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■ . .- . .  V... 1 .v Abstiriact： -
■ • , • .

This paper gives some improyements of Hilbert^ inequality, The main results ares

■ ' ') ： 1 〇V>〇P' 1 ' 1 Jwhere h(x)~ J  r-t4a 〇 (tuai)dt—b(x), 1 —c(«)4-c(2/ ) > 〇  aud / ; g>0. The case &(«)==0o 丄 . v, . • ! 、 . ：.， v ,•7 ..'1 • •• > '  -■ ■  ■ ■ ■ ••' .........................................................is Hilbert;s integral form. ,N ,• . » ； .. • j. . ■ • i •.a(ii) J ĉrbT 24. A
rt̂ l : T $

Take zero in place of the second term of the left part, then it reduces to Hilberts
discrete form. And ,... . .  .• •• -(iii) An improymeat of Hardy-Hilbert Inequality.

.,....... ........ ......- ...,.......  .......... - *  ^
、 ' •• : . ,  . •' ......... ...  . • • * * -  ........ • *Hilberts inequality is an important theorem for analytic function which 

may be put into two forms： integral and disbrete f ， ： . :
(A) jof(i Y J*〇 / 2(a?)^J〇 /(a?) / ,  g>Q

(B)
nE

■ ;Tarbs
r,s=l T +  S

The following inequality is in the aame pf Hilbert：
arl s(〇) ,̂8=1 <T—Sr辛8 < ^ V 2 k l 2 2  丨〜I2 ,

whei*e I f^ s  aiî t ^s a,r̂  real numbers, tlien A^2m  ̂ i f  6«=5, thext'
[1, 3])〇 。 ， :: A ) W . A ， . .

Theorem 1. Let positive f  motions  ̂v
( j。J。 办)  < 卯4 {(J。/ 2(»)血)  , J  A

_ ( f 。(尸 衝 ^ ^ 对 )2}， 乂’ ；
wh&re dt^c(ixi)：cpn>d 1—
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Proof First, suppose that 1^=/ and let c(a>) be a real function such that 
l —c(a?)+c(2/)>0. By Oauohy-Sohwarz inequality, we have

/==U 〇 伽 - ^ )  dy<  V « ； ,
(2.2)

where

— L io

+ 咖 ))场  *
S i n c e

. . .  , . • : - •,

f f 2(y)cl>y-^̂  [ ^(y)f2(y)dy} J2^=^{ / 2(a?)fe+f lo{(D)P(jx>)dx7 (2.3) Jo Jo . Jo Jo
the theorem follows from (2*3) and (2.2)•

If 夕_乂，not© that

d ^ y[ Ti … W 你.十b 丨Q，义士

Using Theorem 1 for p = /, the theorem follows at pnoe*
； - .. ........................ ............   ̂ . iEmmple 1? If o(^)^eos A(o?) )® '

2, If 〇(〇?) «1, then &(_〇)) «=0..
■ : . .  . . 'Theorem %. Let an>0. and

— ....n=0" ' n̂O ； 7h!
T h m   ̂ ' . v,  ■ •

where h(m) is defined by ( 2 . 1 ) ,
The case ^ ( a ? )  * = *  0  î  WiMer^ Thsarem ^
Proof S i n c e  f '  h  "  乂

Ts-' . W W 粼由备仏厂?止 0 )如 ；“ , . v ： ■ ■ "1 ':- ; ; ...........  、 . ■End
£  外 ) dx= £  I  d x 符
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where a(u) —e^A^(u)y by Theorem 1 we hay© 
( A2(oo)dx lo Jo du dv <  of̂ /(|J a2(u) duj — a2 (u) To (u) du^

Thus the theorem is proved.
Theorem S. Let a}B and b}& be mbitrary complex numbers. Th&̂ i

ii
S >̂rbs +

n
2r,8=l T +  S

Proof It is easy to deduce tnat
r，$=l 犷一S r#8

!̂ aS K I 2 S  IM2- (3.1)

j* ( ~ l ) rC®»'oos(，r^)~^rSin.(r〇) dt^=2oc(8-T), (3.2)
w here

Therefore

*̂ 1 铎 rb$ rp 一 七  從r&ar $ i 7 + 7 '  ’  r $ l V-s"r毕8

2sirjjSf—!Tj <sr f 21 ( —l j f(c5»-c〇s(ri)-6(fSin(ri)) J —w r=l
=^2i j ( W 2+|&r|2).

dt

It is important to notice that; (i) 2 访rbn n bra9 任f̂ S 
r ^ t  T - S

(3.3)

念 r 」 s  ’

(2.4)

(3.5)

r  十  S r 爲  i . r  +  S
(ii) Interohange ays and Vb in  (3.3), we obtain

2%叫 叫 《诹2 ( 禽 丨 办 | 2+ 禽 _ 2> .
Squaring (3.3) and (3.4) and then adding them, we have

咚 |2 + |约 2< 誓 读 ( k |2+|&r|2)p ,
. V.  - . .  . . •

T a k ea ,^ ^  2  l«»!2 > Sry/y  ̂2  ]5sj3 in plaoe of «r and 6r respeotiyely in  (3.5), 
then the result follows.

CorollaTy. I f  a}s and 6;s are real mtnbers, then

(3.3) cmd (3.4) in combmaUm yield the assertionof (3.6)〇
Theorem 4. Let JST(a?, V) be a homogenous form of degree —1 and K (〇)y V)>09

、 .*< *j . - .又
Let f(x )7 g(a>)^〇, p > q > l  and I f  l^ b (〇})o(p) +cCa})b(y)^0 and

then . . .  . . . .

f f K(m, y)f(co)g(y)da>dyJ 〇 J0 , v„ ...
I \  . * • r ■ • •* \  ■

. . . . . • -  /  ' V - . - • 5 , ；

||〇 gq( x ) A ^ ,
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—( f  f p(a>)0(〇})do>[ g ^ ^ b ^ d c o\J〇 ' "Jo
•• .

~- j ^ f 9(x)B(a})da}j^ g^(a})c(x)dxj |  P$ ( 4 .1 )
iohere

一 i  f 99' ' 一si ；
,」:，： '  B{<o)—y  -K(lj w)v) 0 { x ) ^  ^ ( 1 »  w)w~^e(xw)div}

& ( a 〇 sss 〇(〇>) is Hardy-Hilbert Theorem.
The proof of this theorem is abased on the following inequalityC4：ls

U
F(x)&(〇}) & < ( |J  dx)q "|(J~ [J a\so) dxj

• • ,
A

^ ( » ) 〇( « ; 〇5 ) ^ 〇? | ^  C(a{oo)'b(wx)dx-^ Fp(x)l>(wx)dxj  ̂ CI-<l(x)o(wx)dcDj' j -  P  '
t , , / , .  , 、• •. . t  \  r , • \; U ”、 ." ‘ " . 。 乂. .  V  “ 厂 ： K (4.2)

where F ， 6f>0.
Now we come to prove the theorem. By (4.2) we hay©

〇〇 j  - 人, ::
《j 。1 ( 1 ，w ) d w ( j 。/ ( _ ) 和) 3 . ( 争) 咖£  浐( w a 〇t ^ )

. » 、 ， . . . ， ■ .. .、 、' .' 1
" ( 1  J ^ j f p  ( ^ ) 6 ( ^ )  gq(wx)o(ww)dxj | P

■■； . ' . '

" (I  I P

= (j*。，⑷ 如 ) 3 _6T(1， 叫) 忉)].瓦如， (4*3)
t . . . ■ • ： ' ' ， • * • * r~.

1 .. . •where
/ i ( w )  = |〇 f p(〇})dx^ f(x )d x ^ ^  f 9(x)0(m)d{ejii ga(a})b(〇})dx

+  f p(0)b(wx)da}\ {̂a>)e(i!D)dsDy
< ' •

/ 2» = j "。 气 j*。,(®)咖 +  j*。广 0 * 0 < ? ( 鄉 ) 办| * 。, ( ® ) K 必)如

, ■ .：■ .*̂ 〇〇 /•©» .— f p{m)b{w(〇)dx\ gq{x)o{m)dm.
Applying Holder inequality to (4.3), wis have
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一！K ( l } w)w^ (w) (w)dw
i  丄

K (1, (1, w)wZ^J：x〇w)dw^  ̂K

= 叫 (A£ ， (a〇< ^。/ 〇c)(k) -  (j*。 y  (®)&〇) C
- f p{x)B(pi) ( 2 a ; J ^  | ? 3 > ; :

In virture of (4.3) and (4.4), the proof is completo.■ V*..: ...、 •（ -0.

'.':l

(4 .4)
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