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THE NECESSARY AND SUFFICIENT CONDIT!ONS
FOR LIPSCHITZ LOCAL HOMEOMORPHISM

Fan XIANLING - GEADT

" Abstract

For a locally Lipschitz map f:Re>R», the ‘well known inverse function theorem
gives a sufficient condition. for f to be a Lipschitz local homeomorphims at a point z,
"-that'is;: 0f (a)- is invertible. In this paper, it is- showed that this condition is not ,
necessary and some necessary and suﬁiclent condltlons are glven

Throughout this paper, R". deno’aes the n—dimensiona,_l Euolidean ‘spa,ce,_ o* .
‘and O denote the olass of continuously differentiable maps and of locally
Lipschitz maps respectively.

Let U be an open subset of R and f:U—>R" a map. If fiU—->f(U)=V is a
homeomorphism, f&0* (0*~) and its inverse f*€0* (correspondently, '),
then we say that f is a O (correspondently, O*~) homeomorphism on U. Let e
€U. If there exists a neighborhood QU of m, such that f is & O* (0'~) homeo—
morphism on €, then we say that f is a O* (correspondently, 0-) local homeo—
morphism at .

Thé following two inverse funotion theorems are well known,

Proposition 1.™! Let f:U—>RB*"C O, wo€U. Then f is a O local homeomorphism:
at @ 4f and only ¢f f'(w0) ds invertible.

Proposition 2, Let f:U—->R*€ O, 2, U. If the generalized Jacobian df (o)
. s invertible (6. e., each element of Bf (we) is invertible), then f is @ O~ locab
" homeomorphism at .

The following example shows that in Proposition 2, the condition that 9f ()
is invertible is not necessary.

Ezample 1. We identify R? with complex plane and using oomplex repre-
sentation: z=re", Define f: R*->R? by "

r=0,
| Fret)= {re"‘” >0, 0€ [o 2w],
where
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Then f:R?>->R? is a O' homeommphlsm, but oeaf (0), since I E@f (0),
21 (0), where I is the ldentlfy operator, :

~ In this paper, we give a necessary and suffioient-condition. for f Yo-be'a O~
local homeomorphism, We always Suppose that f3 U—)R”E 01" Denote IR A

U_,«— {wE U | _f is not dlﬁ'erenha,ble at a;}

Then ;u,(U,), the Lebesgue measure of U,, is zero, Le’o S be the umt sphere in R*
and B(=, 8) the s-—neughbmhood of .. . - : -

Definition 1, i) Let mEU @ es swed to be a rreyulaw p"fzm.t of f ef f is deﬁe—
rentiable at @ and f’'(a) és invertible. Otherwfz,se we Say that © s @ singular point of f.

ii) Let y & B, y s said to:be a singular | mlue of fef there s @ sengulwr point o of
S such that f (@) =Y. Otherwise y is said 0 be a 'regulwfr mlue of f

For 0*~ map, as in the U* case, we have ' -

Proposﬂuon 8. If BcCU and u(E) =0, then y,(f(E)) 0 _

Proposition 4. The sei of singular valuss of f has measure zero.in, R" , _

The proofs of above two propositions are similar to that 1n the- 01 case, The '
only difference is that the set of smgular points, of Oi‘ map. I oontams the set U;.
Sinoe ;z.(U,«) =0, we have p,( f(Ug))=0. So the. Sard’s themem 4 also valid for o
case. . . , o - . A '
Let wOEU If there ex1sts a ne1ghb01hood Q of @0 such that QCU and f (a;)
(@) for all &€ 8\ {wo}, then we can deﬁne the .mdex of f at a, by ;..

.mdex[f, @6} --deg(f, $2, fl&o)).

The following two results (see [3]) are useful in the sequel )
Proposutmn 5. If f is deﬁerentwble wt wo amz f’(wo) fz,s en'vea”t@ble, then
index[f, a;o] —-sgndet f’ (wo) oo

ER”\ f(@!)) q,s a fregulm' fvwlue of f, then o
" deg(f, Q, y)—- g mdex[_f, w,]

Deﬁmtmn 2. Let m€&U oid KGR~ We deﬁne tiw ge?nemlezed maht dweoteonasl
derivative of f-at webnthe direstion h by o : L B
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8f (o, h) = {y € R"| There, isa sequence t.,.——>0+ such that

tim E(f o)~ 760 v}

It is’ olear that, for any #€U and hER", d3f (o, h) is a nonempty compact
subset of B, 5f (=, M) = ?\,Sf (a;, k) when A>0, If L is the Lipschitz constant of f
near @, then |3f (w,, h) ||<L||hi[ (L., |y| <L|h| for all ¥ € 8f (wmo, h)). If f has the
usual right dnectlonal de11Va,t1ve at o in the direotion by

f'(woy h) —hm “"(f(wo"'th) f(mo))»

then 8f (wo, k) = {f' (20, k)} is & smgleton Iffis dlﬁ'erentlable at o, then ‘O‘f (mo, h)
= {f'(wo) R} for erery hE€ R".’ '
Our main result is the followmg ,
Theorem 1, ;S'uppose that fiU—>RE o~ wnd a:OE U. Then, f is @ O local
hommprsm at @0 4f and only of the fouowrmg three condétions are swtesﬁecl el
1) Timrre exist a neeqhborhood Qo f @o and @& pos'atfwe constant L1 subh thwt
| T (e B[S L Vo€ R, vhES. - |
: 11) There exests a neeghborhood Q of w, ‘such that
' ' “'det f’(a;)>0 (or <0); Vwé .Q\.Qf
iii) index[f, mo] =1, ( cowespondently, -1)." o
Proof At first we prove the neoessity. o
Suppose that V" is a nelghbmhood of o, Wisa nelghb01hood of f (:vo) b V—-)W
is & homeormorphmm, both f and its-inveise f LWV ave Llpsehltman P
Smoe f “1f =T:V>V, by the ploduet formula for the index, we have
C i index [ f, @) -1ndex[ -2, fwg) 14 index [I, wo] =1.
It f'ellows that index[f, @] = =1 (o —1) ‘Thius the condition iii) is satisfied.
Beeause of the Llpsohltzness of f -1 there isa p051t1ve eonstant L1 such that -
| - I f@y=F @) ll>L1I|=v -y, Vo, YEV.
By the definition of'd f (@, h) it follows- that the eondltlon i) with @=V ‘is satisfied.
Let € V'\V's. The condition i) implies that
‘A f’(a;)haé() VhES
It follows that f’ (m) 1s 1nvert1b1e L
Take 2 ball nelghb01hood Q of mp ‘suoh that .QCV a.nd deg ( f ) [2 f (mo)) ——mdex
[ f , a'o] By the connected domain propelty of degree, f01 each we Q\Q,, we have '
" sgndetf'(s) =deg(f, @, f(x))=deg(f, @, f(%)) =index[f, @l.
This 'shows that the condltlon 11) is sa,tlsﬁed So the p1 00f of the neeessmy is’
oompleted ' LT ‘ e
.. Before. proying the. suﬁieleney 'Wwe give the:following. .- S opiiabad
Lemma 1, If the condition ¢) én Theorem 1 holds .and Ilz 98 o paswb've constant
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with L2<L1, then for edch x € (2. there is a p>>0 such that B(z, p)c:Q and
If (@) = f (@) | = Loo~ =], Vo€ B(% #): " o
.. Proof of Lemvma 1 - Suppose that the'conelusion is not’ vahd Then there dre a
point € 2 -and a sequence »,~>z Stch that | f(z.) —f(2)| <L2Hm,,—_-a:l| for alliw,:. By
the compaetness of S we ma.y assume that Gt

i adicle el
N N e "

Let L be the- LlpS@hltZ eonstant of fimearw. Than . " 57 et g
1f @+ =3 I0)~F @< If @+ llfv»—wllh) —f(w») I +1|f(wn) -—f(w) H
<L|z,~a— o, || +Ls|w,~a]. - ‘ .
It follows that there is & Y& 8f (o, h) such that {lyl|<L2<L1 This contradmts the
condition i), Lemma 1 is proved. ISP

We now give the proof of the sufﬁemncy =L
. Suppése that the conditions i)=iii) are satisfied. WlthO’lit loss of genex:a.hty we
may assume that-Q is'a- bounded subset of U and f (m) - f (zvo) fo:, aﬂ 2€ .Q\{mo}
Then R SRR R IRY. DL e e senerdowns e
() @, fe)) =tndexls, wo] 1.,
Let W be the oonneoted oomponent of R”\ f (6{)) oontammg f (mo) Then - :
| deg(f, @, 9)=1, yEw. Ry
Let V=f"(W) {]Q Then ¥ is an open SubSet of @ and ryne 1s a
nonempty compaoct subset of V" for ea,oh yEW By Lemma, 1 j'“1 (y) ﬂ Q 1s 8 ﬁnfte.’
set in.V for ea.oh Y in W The condltlon 11) 1mplles th -

o 1ndex[ o=, vaey\py VT "f O (@)
By Proposition’ 8 it follows that f ‘1(?/) nQ s & smgleton m V' for each regulal '
value YEW of f,. il glhsionee ol
By Lemma 1 index .[f; %] is well defined for:each 4 w m V.-
- Weclaim that - E
e ‘ih&été’ff; w]=1\7’wEV 3)

Indeed, let Z in ¥ be given arbitrarily and ¥(z)%¥. Choosé a neighborhood G of
x such that GcV and f(x) aéy for all o€ G‘\{w} Thus index[f, z] = deg(f, Q, g/)
Choose e>0 sufficiently small suoh tha.t B (y, s)CW\ f (36‘) Then

degl(f; G5 y)=deg( fi @y ¥); VEB(y; 8) ! draeti U (4)
By the continuity of f there, isa p>0 such\that S (B(zc, p))c:B(y, s) Since w (V)
=0, there is an 2, € B(z, p) suoh tha.t w1¢V ;. Pake p>0 sufficiently small such
that B(ay, pu) CB(F o) -and: deg(f) Bla, p1); f(oi)) Sindexfify vi}istl;«By s4Hg'

propel ty of degree f (B (aa, pi)) eontains an open Subbet D of B( y, s) By*}ra*posmon ,

: s.mgletozi i B(svi, pi); W»e have boros o s Jhelniten vus T Be 4 fasobds
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1ndex[f’ ] = deg(f’ &, 9) deg(f: y’)‘=1-='
The formula (3) is proved.

. From (1) and. (8) it follows that S ‘1(2/) NQisa smgleton in V. for each: YEW.
Thus f:V—=>W is a bijection, Consequently f:¥V—W isa homeom01ph1sm ginoce f is
also an open map., e : o :

The following lemma will complete the proof of Theorem 1,

Lemma 2. Suppose that V- and W are two open subsets of R*, f:V—>W is a
homeomorphism, f € O~ and satisfies the condition 4) on V. Then f~1:W—V,; the tnverse
map of f; belongs to. O~ and has locally, Lipschity, constant L™, .

Proof of Lemma 2 'Without loss of generality we may assume. that W is
eonivex; Let: Iy be any positive constant with L2<L1 Ta,ke Yand ¥in W arb;tra—
rily. Let SR E

P(B) =F Ay =0y, VE 0, 1. !
Then:p is8.a path incV: from f~1(y) to' f~2(¥'); By: Lemma . 1 for - eaoh tE [O 1],
there i a ball B(g(t),.0($)) Having the property indicated in Lemma. 1, By the
compaotness of (p( [0, 1]) we may take 0=1{y<t;<to<:++<f,=1 such that

BD¢’([0 1}) BﬂBm%@, @ 0 1 ,m 1):

where B‘-—B(q)(t ), p(t,)) Take a.ga.m s, [O 1] ('b ’ m) such that
V Uy Een B 0==to<81<t1<82<t2< <Sm<tm—1
E{Pd o @(Sz)EBiann »'11 1 2,

F01 shortness we denote y(t) Y +t(?l' ?/) Then _
19(ss) - y(i¢-1)||>L2|l¢(Se) w(ﬁi-i)ll,% 13,
S lyGy = =¥(s:) = Lal p (t) — tp(&)ll L 8=1,2 ,m
Oonsequently, we have A

B (OB TOMIES IR
2 Ls 3o () —pCtus)] + o (8 —p(s) 1)
L ek f-1<y'>~f-1cy> b
Le, ) =fAOI<E -0l
By the a.r'bltrar:lty of posmve constant L2<L1 we obta,m
o ﬁ o Hf“(?/’) f-1<.«/> <+ T uy' wr
This eompletes the pr oof of Lemma 2 a.nd then Theorem 1 is ploved

. Remark:1, / -Proposition: 2 is .a.corollary. to.our Theorem 1, Indeed when

af (..z_vo).»;. dy invertible, by the uipper somicentinuity.of af it is miob diﬁiculﬁ._to.see.,that

the conditions {) and i1) are satisfied, Frem Pourcisu. [4] the gp.n,c}i'giomﬁi);is;vgflso:
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gatisfied,
Finally we give some examples which show that any one of the ‘conditions i)
—4fi) in Theorem 1 can not be dropped.
Bramgple 2. The funotmn S R‘-—)R.1 deﬁned by '
: @°, m<0
f(w) {m, >0
gatisfies the conditions ii) and 111) but does not sa.tzsfy the condition 1) at 0. f R1
—>R* is a homeomorphism and f €0~ but f~¢ 0.
Ewample 3, The function f: Ri->R* deﬁned by

0y =0, f(w)—w+2w sm—— (waéO)

belongs to 0*~, f'(0) =1, index[f, 0] =1, but f is not a local homeomorphism at 0,
J does not satisfy the conditions i) and ii),
Emmple 4, The map f R*->R? defined by
- f(0)=0, f(re?) =re® . (r>0, & [0;2m])

sa.hsﬁes the eondltlons i) and ii) at 0; but-f does not’ Sa,tlsfy the condltion 111)1

#ince index [.f, ;0] =2. fds. not'a local homeomorphism at 0. -
Ezample B, Define JiR*->R? by f(0)=0, f(re") =re"®, where

9, o€fo, T,
0-27, 9e[%, Z],
67 3
@(0) =3
K

—0-+2m, 0€ |5 _..]

|+ 0+m, 9E[2

’Then, FEOY, f satisfies the conditlons i) a,nd 111) at 0,-index[f, 0] =1, but f. does.

mot satisfy the condition ii). Although f’ (m) is invertible for. a.ll wGRz\R?, the
detf’(x) have different s:mgns f is not a loca.l homeomorphlsm at 0,
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