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THE NECEiSSARV AND SUFFICIENT CONDITIONS
FOR LIFSeHITZ LOCAL HOMEOMORPHISM

. '•« :.. .

Jb’AN XlANLINd .〈范卷'令)

Abstract

For a locally Lipschitz m a p / : - ^ e l i  known inverse function theorem

gives a sufficient coaditioa for/ ： to be a Lipsohitz local homeomorpliims at a point as〇̂

1 is irive^ In this paper/ it is Showed that this condition is not

necessary and some necessary and sufficient conditions are given.

Througliout this paper, ^ "  denotes the ?®-dimensioaal Euclidean space, 0 % 
and O1- denote the olass of continuously differentiable maps and of looally 
LipsoMtz maps respectively.

Let U be an open, subset of B n and f ：U->Bn a map. I f / ：C7->/(Z7) ==F is »  
homeomorpliism, f^ O 1 (O1')  and its inverse f^ ^ O 1 (oorrespondently, O1-) ,  
then we say that /  is  a 0 1 (oorrespondently, 0 1-) homeomorphism on U. Let jp® 
£U . I f  there exists a neighborhood QczU of ic〇 suoli that /  is a 0 1 ( 0 1-) homeo- 
morphism on "felieii we say that /  is a 0 1 . (oorrespondently， 0 _1) local homeo- 
morpMsm at «〇.

The following two inverse funotion theorems are well known.
Proposition I / 13 Let f°.U->Bn€ « 〇 € U. Then f i s a O 1 local homeomorphism 

at x〇 i f  and only i f  f ( x 〇) is invertiblg.
Proposition 2t23. Let f :U->i2n€ Ox~, x^T J. I f  the generalized Jacobian df(x〇}  

is invertible (i. e., each element of df(x〇) is mmrtible), then f  a 0 1- local
komeomorpMsm ai as〇 .

The following example shows that in  Proposition 2, the condition that 0 /(«〇)  
is  invertible is not necessary.

Example We identify Bz with complex plane and using oomplex repr©- 
genta-bion: a =  r0w. Define/ :  iJa~>JS2 by

制 - C 吧 : 二 : 卿 ，蜊 ，

where
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Then / : i2 2->J52 is a O1" homeomorphism, but 0 ^ d f(0 )y Binoe l € d f ( 0 ) y —! €
■ * ■； -  :  . . . . . . .

B f(0 )7 whex*© I  is  the identify operator.
In  this paper, we giy© a ileoessary and sufficient dondition/ for /  *fco Ve O1̂

local homeomox*piiism. We always suppose t h a t / ： Deixote -  ̂ i
■ a * ； *： r • ’

C7/= {a?€ U I/ is  not differentiai)l© al; x }t
. . 4 v. ' ' 厂 I,；-'' ：■■ ■ ( ' -.-V， J

Then ^(U /), the measure of Ufy is  zero. Letvj^ b© the unit sphere in
and B(so} s )  the s^eighborhood of ¢. . ■

Definition 1. i) Let c〇£  U. x is said to hê  a regular point o f f i f f  is diffe- 
rmtiable at co and f f(cc) is invertibh. Otherwise we say th t̂ (〇 is a ^mgular point of f .

ii) Let y ^ B n. y is  said to be a singular value off^fihere is a singular point x of 
f  suoh that f ( 〇)) —y. Otherwise y is said to be a regular value of / ：*

For O1" map, as in  the O1 case, we have ：
、 艮 3 • 双 厚 g  ¢7 ⑨ 矽 (丑 ) ， 0, ■坏 卿 烊 ( / 興 )， 心 q

Proposition 4. The set of singular , mlues of f  hm meamre m  B \
The proofs 〇f above twp propositions are sim ilar *fco that in th^ * ^  oa$ev^̂ T^ 

only difference is  that the set of singular points of; Of7 map；/  oonibains the set ¢7/.
•j * * ■ * * * * * * -̂  .■ * * j *, * ■ » ** . .

Since ^(17/) ^ 0 , w© iiay© the Sardes theorem is  also yaH.d ior O1̂
case. ■■■ ., ,；-； r ， .

Let * 〇€ 〇 ■„ I f  there exists a neigiiborliood Q of £D〇 suph that QczU and f(so) 
^/(fl5〇) for a ll tlieii we qan. define the index of /  at ^〇 T?̂  - ； . ,

i n d e x [ f ,  f :
• . . . . . . .

The following two results (see [3] ) are useful in the sequel.
Proposition 5. I f  f  is differenticMe at a?〇 and f ?{^ ) is iriverUble, then 

index [ f , x〇] =  sgndei； f ( x 〇) .1
Proposition 0. Suppose that Q is a bounded opm s^sei of U and QczU^ I f  

yQBn\f(dQ) is a regutar mlue 〇/ / ,  iĥ m
d eg(/, Q, y ) =  index[ / ,  ^ ] .

Definition %% 心 古 咖 € 0
derivative h by  ̂  ̂ ,4 \ \
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8f(x〇, A) « I ^ G ^ jT J ie r e  is a sequence i5„->〇+ suoh. that

It is'oleax* that, for any tcGU" and h^.Rn, 8/(®, is a nonempty compact 
subset of R n, df(x, Kh) =  ̂ f ( c 〇, h) when ^,>0. I f  L  isltlie Lipsohitz oonstant of /  
neax* x〇, then ||S/(a/〇, fe ) | |^ i |^ |  (i.e., |«/||<i|fe|| for all P ^d f(x0, h)). I f /  has the
usual right direotional derivative at x0 in tiie direotion h,

f ( x 0, h) =  lim ~ ( f ( x 〇 + t h ) - f  (〇〇〇)) ,
f->0+ t -i' w

then d/(aj〇, h) =  { f r((B〇, h)} is a singleton. /  is differentiable at a?〇, then d f (〇〇(,, h) 
— foi1 erery： h ^ R n.

Our m aia result is the followiag
Theorem  1. Suppose that / ：U-»J2n6 0 1- and x〇 ^ tJ . Then, f  is a O1- heal 

ho^omorpMsm at w〇 i f  (mly i f  the following three conMtions are satisfied:
i )  There exist a neighborhood Q of x〇 and a-pdsiiive constant L± subh that

• ... • • , • . .
i i)  There exists a  mighborhood Q of x〇 such that

"■  dei f^Cxy^O (or r ■ ' ::
iii)  index [ / ,  a;〇] =1 , (wrrekpoMmily7 —1).
Proof At first we prove the necessity. 5
Suppose th ,̂t V is a nelghborhodd of 〇;〇, W is a rieigixbortiiood bf/(®〇), f  ：V ^ W  

is a homeormorpiiiaih/iDoth /  and its inY erSe^ are Lipsohitzian.
Since by the product formula for the index, we have

a v ： ; inde^C/, cc〇]- A

It follows tha>t ir id eri/, %] (or —1 ) / Thus tlio condition satisfied.
Because of the Lipsohitzness of / -1 there is a positive oonstant L x suoh. that 

^  Xi —/ ( 的 ||>以 |忠 一 2/||， :.:

By the definition of 8 /(®, it follows th;at the oondition i) with =̂= F  is satisfied „ 
Let x^,V\Vf.  The condition i)\ implies that

: / 分 ) 為 妾 0, V岐 艮 .
It follows, that/ 7 (a?) is invertible. '

Take a ball neighborhood Q of x〇 suoh that Q d V  and deg( / ,  / ( 〇?〇) )  —index.
[ / ,  » 〇] , By the opp.iieoted domaini property of .degree, for eaoH x^Q \Q f, w© have 
- f sgn det/ '(a ;)-deg( / ,  Q, / ( 〇?)) = d e g ( / ,  P, f ( x ^ j

This [shows that the oondition ii)  is satisfied. So the proof of the necessity ia 
oompleted. f  ̂ ： - .：：；,

Lem m a 1» I f  the condition i)  om Theorem 1 holds and .¾ . « :̂ ps0iv6 eomtmf
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. in d exf/, 5] = d e g ( / ,  &, y) = d e g (/, &, «/〇 = 1 . ;
The formula (3) is prqved.

From (1) and. ：(3) it follows that / -1；(2/) f| ̂  is a singleton in JPf for each y^W .
is a bijeotjon. C o n s e q u e n t l y i s  a homeomorph.ism siaoe/  is  

also an open. map.
The following lemma w ill complete the proof of Theorem 1,
Lemma 2. Suppose that V cmd W are two open subsets of Rn, f'.V->W  is a 

homeomorphism, / €  C/1- and satisfies,the condition i) on V. Then f ^ i  W-^Vi the inverse 
map of f  i belongs O1- and has locally. MpsoMU oonsicmt L l1,

Proof of Lemma 2 "Without loss ,<；)：£ -generality we. may assume..that TT is 
Q〇iive5£j ;Lefe j&2 ；be aR y,pbsiti^ c〇ast^»t V and Uf in  W arbitra­
rily. Let , , . . :

炉⑷=广％ + 炒 '一私)):，肩 &[〇, l ] . ,
Titen；!^ is  a patk to； F  from / -1,(2〇 to ； By；： Iiexnma 1, for eaoh i €  [0, 1 ] ,
^ r e ^  a ball ^  property indioated in Lemma. 1. By the.
oompaotness of 沪（[0, 1]) we.may take 0 = ^ < f 1< i 2< > . .< ；fm =  l  suoli that

JTJ . • « -： • . -. ...
m ； i. -,  w - i ) ,

where B i=B {(p(ii)t Tak§,again [0, 1] ( i = l ,  2, m) suoh that

For shortness we denote if(t) .Then .

,. 队 s < ) - y ( ^ ) | > ^ 2 l K s i )  —K M ) I ，运念1 ，2, …，饥 ，

； ; . , l y ( ^ ) - ^ ( s * ) l l> ^ l l f ( ^ ) - ^  ¢==1,, 2, <m.
Oonseiquently, w® have

m
ly'—U 1 S C  IIy(s«) r-2 / 1  + | ：2/0i) II)

<»1
tn

>jpa + 丨| _ )  i 〇 <) s)

By 时bitrarity 6f positive Q ^ n s t a n l ? W。<>试碎?V

• ■ — ■：;:：■ I：* ；eX .:.. f 入 A . . •

^Jils oolnplet^ th^ PKOof af I^inaha 2 and thea TKiaorem 1 j.s proved;
, : !B«ma«k r -Proposit^B； ja 3s a oprollftry ；t〇 pur 0¾ 1* Iiidieed,： vsrhen：

取私>鄭: ill熟 岬 邱 抽 冰 好 拍 扭 ，_ 細3^姐_  
the 的ixditions f) and U )虹e 邮tM ed, Pouroifttt.. J W . - 说^獻舞細:
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/(*)'

«itisfied*
Finally  we give some examples whloh show that any one of the conditions i )  

~ H i )  in  Theorepi 1 can not be droppod0
五 卿 2, ’ He dedned b?

xf 〇?>0
-«atisfies the oonditions Ii) and ili)  but does not satisfy the oondition i )  at 0. /:151 
— is a homeomorphism an d /G O 1- but

•Example 3, The function defined by

片  6 > =〇，/ 妨 為 + 刼  2sin i v ( * —0) .« CO ■
^belongs to Ox~, f f(0) =1 , index [ / ,  0] = 1 , but /  is not a looal homeomorphism at Oe 
J  does not satisfy the oopditioii^ i)  and li)  .

Example 4. The map f : B 2->R2 defined by
/(0)*>=0>/(fr^O ^ r e ^  - C^Oy ¢6  [〇> 2sp] )

；satisfies the oonditions i) and 11) at 0) b u t d o e s  not satisfy the oondition. iii)^ 
«inoe index [ / ,  0] —2. /  is  not a local homeomorphism at 0.

Example 5, D efine/:i22-»i?2 by /(O ) =O ,./(r0，s) = r 0J,，w, where

9,

99-

e e 〇,
ns
¥ 」

g>(0) = -1

4av
" F

—0 + 2 苽，

Then, f  satisfies the conditions i)  ap.d iii)  at 0, i^idexC/, 〇p — 1, bpi^/ does
not satisfy the oondition i i ) .  A lthough(a? )  is invertible for all a?
■ detfr(a}) have different signs. /  is not a local homeomorphism at 0P

. ... 卜.-. • - ' ；
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