he

adjoint module W (n, m) of and only if n=1 and p=3 or n=2 and p=2.
Proof. By [9, Lemima, 2.2], the adjoint ‘module. W(n, m) is isomorphioc to the
mixed product 7*(?\.1) (WU(W)@)KW wy V" (A1)e), Where V"(M) is the dual module

of V' (As). We can prove easily that 7*(A;) "’V*(M),) (WV(M)_,) if and only if

n=1and p=38or n=2 and p=2. Thus if n=1 and- p=8 or n=2 and p=2; ‘then
there exists a nondegenerate invariant form 8'on 7*(y). ‘Using Proposition 3.2,
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we can &lso prove, easﬂy that B is Symmetrio 00nverse1y, the neces9a1y oondltlon

. 4 B

is olear, ..
Corollary 43. ILet L——S (m, m) and V(?\.) be the Lm( sl(n))-module with the

~ highest webght A= 2 @A, Then thm'e emsts a nondegenemte tmvartant form on U(L)

®«L,L°,V(7\.) (WV(M) $f and only 'I/f = Bty G=1, iee, n—1. |
Po"oof The ploof is similar fo Theorem 4.1, ‘

As in [10], i Vo i8 Ligy( wsl(n))—urdeumble then we. denote the unlque,
" minimum submodule U(8) (1®V,) of 7o by (Vo) min-. By [10, Theorem 2.2], any

- irreducible gra,ded S—module with ba.se space Vo is 1somo:,ph1e t0 (Vo) um. Note that
(V(R))mjnSéV(i\.) if and only if A= ?»o, s ,._1 and (V(Ao))mm—ﬁ’ for p>2 For
oovenienoe, denote (7 (A:))wmm by M (A).

Theorem 4.4, Let L—«;S’ (n, m). m >2, Tiwn there emsts a nondegefnemte.

dnvariant symmetmc form on M (?\. ). ef amd only '&f b= 0 or m és odd wrrwl b= ”;1 L
Prroof Obvmusly, the trivial module M (?\.o) =F admlts a nondegenerate
invariant symmetrio form. Now a.ssume that 4= =1, «-, m—1. By Proposition 2.2,

(7 (M) *2Homgg, go)(V(S) (V(?h)g)*)C”V(?\.,._,) Hence (ﬂ(?\.))* i isomorphio to

the irreducible quotient module of 7(?\,,,_,) By [11, Theorem 2.2], the irreducible
- quotient module of ¥ (\,_;) is M (3.,,_”1) It implies that M (?\,i)m(M (A))* if and

only if 5=n—g+1, that. is m is odd’ and b= (n+1) /2, ’I‘hen there ‘exists a nondege- -

nerate mvarla.nt symmetrio form on M (?\. ) A
It is well-known that V(?»k) is isomorphio to A" V(ﬁ.,,,), where. V(?\.l) is the

module of the'natural representatlon of Spe;- Let .Q"(fn, m) be the S(n, m)—modules

+of differential forms of k-th degree with coefficients ‘in %(rn,, m) and {1, -, e,,}
the natuml basus of V'(M). Then the linear map #“)®(e;, A+ Aes,) I—-—>a;<“’dw, A+

Ndw;, is a module isomorphzsm of V(%) onto {)"(n, m) Let I= {1 .Y n}, JI, _

and the elements of J be 31< 32 < i Write

If ]T|+|J| =q for T, let ‘
’ 3r/\3J"‘T'(T J) 81/\ /\e,..
Then _ .
il 1fTUJ' I N
: 'z'(T J) {0 otherwise, = " | ’
| Deﬁne the bJ.lmea,r ferm B: V( ?\.,._;) XV'(L,)-*F by -
S oL (01', e;)f—-w(-’l’ J)
It is eaSy to show that... o : S
. o B(w er, e;) = -—B(e;p, a:e;) for mesZ(n), - , ,
'that is, ,3 is mvariant Henee there exwts an 8§ (2 ”-‘sl (n))~module 1somorphism C

(3] ""9.1'1/\ ) “AeJxo: ] - “ ' . | (4.2) |
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of V' (A._;) onto (V(A)}‘-’ If we modify the proof of Théoreﬁ 3.3, then it is not
diffioult to prove that there exists an §(n, m)-module 1som01phlsm P: U(8) Recs: 59
V (a0 o> (U (8)Ruts.50 V' (A:)o)" such that -
P(Dg-Dir@e,) (Dt - DF®Rey) - SR -
=II6(W¢; 0‘$+d¢)ﬁ_<€n os)- . (4.3
Denote D7*.--D% by D*. The linear ma.p' D*Re, F>3®%)Qe; is a module isomor-
phism of T (8)Res, sV (As) onto 7 (). Wute wJ=dw,, /\ ‘/\:clw,, which corresponds
to ¢; in (4.2). By (4.3), ' o
BV (ha-t) x?‘(xi)-»ﬁ’ - . |
B(w‘“’@w,, o Rwy) = b‘(av, oa-{-oa’),B(co,, a),), _ | ‘(4 4)
is a nondegenelate invariant form. Define  as usual the exteuol dlffelentlal
operation dy: ¥ (M) >V (Aws1) by '
dk(f"-’.f) (df) Aoy, fE U(n, m), |J| =

where df = E(D.; f)dm. By [11 (2 4), (2 6) (2. 7) and Theomm 2 2], we ha.ve

- dydy-1=0,
M (D) = dk—1V (M), dim JE (Ay) = (p'™ — 1) ":"1‘» .
» M (M) = 70\'7@-1) /ker dk—- ’

AN

It i3 easy to show that
Bt (e R0,), ‘“"®w)
- =(-D"EE“Rar, ds 1(4?‘“"060:))
for I,Bl—n —4 and |J| =¢—1. Henoce

| BUB0n des(B0r) = (~" By (B0, B0) =0, (4-,5)
for f®w,€ker Doy and g®w,€7(7t,_1) Henoe we have | ' o :
lkerd,,.,xm(w—o : : (4 6)

By v;utue of (4 6), ‘we obtain a nondegenerate 1mmua.nt pairing on (V- (Au-y) /
kevrd, ) x M (A) (i, o, M (Aness1) X M (A)).« In partioular, if we take = (n+1)/2 (n
is odd), then we obtain a nondenrenel -ate 'invariant form on M ();). Furthermore,
by (4.4) and (4.5), we can check that it is sy mmetrio, a9 desired. . :
 Corollary 4.5. Supposs that.p>2. There evisis @ nondegenemte 'mmrwnt
symmetric form on the adjoint module 8 (n, m) 4f and only 4f n=3. .

Proof Since 8 (fn, m) is isomorphio to the minimum submodule of W(n, m)
@V*(h) (regarged as an §(n, m)-module), we have §(n, m) __M (7\,,,‘1) Our
~ agsertion is an immediate oonsequence of Theorem 4.4. s

Now we consider the case Li=H (n, m) where p>2, n= 2r and Loy =sp(n). If
Vo is Lig-irreducible, then we denote the unique minimum ‘sitbmodule 'of Vs by
(7 )min- Sinos [11, Theorem 2.3] is'also valid for p>2 (V(A))unEV (M) if and
only if A=ho, eev; % Denote (M) )um by M (A:), Then (A LY (n, m) and M (%)’

\
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@//F1, where U': = @ o).

aAFT

Theorem 4.8. * Let L= H(n, m) and p>2 Then therre oSS @ rrwndegenemte
énvariant form on 7(7\.) or B (N for =0, - . |

Proof Since V' (ML (A)s)" and the top (01 base) composition faotor of
(A is M (7\4), the the01em follows directly from Pr oposmon 3. 2 a.nd the proof of'
Theorem 3.3, ; '

Corollary 4.7. Suppose that p>2. There exists a nondeganamte bnvariant
symmetmw fm'm on the adjoint module’ H (rn,, m). :

Pfroof Slnce the baSe space H_; of the a,dJomt module H (n, m) is V().i), we

~ have H(n, ! )“/’M (i\.l) m%’/F -1. Since V(?»o) =F, by 'I‘heorem 8.8, there exists a,

nondegenelate 1nvar1ant symmetnc form B on 7(?\0) (2 ”% (rn, m)) such that
B(m‘“’ @) =8(ar, a+,8) ' ‘
It induces a nondegenerate invariant symmetric form en Y/|F - 1( C’-‘H (n, m))
We finally oongider the oase of K (n, m) (= =K ) (p>2). We put n: =2r+1
and adopt the notatlon of [12 §4. 5] We define

0(3) {

Let Dy: Y (m, m)~—>W(«n,, m) be the canonical linear mapping defined by
| Dy(&) =;é (cr(j")m(“‘“""—-' @M D (2 - ;ﬁ}aJ) o*D,.
S T ’ =1 N ' . o ' Z . =1 -
Then we can identify f € %(n, m) with Dy(f) such that_
: : ) 80 mod (p),
K(fn ) = {"Z/(fn m), n+8z%0 mod(p)
_ <a;(“’la<av>, n-+8=0 mod(p).
Define Ial =§}a;, ||a|l = |a| +a,—2 and % (n, M)y: m‘“’tllalj—~fz§>‘ Then(n, )
(~B U (n, m)m(s—— low]) is gla.ded Since (a.d Dk(w“"))”’”" =0, 6=1, ., 2r, and
(ad Dk(l))””"‘—-'-O the elements - -
z: —Dk(m(""))”’”" G=1, <=, 2r,
ot =Dy ()7 |

belong to the center of U(K) and the suba,lgebla. 0(K K o) of U(K ), whioch is
genelated by U(K,) and {z{, --+, z,,} Put V=K 5. Then ¥V = G—) Viisa posutlvely.

1, y<r, ' Y, {3+¢, 3<fr,
—1, j=r+1, j—r, j=r+l.

~and transitively graded K -module satisfying z;. V' =0, 1<j<n. Lot V(, c) be a

K o-module such that it is the {o®@ten 15, 9<2r>—module (i. e., sp(2r)-module)
with the highest weight A and the action of 2 on V (), ¢) is the scalar multipli-
cation by c. Since V=K [_2J~V(O —2), by [6, Proposition 4. 3], wo oan. easily

‘show that if n-+80 mod(p) then

K (n, m) QU (K )Q®sct 0V (0, —2)
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and if n-+8=20 mod(p), then there is an exact sequence
0—>K (n, M)—>U(K ) Qe V (0, =2)~>F—0.

Suppose that n+3.,=é0 mod ( p) Smoe O'(a:“’"’)—- —n—1 and dlmV(O -2)=1, by

Theorem 3.3, we can easily show that the adjoint ‘module K (n, m) possesses a

nondegenerate invariant symmetllo form if and only if n+8=0 mod (p) Flna,lly, :
we assume n+3=0 mod (p). Then it is easy to show that K (n, m)* is 1somorphlo :

to a proper submodul of.
U(K®0(k.k.)7 V(M, —1).,.

Since. the base spaces of K (n, m) and K (n, m)* are 7(0, —2) a.nd V(a.i, —1), |
1-espeot1ve1y, which are not 1somorphlo, K (n, m) is not momorphlo to K (n, m)” .

‘Hence K'(n, m). does not admit a, nondegenera,te mv:a.ma.nt form Thus we have
Theorem 4.8. Suppose that p>2. K (n, m) possesses. @ novwlegenemte invaréant
symmetric Sform of and only 4f n+5=0 mod( ).

- Remark 4.9. - 001-011a1-y 4.2, Oorollary 4.5, Oorolla,ry 4 7 and, Theorem 4.8

also determine’ those graded Qartan type Lie algebras which pogsess a nondegenerate
assooiative form. But our approach is less technioal than it pursued by Farnsteiner

[4].
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