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RESAMPLING METHOD UNDER 
DEPENDENT MODELS

Sh i X iquan 锡给 ) * L iu  Keji紐 (刘克俭 ) '
. .  ■ ' ' ' • 'Abstract， c - . .  . . . •

As T̂ ell known, the jackknife and the bootstrap methods fail for the mean of the 
dependent observations. Eecently, t)ie moving bio6ks; jackknife aiid bootstrap liavef 
been proposed in the case of the dependent observations. For the mean of the strictly 
stationary and w-dependent observations, it has been proved that the proposed

- * . . . ,  sdistribution'and variance estimators are weakly consistent* This paper proves that the 
distribution and variance estimators are strongly consistent for the mean (and the 
regular functions of mean) of the strictly stationary aad w-dependeut or -̂mixiaag 
observations.

§ 1. Introduction
. . . .

As two m ain  metliods in  resam pling theory; Quenouille-Tukey’s jao块 nif©
. . . . .  _ . •and Efi'on^ bootstrap have signifioant>pplioa*bi〇ns in  modern statistics. We can

：use these methods to estim ate  the d istribution  of statistics and obtain the
confideno© in terv a l of pai*ameters, the oonsisteni? estimator of the asymptotic
vai-ianoe, etc. U nfortunately, even for sim ple statistics, such as sample mean, the
ordinary resam pling lnetkods may fail whoa the oteervations are dependent. In
1981, Singh illustrated  th is  pi^oblem w ith  the example under w-d©^)endent model,,
The practical data such as from meteorology, hydrology, eto. are usually dependent
eaoli other. How to use the resampling methods under dependent models IS a very
interesting topio w ith  Wide applioations. 、

Many statisticians explored various methods to solve this problem. In  general
they noted J;ho fallow ing fact: the re^ m p l^  are drawn independently from the
empirical distribution. So it  oan not sim ulate the dependent models. Usually there
exist two methods to* solve th is difficulty* One is to make the ressampling procedure ■ . ■ • - * , resemble the sainpling prboedure. So we must know the original random sam pling
model' and it  is very restrictive. Sometime it is even impossible. The another
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method is to split the whole observations into several groups. The elements in each 
group must be suooesiye and keep their orders as in the original isamples. So each 
group oan. be viewed as a random miniature of tiie original model. The resampling 
groups are drawn independently from these grouiw. Basing on. this idea, Kiinsoh 
and others proposed the moyingblooks method, which has attracted oonsiderabie 
attention recently.

Let X t, Xjj be strictly sbationary random variables with the common 
distribution F. Let bo the block oonsi^biag of 6 oonseoutive obseryations 
starting from Tims have (w—5+1) blocks, i. 〇., Bly For the
moving block jackknife (MBJ), eaoh block is delved dnoe ii〇 gefierate ^pseudo- 
values; for the moving block bootstrap (MBB)j h blooks are drawn independently 
and with replacement from jBi , jS2, •••, All elements in. To blooks are then
regarded as , the bootstrap isamples .

'Kxq the moving blooks methods reasonable in statistical theory? In a toohnioal 
report in 1988 Liu and Singh made a preliminary exploi-ation. For the mean of the 
striotly stationary and m-dependeiit observations, they proved the weak oorngistenoy 
of the MBJ and MBB yarianoe estimators and then obtained the weak consistency of 
the'MBB distribution- Whether it is possibly to get better results under this model 
and whether the analogous results oan be obtained under general dependent 
models are worthwhile to study.

This paper tries to solye tlie above、que与tions. We study two weakly dependent 
rqodels• 工n Seotion 2， the 祐？ ong oonsistenoy of the MBJ and MBB variance 
estimators is proved for the mean of the striotly stationary and w-dependent 
observations. We alsD pipovQ the strong consistency MBB distributiora In  seotion 
3, analogous results are obtained when the observations are striotly stationary, and

.. , • ■ V.. I. . - •weak ^-mixiago W© also study the strong and weak oonsistenoy of MBB yarianoe 
estimator under various conditions.

Throughout the paper, stands for the standard normal distribution; O 
deaotes a constant whioh may depend oa F  but aot oa aad 6.

§ 2. Strictly Stationary and m-Dependent Case
.Let {X {}^，x b9 a sequence of random variables. are called , striotly

stationary if for any ifc. i and •••, %), (X 4., X h) and •••, X ik+t) hay©
the same distribution. {X|}JLx are oalled ^-dependent if for any (X ty …，X fc) 
and (X ft+jn+i, *••) ax*© independent.

.In the following w© as$ume ^ X x^0  for oonvenienoe. W© h^ve the following 
conclusions.
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Lemma 2; 1. Let X n he -a sequere of strictly stationary 'and m-dependeni.
random variables. I f  JS丨 JC：i \p< 〇〇(p > 2 )， thm

E  i j  X , P<0<np/2m^2. ^<=»i
Proof It is easy to see that we can only consider the n^hm  base. Write

(2 .1)

+ …+ {X w+ 1 2?„ + … (2 .2)-
Clearly ^?|jBi[f< 〇〇. Not© that each R{ is the sum of h L i* d. random variables. By 
Maroinkewioz-Zygmund inequality, we have

E § x *

(2 .3)

j Rt I p< O m ^ 2E  | X x \^ O n p/2m ^ \
This proves Lemma 2.1. '

Een^ark, In general, m is a fixed positive integer, and yet w夺 knpw the 
lemma still holds if m^=na (0<os< l) from the above proof, 、 '

At first, we disouisa the jackknife case. Let X„,_i denote the average of 
observations except t)©fin© tiie pseudo-values

N -■..■! _ i + 5—1、 ：.' s  ^ ^ = 1» •••> W-6+ 1)
and the jackknife variance estimator of w1/2X n

ft—6+1 r /44-6—1 \2 "I —— 乂= ( ^ - 6+ 1)-1 S  [6^ (  S  X , )  ]+ b X l
s  [b-1 / s ^ } ] ^ n+ s n+ o n.

Theorem 2 .1 . Let X 1} X 2, X n be a sequmce of sirictly stationary and m -
wr^sMes. I /  j®| JT：t|4+8<l〇〇 a?icZ . &〜 /or 3>0 你m2 0< a < s/(4 + 8),.

then . 、

^ /.l,(^ n)^ V a r(X 1) + 2 |)O ov(X 1, X 1+/) a. s. : (2 .5)
卜1

Proof Sind© m is fixed, using (2,2) and log ̂ )1/2) a. s..t rwhich, is the property of the sum of i. i. d. random variables, we get 
•’ v X n=0(n~y2(logl〇gn )1/2) "a, s.

Henoe 61/a5n~»0 a. s. So Dn->〇 a. s. Olearly
Var(KV2S ( 1—4 ) Ow(毛 ’ X 1+/)

"~̂ Var(lSliY+ 2 Q o v (邱 6〜7̂ —>〇〇)* (2.7〉

(2-4)

/ »+6-X \2 /  & \Note,that (5^/2 ^  ) - V a v lb ^ 2^ x A .  - ,  n-b+1)
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are striotltl stationary and (6+m )-dependento The applications of the remax*k of 
Lemma 2.1 and Markov inequality yield that for any S>0

P > 斜 〜 _a)。

Hence by the Borel-Gautelli Lemma, w© have
J.n-»Y ar(X i)+2 5] 〇〇r(X'i, a. s〇5«1 ■ 、

The results of An and Dn imply that 〇„->0 a. s. This, oopapletea the proof.
The moving blooks jackknife estimator of is the average of (w—6+1) 

pseudo-yalues, that is,

(2 .8)

(2.9)

U X n)-
6(w—6+ 1)

=x+[
S  ( 工 * + … +  文《+ 6 -1 )

•1(n—i+ 1 )
{ [ 6 - . 1 )  2 ) 工2 + … + ■ +* 工 6-1].l ( n - b + l )

+  [  ( 5  — l ) X n + … + 2 _ Z "n _ (6 -3 )  +  工  n -(& -2 )] }  •

Lemma 2. 2. Under the conditions of Theorem 2 .1, for 0 < ^ <
nsJ b(X„)->0 a. S v . ,

Proof Following the proof of (2,8), for 8> 〇, we have 
P {| WV 6(Z„) 1 >3} < . - (2+s，2)+(4+8)V

Thus S P { | W 6(Z n) |> 8 } < 〇〇.

2  + 6 
2 (4 + 8 )

(2.10) 
we have 
(2.11)

(2..12)
(2.13)

So (2.2) follows.
In view 〇f the olassioal jackknife, the jaokkaife yarianoe estimator of n1/2̂ n 

oan also be defined as
f 1 .. n—6+1 /V u ^ n)- (2.14)Ln — & + 1

It can be seen that the difference between Jh(X n) and X n yields the differenoe
between P~j,t,(X„) and Since

• - • . .

1
b(jth — 6+1)

b一1 I 工:nj +  …+  |工6,Ti-r-6 + 1 &一1
(2.15)

and since
a. s. (as. 5->〇〇)A -1

which oan be obtained under the oondition jB| X i | 2< 〇〇, we arrive at 
Lemma % 3. Under the oondiHons of Theorem 2.1,

a. s . . (2.16)
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. _ ' , tJsing the aboy© result and th.e central limit theorem for the strictly stationary
and w-dependent sequences, we hay©

. . . iTheorem %. S8. Let X l9 X n be strioily stotionc r̂y md m-depmdent random
mriahles. |X xj 4+ff<〇〇 and for m y s> 0  md D<«<min
then

[击 ， n
1. F^jCXO^YarCXO+aSOovCXj, X 1+i) a. s., , (2.18)
2. -^ » jy (0 , 1), (2.19)

切 t o . 沪 = 6 ,» 〇  〜 ( ！ „ ) •
We continue to study the bootstrap behavior* Let £i, ow#> in t© i. d〇 

sampled blocks frora B±} Bn̂ i 7 where (^t, i i2y Let
(71，P^， … =  ， …， U  stand for the whole 2= 祕 resamples. Let J1? be the
©mpirioal distribution based on these l resamples. Following the idea of the 
l3〇otstrap, we use the diagram of Z1/2 (Yi — ̂ n) to estimate the distribution of 
nt/2(^ n̂ -EX) and the yariano© of Z1/2Fj to estimate the variance of w1/2̂ n. The- 
following two theorems ,show the a. s, oonvergende of the bootstrap estimators. 
Notations suoh as Var# and P* refer to probability oaloulations under the re
sampling model.

: Theorem 2. 3. Let X x> X 2, •••, X n be a sequence of strictly ^ationary md m -
* * »dependent rcmdom v^riabhs. I f  and b〜 for anp fi〇〇ed 6>0 and Q<a

g , we have i
Yar*,(21/2? r)->Var(X1) + 2 § 0〇v(X!, X 1+j) a. s. . (2.19)

一 j a s s ^ ' -lProof. Let (^1+ — 2, *•*, To). Noting that ^  are
i, d. under the MBB scheme, we get l1/2Yi^h^1/2^ ^ i  and Var^CZ^F^—Vax^^i)*, =̂*1 一

Let 瓦=
w—&4*1

1 ^ m - C  1<=»i '炸一&+i w -6+ 1 . j§
= ̂ - ( 6 ^ ( ¾ ) 2.

Note that &1/2〜w®’2 and;Q «2<C < - 2 + s2 (4 + s) . ■ 2'(4 十 8)
(2 ,.20)

By Lemjna 2.2 and Theorem
2.1, we get a. s. and J.n-»V ar(JTi)+2S 〇〇v(Xj, X 1+i) a. s. This

'  •> . ,  . ,completes the px*oof.
Theorem 2. 4. Under the conditions of Theot&m, 2.3, as h and 9ir̂ 〇〇} iue have



■ s u p lP ^ C Y i-M ^ Y O < # } -P {n .V 2Z n< # }I-^0 a. s„ (2 .21 )
t '

Proof Clearly F 2(Fj -^ * F {) - ^ 2 S  Reoall the result of Katz1：43!
、 . • . 、 ŝal r、' <' ""
Let •••, Z n "be i, i . d. random variables w ith E Z t ^ 0  an, .̂ Var .^1==1, Let g(j^)
satisfy: (1) it  is a nonnegative, eyen and nondeoreasiag function and lim ĝ (is) =  〇〇•z-*〇〇
(2) %/gi%) is  nondeoreasing on (0, 〇〇) . If ^ 1̂ ( ^ ) < 〇〇, then there exists a oonstaui 
O  suoh that ' '
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sup kisal
Let 2{= (f*—JS^O/CVar^i)1/2 and ^ . w h e r e m a x ( s ,  2) and. is a
oonstajit. Then ~ . . . .
' . , … ， ' sup |P *〇1/2( F i - ^ * ? i) '/(y a r * |1) 1/2< i } _ ® ( i ) |

. < a  ' .
]bs/2p(Vea-*i1) 1+8/2p' : (2 .2 2 )

By a-inequality, E * \ l i - E ^ t \2+ŝ <,0(!}*\^ j2+8/®+ j [2+8̂ ) . Using; the same. ' >•
■  . . . .method as in  Tiieorem 2.1, we can prove that for any 8>〇

_ ' _ ■ Vt "、（4+e)p . 、
尸{丨屈 I 6 l 2+S/P- I* £ ^ i 丨 2+s/pl> S}〜伽  ' (2. 23)

In view of the oonditions on a, p  and the Borel-Oantelli Lemma, we have .
a. s. (2.24)

By Lemma 2.1 we have Thus
^ | f i l 2+e/p<Cf a. s. .(2.25)■ - . . ■ ； ； ,

It has been, proved that Var*(|ri)~>Var(X1) + 2  2  〇〇v(-2*i, X 1+i) a. s. and E^x-^0 
狃• s, • So

, sup|P*{i1̂ ( F i - ^ F , ) < 〇-P {7 i1̂ n<i} [ ^ 0 a . s> (2.26)
t

The theorem follows from the above result and. the central limit thoorem for the 
strictly stationary and w-dependeat sequences.

§ 3. Strictly Stationary and 9?-Mixing Case
are called ^-mixing if there exits a sequence {(pQd)} suoh that (1) 
lim <p(n) —0 and … . . .n—〇〇

；; ： ； ■. . sup sup . sup |P('J.|5) ~P('A) [ <g»(w)
• , p{B)>〇 ' \\> .- ；•；, f • . -  ̂ •• -,where M\ denotes the a-field generated by {X4(a<(j<6)} .

Throughout this section, we assume E X l< .〇〇, a2«  J/Xi-t-22]
. . . ,  . .  .1 . . • + * > . .  • •  k - . :  - r ， , • .
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converges absolutely and cr2> 0 .
W e start with, two lemmas which 08,11 be. fauiid," in- B illin gsley  [5] and  

Schneider [6] respectively. . . . . . . . . . . .  ；Lemma 3. 1. Let X 2, *̂be a sequence of strictly ^tationafy anli p-mixmg
* .； • 4 *random variables. Let i  and. rj be two random with respeet to the

a-fields M\ and M ^nf respectively. I f  E \^\T<〇〇 and < 〇〇, where r, s > l  and
r^ + .s-1 =-1,.thm , . _ ,

' I E ir ,-E iE v  I <2(p^(n)E ^{ 111 ̂ >^s{ I ̂ 18}. (3.1)
Lemma 3. 2. Let X it X 2, ••• be q>-mixmg rmdom variables ivith E X n==6 (« = !,

% •••) and ^{<p(n)}1/2< 〇〇. I / s u p  ^ | X n{4<JV for some s > 2  and N >1, then for
[2, s], we have

'..◊ ........./A.'...:... '
.............. JEJ

■■ ■.< . '.V v . . . . . . . . . ......... ； '• ••where 0(^) depends only on <p, (v) s and N.
The following tli©ox*eins present'tlie oonditibiis tEe w^ak and

(Sti-on.̂  oonvergeno© of MBJ.a MBB yarSanoe e t̂iimatô s are obtained. Like the
discussion in. Section 2, the proofs of the two variance estimators are similar% In.
oixder to Save space, we only p x w e jh e ^ e ^ k  0021.y8rgeB.09 of MBJ variance estimator
and the stx*ong oonyargenoe of MBB variance estimator.

Theorem 3* !• L&t -̂ *2? -,•••?： ： •* ^  a sequence of. strictly staUcmry an3
〇〇

鴨祕_  mrkMes witji 2  and EXt<<^y M b—〇〇 and b/̂ nrMKn=sl
We ham

V'< 2 0 (v )n ^ 2 (3 .2 )

P' V。t ^ ( X n )

Proof Following (2.4), we write
^ ^ ^ n  +  5 n；+(?ni .;

；For any 5>0, by Lemm.a 3.2 sund Markov inegiiaHty,

(3.3)

P { |6 1/2Xn)> S }< C (l— >〇. (3.4)
So 61/2X„->0. That means JD„ -~ -̂0. It remains to show A„ -~ > oa. We use the same 
symbles as in section 2. Let 2, •••, n—b+1). Clearly {»?<} are

, ' ' , .  - : ,  - . ： •. .  . 、 ： ） ！ . . ； • f - ' . . . : v .- ...:strictly stationary. Not© that
/n̂ b+i V2 ；;，u，;J ■. 6 ；："；：''^  ^i) < ( « - 6+ 1) ^ i + 2(«-^ )S |-f.(W a+i)|

• . . . :卜.”’；.：： V . . . V， ' ' . .0 -
 ̂ ( 3 . 5 )

i By Lemma 3.1 we have, for b + K j ^ i t ^ h  ； ：；

\B(vxni+i) I < 2 ^ 2〇* -6 + 1 )^ ? . (3辦



32 OHIN. ANN. OF MATH, Yol. 13 &r. B

(3.7)

(3.8)

So
丑 （ s\  i»l

Therefore, for any 5>0,
P { I A„~- Var S t |->5}<5-2#  ("2+1̂ ) 2/ ( « -  5+1)

< O n b/(n -l)+ 1)2-^ 0.
Using the Lemma 3 of Billingsley [5] (p. 172), we get Yav(S1)~>a2. Thus
An — <xa. Tlie -proof is oompleted. ■

lu& aim & H  L&b X 2, X n， ….be a'sequmcQ of strictly staMmmry'avd <p~、 . • , - ■ . .- -.. ：- • 〇〇 .misdn random mriables with E X x̂ 0y E \X 1\s< 〇〇(s> 8) and ^ (p(ŝ ^2s(n )<〇〇an=l
L et，这S f—B资 (各，1，…，n—b+1). I f  b〜na，wher& aG(Q，2一丄） ， thm

/»-6+1 \4■ ®( S  V̂ ) < 〇( n - b + iy b \
Proof Sine© ^re strictly stationary, we arrive at

( ■n—5+1 \ 4S  ViJ <4! ( ^ - 6 +  1 ) 5 1 [9, ■ ■• ■. . where 2  denotes the sum oyer
{®T jy —6}«

We now divide the above set into
= jK b f Jo<h W } U H <b，/< 5 , ^  (^)>
\J { i< b } j'>b, h<hy j> b , ]〇> b r (*)}
\ j { i> b y j< b y h<bj (*)}U{^>5, j<^>,
\} { i> b } j> h y To<b̂  (*)}U{^>5) Jo>b} (*)}

8

S  i».ft=l
By Lemma3.2 we have, for any (i, j, h) G (*),

I^C^i^i+i+^i+i+i+te) I <-% !<〇〇.

(3 .9)

(3.10)

(*>

(3.11)

(3.12)
Hence

S ! ̂  (VxVi+iVi+i+jVi+i+l+Tc) 1 <  ~bzEr){ < 0 ( n - b + l )  52, (3.13>n
Sj_E:(細 1+<”1+{+办+{+一 )|<& 20 -& + 1 )颇 < 択办—&+1)5气 （3 . _

The situation of I 3 and J5 is similar to that of I 2. And the proofs of I4, Je and If 
are similar, so we only take I〇 for example. From Lemma 3.1,

I -® +i î+r+/+ft) I 1 \

-  6+1) \E  I \rh+i+̂  [ ̂ 2] 2/8
< 2 ^ s-2̂ ( * - 6 + l ) ;   ̂ <3,15)
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S I  I (n ~  & + 1) &• (3.16)
Also using Lemma 3.1, for (i, j, k ) ^ I 8, we have

l^ iV iV i-b iV i+ i+ jV i+ i+ j+ le) I
^ 2 < p ^ 0  -  M )  [-SI %%+< 18As-4>3 (s-4VsI^  I 9/4] 4/4

6+ 1) [別 T h W '  (3.17；
Ctombining (3.15) with (3 ,17), we have

S I  (%%+*%+i+i%+<+/+») I1*8 . , •
(lit

<2 (V i Is/z]  8/4 {(w - &+1 C g 1 64-1)
rt-ft+1 S '+  (^ -5 + 1 )  2  S p (s-^ arr& + l): ,  ,   ̂ --̂0 K~〇 ft—6+1 ft—6+1< 〇{n - h + i )  s

. ...（3.18)
The oonolusion follows by substitutiiig (3.13), (3.14) , (3.16) and (3.18) into 
the left hand side of (3.10).

Theoi：^  3. % X Xr X 2y •••v X m ^ rl$ a  squew^ of ̂ iripilu staUonafy and 

b ^nay where « 6  (0, 2"1), ihm
Vartf( F 2F ,)^ a 2 a0 s. (3.19)

Proof It is enough to prove that Yar#(fi)->a2 a. s4 By Lemma 3.3, for aay 
8>0, we have

1 w—&+X
Vi > 4 < ^ c o t f 052("~&+1)2* (3.20)u —&+1

Since 6〜wa, where (〇, 2-1) ， by the Borel-Oantelli Lemma， we have
1 n-6+l _--...m  S  S ^ a 2 a. s.9¾一0+X

(3.21)So Var*(|i)->a2 a. s.
The proof is completed ̂

We continue to study the a. s. oonvergenoe of the bdotstrap distribution. 
Theorem 3. 3. Let X tf X s, •••, X n, ••• be a squmoe of strictly staUonary mtd qy- 

mixing random vc r̂iables with M Xi=0, for some s> 8  and 8>0, and
2 p(s-4)’2*(w)<〇〇. I/  &〜w*，w細*沒 (〇, 2_1),极伽 as Jfc, ri->〇〇

s u p lP ^ Z ^ C F i - jS ^ F jX O -P K ^ ^ O I -^ O  a . s .  (3.22)
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Proof The proof is similar to that of.Theorem 2.4. Applying (2.22) with  ̂
we get _  _  .

sup|P*〇1/2(F i-S * F i) /(V a r f1)1/2< 〇- ^ ( i ) |
：̂ ' 奶丨:&124 + . 0 名丨.2兮

^ 8( V a r f i)1+^ ^ ：

(3.24)
To prove that the above expression convergences a. s. to 0,； it is enough to prove

a* s* and But t'h© lattex* iS t©asy to prove.
Applying the method of Lemma；3j..3 and Theorem 3.2 with rj( b§©n replaced by 
( i瓦 t2+8" - 刹瓦丨2+e/4) ， we p.啡 'p r o ,  别馬丨2+8"#〇  a. s. Tims we
obtain (3.23). The oonolusion follows from (3.23) and the central limit theorem
for the strictly stationary and ^ m ixin g  sequences,

Remark. It is easy to extend our results for to the regular funotion of
_ V . r ，、 ' . • . ,The proof is trivial, so we omitted the details.
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