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- 'ON HILBERT’S INEQUALITY o
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This paper gives some 1mprovements of Hilbert’s mequahty. The main results ares
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Take zero in place of the second term of the left part then 11; reduces to Hilbert’s

discrete form, And : :
(iii) An 1mprovment of Hardy—Hllbert Inequahty
Hilbert's mequa.hty is an 1mportant theorem for a,na,lytlc funotlon whmh

may be put into two forms: 1n¢eg1a1 and. disorete " R S

) N f L@IW goy< JI f2<w>dwj 7@, g>0
® $eb o SR S
The following inequality .’LS in the name: of Hllbert- . | '
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where 4= 3m;. If'a’s'and-b's are; real numbels then A'= 2m:, if b =3, “{hen’” A= w(see

[1, 31). SRR Y
Theorem 1. Let positive functions f(z),, y(m)ELz(O oo) ,T}wn

(Lo r@stwaman) <at{([L i)

~([7 (P@eraa) }{( [7 i) ~( j:gé@aik(m)”},

 where k(m)=%f ‘i(ﬁz) dt—c (@) qndl—c(a;)+a(?/)>0
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Proof First, suppose thatjg=f and let ¢() be a real function such that
1—~c¢(z) +c(y) =0. By Cauchy-Schwarz inequality, we have

F=[T[7 LW doay=[[" L@ 11— o(2) +0(y) 1o dy<~/TiT,

w+ oty
(2.2)
where
_f .[o i%( ) (1*c(w)+c<y))dm¢zg,
J“‘f :Jo %% (%)Y(l,—c(é) +c(y})d¢¢g,
Since

Ji=m f fz(y)dy avj k(z/)fz(y)dy, J2=WJ f2(m)dw+f k(m)f”(m)dm, 2.3)
the ’oheorem follows from (2.3) and (2. 2) o
If g+ f, note that

jj f (:)f;’/) dwdy=f (j "’“’f(m)d;.[ ‘”‘”g(y)dy)dw

<qu “;wf(w)d;a; drwf (J "“"g(y)dy) dfw o

JJI FOYION dwd@lj J 9(‘”)9(”@@

T oty
Usmg Theorem 1 for g=f, the theorem follows at once. . -

Emémple 1. If o(2) = cos V7, then. k(a:) -=-%— (e"";-—cos\/_:};—) R
2, If o(a) =1, then k() =0. |
Theorem 2. Lot 0,0 amz

A(w) Ewnw, A"(w) E“" .

Then ‘ LT o )
{f 42(@)@}2,. <’ {[ f :ﬁ(e-w(m). ).z.azm]f"_ - U : (e‘?A“(za)-) %(w)aw]’.},

where k(x) is deﬁned by (2.1),
The case k(@) =0 s Wfbddea' s Theorem -

.P')”OOf Since g St } IR ‘o TR I‘ r | |
o £ f "’A'(wt)dt==~r.s ZAOL |
end | v
j 43(z)dx= U GQ%A*(%)du}ﬂ
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where a(u) ¢~*A*(u), by Theorem 1 we have . - ‘o

j Az(:v)dm LJO a(u)ai(v) dud@<wJU 2(u)du ——J az(u)k(u)du>2.

W+
Thus the theorem is proved,
Theorem 8. Lot a's cmol b’s be wrb@tma‘y complex fnumbws Then

- Qr Oy 2RV L, 12 .23
2+ B < E'“" e e
Proof It is  easy to deduce tnat . : ; o AR,
f [g( 1) (ar co8(rt) — b,sin(frt))] di=2w(8-T),  (3.2)
_ == ".5 b5 _____” D o R ,
where § r§1 r+s’ T ¢§1 r—§

Thel"efo_r-e_ o DU
. m|8-T|<a| WJ §::1'<~ijr<a,cos(‘q~t)-b,sin‘(mt)) *a

=R (a5 T (3.3
Tt is tmportant to notice that: (1) 5GP 5 bl & @b __ 3 ab
' S o : re=1 7' +8 ris=1 ¢+S ’. r;i.—;l r—8 : ry;s r}'.-—-"s’
(ii) Interchange o’s and &’s in (3.8), we obtain o
i 2‘wls+m}'<w2(=ﬁ‘ |w,,|‘2+'é=1b--|2):, 2w
'Squanng (3 3) and (8.4) and then adding them, we have
|S|2+1T|2<-*'{2<|w42+!bm} e

Take a, / é {ae|?, br / 21 ]’bk [? in zpl‘a,oe of a and b, respébtiveiy in (3.5),
k=

then the result follows o _
Gorollary I fa's and b's are frewl «numbefrs, tiwn

|Sl+(Tl<w Zar Z}b”
(3 8) and (8.4) i combinasion y@eld the asseriionof (3 6),

Theorem 4 Let K (, ?/) be a komogenous foa*m of degree ~1 and K (@, ?/) =0, |

Let f(z), g() >0, p>g¢>1and %

=1, If 1~ b(m)c(y) +c(w)b(y)>0 amd
J: K, y)_ga‘my»;jo K (o 1) dob, -
then N R -

(e y">f<m>;<;>dméy”'_ o
<Wt U 4(m>dw}'."{(kj f"(m)dmj q(w)dm)
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(j f”(w)O(w)de JOUOL

1 P
«-—j‘o 7B (@) dof g°<w>c<w>dm) | ST %)
where R R L el e
B(w) = f K(l 'w)w—ib(mw)dw, O(w) I K(l w)w qo(a;fw)dw,
b(z)=c(w) is Hao‘dy—H@lbart Theorem,. . B
The proof of thls theorem is: based on the followmcr 1nequem111;yt‘H

.J‘o F(z)G () dw<(J G4(w) dw).l l{q Fp(w>dw[ G4(=) dm)

—q Fp(“’)c(’w"’)dmf G‘q(m)b(ww)dm y F”(cv)b(wm)da; G‘“(w)c(rww)da;> }'L ;

W \\ \ O o (4 2)
whereF G=0. o | |
Now we come to prove the theorem By (4 2) we have

4 j K, w)dw(j q(fww)dw)l ‘l{\j f»(w)dmj q(ww)da;)

(J f”(w)o(ww)dwj' q(ww)b(ww)dm—-[ f’(w)b(ww)dwj q(ww)h(@)dw)}
=j K (1, w)u” Tdw (j “(a;)da:) {(f f»(.ra)dmf g(w)da) S |
(I f”(w)o(*ww)dwj q(m)b(w)dm—y f"(a;)b('ww)da;j q(a;)c(m)dw) }—L
=(j:g“<w>dw)r"i’—j " K, w’)ﬁ t;zl(w)f;("wn??d&:, (4.3)
-] fp(w)dwj (e - jf«w)em)dwj Fap(aia
+f 0-_-f‘.’_(;,w)b(wfv)tiw,f(’,sy"(m)céw)dw,, o
Jz(w)=rf”(w)dmr ‘-’(w)dfv+[ fv@)o(ww)dmf %@b(@dw

=, Fo(e)b(wa) dof q<w),,(w)dw |
_ APplyJ.ng Holder 1nequa.11ty to (4 3)’ we ha»Ve | VoL
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J "k, w)w' J;z*i»‘(w).);%(w)dw

f 7B daf %w)o(w)dfv) } ------ i n
In virture of (4.8) and (4. 4), the proof 1s_complete 7
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