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HECKE OPERATOR AND PELLIAN
EQUATION CONJECTURE anp*

Sen e e LU HONGWEN (Fﬁgkx)* R

hbefract B

It is proved that the famous Ankeny—-Artm—Chowla conJeeture on Pellian equa.tlon
is equivalent to & conJecture on I—Iecke operator '

§ 1 Introductlon and Results

For a prime p=1(m0d 4),: there exists -a. famous oon;ecture due to N C.
Ankeny; E. Artiniand 8. Chowla ™ as follows. ©. @ .o oo ot S0
Con Jecture 11. ILet p—l(mod 4) be a pmmd Th 7 for the least solut@on ‘

é t+u\/— I
of the Pellian equation :
@ —pyP=—4,
we have that ptu. ) ‘ '
~ Let T'y be the Hecke operator, i-pc .
L no+-
(Txf) (@)= ng—Nf ( m
w(modm)

for posutlve integel N a,nd 8 functlon fofa.
* For a teal quadratm 1rrat10na,1 numbel B, lef,

2( 1)’*3@, 1f k is even,
o, 1fla is odd,
where 3 has 4 development of the snnple eontmued fla,otlons i
" L lwo, o G, ml
with:the basio pariod m Ll e e e
. We call ¥(8) the Hirzebruch sum of ,8
‘We have proved the following

(B = {
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Theorem 1.2. lot p=1 (mod 4) Z)é w}'p'réms.‘ﬁ'oq* the least solution = __——__.t+”2V Vo4

of the Peufacm equwt@on @? — py?= —4, the nonnegwtwe integer w 4s de ﬁned by
Then we have .. . i e
(1) For any nonnsgcmw integer k, we have
e (T 3T (2\/ p)=8T (2J‘ ),
whea’e 7\.0 1 cmd fO’T‘ lo>1
| e Ep 9P, k=1,
with _
Il i ez,
(2) For the Dlz,frwhlet sezmes e

p(S) 2 ks’ Re(s)>3, : ‘ R

we have

' 1, | @f w=0 s
Jo(s 12 S pPA)TE : i
o e ) ot >«, 1- (p- 1)2(10?0 ezt
'w%th ?\.-—p" . . : : k
COnJecturel3 J ,,(s) 58 the Zetw functfwrn, of Pl(F,,.) o
Proposition 1.4. Congecture 1.1&00mgecture 1. 3 o o .r,

§ 2 The Actlon of Hecke Operator on lezebruch Sum

In our paper [4], the followmg results have been ploved. R
‘Theorem 2.1. Let the positive integer 4= B2+-4AC be a non-square fwwth tho*e&
@ntegers A,B wml C swt@s fymg ths followmg comlfbt@ons .
; | A>1arndgcd(ABO) 1.
Then, for a positive integer N and.the real quadratic érrational mumber a=;]-3_‘%:1—/-4,'

we have B

5 J(%,m ;. aw(“"‘*w) G (W)F (N, H)T (),
w(moz?m)

where o'(N) is the sum of the posrz,tfwe divisors of N tmd ihe pos'atfwe znteqefrs J (N A)
" and J (n, m, w, &) are defiiied as follows. S0 L AN :

L@t t°+u§“/ 4 and t+:“2“/A be the Zeasst solutfwns of tke Pell’s eguwt@ons o —Ag/‘*‘
-=4 and a®— AN = 4 respectwely. Then J (N 4) is defined by the followmg eqzmtwh

8
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t+uNJZ=<to+uo~/'Z>{<N-4?
2 2
V=V (n, m, w, &) =u. g.c.d. (4m?, BN +24mw, Aw*+Bnw—0n?).
Then V is a positive integer and it is easily seen that V2| AN?u?, Lot
D=D(n, m, w, a) (=42
Then D is @ non—square positive tnteger, and we define the poswtwe integers J (n, m, w,
a) by the following equations - v '

++V D - <§_}; ﬁ‘\/ﬁ)-f(n.m.w.m)
5 = .
t+u/D
p) b
Proposition 2.2. Let p=1 (mod 4) be a prime. Then we have
(T,2) (2 p) = (pgP +.1) W’@ﬁ ), T
where 93 is the same as in Theorem 1.2. -~ -
Theorem 2.1 and Proposition 2.2 are the Theorem 7 and Theorem 1 in :[4]

where 48 the least solution of ‘the Pell's equation z?~ DY =4,

Tespeotively.

Defmltlon 2. 3 Fo'r a non-square posfz,twe gnteger D: and. @ positive integer N,
we define @ posfbtwe wnteger T=J (DN? D): as follows. Let the least solutions of the
Pollian equations ©®— DN?Y*=4 and o®— Dy*=4 be epx and €p) Tespeotwvely, tlwn €

=g}, i. 0. let €p f—”—‘—zgl‘g- then J fos the l.,wst pos%twe mteger such tkwt N dwades Uy

J tJ+“J~/D
of €p =

Thel efore,: Theorem 2. 1 can. be reWut’aen a8 follows:. ,
Theorem 2.4. Lot the pos tive integer A= B2+440 be a non—squwre mth tkmee
mteyers A,B amd c satfbsfymg the f ollowinig conditions T Tl
Coonpma ~A>Landg. 6. d; (4; B, 0)=1."

By

Then, for a positive integer N and the real quadratic irrational mumber o te,
3 J(AN® AN*.g.6. d. (Am®, BN +2A4mw, Aw'+Bui-0On?)~2)
mn= :
m,n>l
wimodm) :

X W( "”"‘; ”’)= o‘(N)J(AN“’ HY (). -

§ 3 The Proof of Theorem 1 2

Laﬁe on, “we always adstiriio that the pnme p==1 (mod 4) F01 a nonnega.tive
Integerjo -we ‘define that TID PR P TN NI B
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| 2o
T(pu 2/7). = (“’_’““. 2),
w(madp*) ¥ )
We are going to prove ’
Proposition 8.1. For o nonnegwtwe wnteger k, we have

) | T Pk 2’\/1’)::/1,.,,@'(2“/2’-)’_ E

o <T',,~W>"<'z~/'§)em__@f<z VO

where . - -

U =P and M— 2 o = g)p"af,"’,»k?”o,a

with 95> deﬁned as in Theorem 1.2, - a ) .» I
PToof At first, 1t is easy tO See thad; CE S

'by using Proposition 2.2.

' Secondly, putting. A=1, B= 0 O =p and. N=2. in Theorem 2, 4 we have
A=4p, and oa-~/ D

‘Since oy
1, 1f fn—-—2 = 1 L
g.c. d (Am” BN+2Amw, Aw2+Bwn—0n2) {1 1fn 1 m= 2 amdw 0
: 4, if n= 1 m= 2 wnd'w 1
we get CL : .
| wz\/p)w(*/ 2e.rtops 2 (1532 )57 10, 4p>@1f<¢p> @

It is easy 1o see that the length of the basic period for the development 6f ‘the

mmple oontmued flactmns for ~/'§ isan odd so-does for 2—’-‘:—*—/-2- So we have )

et -
From (1) a.nd (2), we get » R
e g[/'(“/f’);-_wm\/p) e | ' (_3)
It is not dlﬂieult to see that Sy L : o
v(2\/p ) (\/p>_— (f) e e @
Therefore, a.ccordmg to (3) and (4), we have S

<2~/p) W(2;/P)’

o
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Let o o \
95> =J (16p™*%; 16p); >0, - : (6)
'We need to prove that o R
(k)_{ 1, #H0<kseo; e ()
D i,

If p=1 (mod 8), then the solutlon ﬁi‘_‘\f_j_’_?/_ fo1 the Pellian equatlon @?— py2
= —4 sabisfies s=y=0 (mod 2). Hence in thls oase, th9 least solution of the Pelha.n

equatlon o® —16py®=4 is €?, where e——ii%—"-/-ﬂ- is the least solution of the Pellian

equation &?— py?= —4, When p-.b'(mod 8), it ig-easy 0 see’ that the least solutlon
of the Pellian equation 2?—16p¥2=4 is ¢°. Theref01e we, ha,ve proved (7)
There exists no difficulty in showing that . . e
J(D(MN)? D) = J(D(MN)2 DN"’) J(DN2 D),
for two positive 1ntegers M and N, so we got

J(16p2k+1 16p21+1)__ zp _fOl 0<l<k , (8)

Next, putting 4=1, B=0, O=4pand N = p" k=2, in Theorem 2. 4! Then weé
have 4=16p and a= 2\/ P. ‘
For two 1ntegers m and n such tha.t m+n= k and m, n>0 we ha.ve )
g- o d. (p"’”‘ 2p"‘fw w2—4p2”+1) o W
g | | if m=0 or plw;
{p, ' if p|w and n=0, m=F;
pPeg.idy (p2mid 2pm i'wi ': -4p2("‘1’“) if plw, w=pw; and n; m>1.
Therefors we.get . .. . -

(PN T) ST L BXITY+(T (L0 165-1) 3, )W(—l";———-——)
+ 2, (T %@Pf"f‘f?‘.‘gzcdof@z"‘-" ® 2p" 7w, Wi~ dp*) ) —1)

H—;) (o 22

nym=>1
w(modp™-1)
W(panp +w ) o

xp(EE2prw). @,

- _Z_’_z_ﬂ_t”ﬁ 21, 16 5%—3
n+7n2~k—2 w( P >+J(16 p )

7, m>0 ', - v.v n B nm:v
w(todp™) : TR et w(modp"')

XJ'(16P2(I¢;—")+1 16p2(k 2)+190 d (p2m me,w, ,w2 4p2n+1)—2) )
- 2\/-,-.“ IS SRR T G U AE S
:!ﬁ__‘--—-(Tpr) (2 \/p)‘l‘( (k—l) -1)T( " 1 iR >

4+ (16p%+1; 16132”‘3)0'(137“'2).]'(161)27“3 16p)qr(2J p)~— (T,...w) 2 J 1: D
by using (8), (8), eto., So we have

6t
L0s
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(Tpx"I’) @ p P) (Tpk-@’) (2 ~/ P ) +CP"+P"'1)9"" W(2~/ p)

. Q) ,
(1) (5, 25 202 ) 450 ©)

Next, pubting A=p, B=0, O=4 and N=p in Theomm 2, 4 we haVe A= 16p
and «= \/ L

Sinee . . o

9) 0. d. (p, 0, 4p*) =p and g. o. d.’ (p® 2p%w, pw?—4)=1,
we get CT
3. wt P Nt 3. 2/ p
J(16p% 16p) T2V p)+ 3 @ —L— )= (p+1)7 (167" 16p)w (=TE-),

which combinied with (5) 1mphes ) ,
T""(z'»‘»z“-/ 2)- pPEEVE) o (10)
Finally, putting 4= =D, B 0 O 4 a.nd N p’“ k>2 in 'I‘hemem 2.4, we have
4=16p and a=——\/—£— l

For two mtegels m and n such thab M+ n= Io a.nd_ m,. rm>0 we ha.ve

g- 0. d. (p™™, 2p™ w0, pu® 4102") e
1,00 wm A ifim=="0'a;nd m="h;
P, e E - S 1fn k and.m=0, or
= I R n, m=>1 and plw;
p g c. d. (p“""l’“ 2p(’"‘1’+1fw1 pwl——4p2<""1’) 1f ™, n>l p[fw a.nd

Hence we get e
o (P) T (16574 16p>w(2*/ 2 )

: w-t
“MD%‘*,JF»(———#—. - £ )+J(16p27‘+1 16p2"" i)wp"-iw p)

k1, 2k~1 P '12~/p +w
FI(A6 1657 3, ( )
w(m’gdp"‘) Poey
-+ 2 (J(16p2k+1, 16P2k—3 g G d (p!%(m—di‘)-l-l zp(m—i)-!-i ,w pw 4p2(n—1)) -2)
+n—-

w(xnodp’”-‘) _

G ‘ ¥ P /
—J (16p™+ 162)276—1))71/’( pf—l )

. {.-'

2 r(e220E)

e B
PRI <n§"’odp"'>

_T -pk 2\/—)—{-.]'(16 2%+1., 16p2k—1)
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+ J'(16p2k+1; ‘16])2”"-'8-) E J(lepzk-s 16])27"'8 g o.d. <p2m+1 2pm+1,w pw 4P2 )—2)

n m>0
w(modp”‘)

s
xw<w+P;%)‘ .

-J (16pTH; 16p%-1) 3 W(W) (¢f k=2, this term=0)

nd+m=k—-3
. n,m>0
W(modp"‘) T
2P
—J(16 2k+1, 16p2k—1) 2 T( v P )
P wocriadp P

=T p"’ W— )+J(16p2"“ 16%-2) (T ) (2 J P )

+J (16p7+; 16p%~) o ( p¥=2)J (1625, .lep)w.j( _2;1/)_£ )
T (16p%*L; 16%-1) (T yu@) (3/F) (if h=2, this term=0)
— J (169742, 16p2k—1)T( j-a 2V p )

b
which oombmmg with (5), (6) and (8) 1mphes

T( s 2\/1’ >‘“ %gi)u (P"'z 2“/1) )+(p +p ‘1)'9(70)1_1]'(2&/5) -

P
— -y-g(;;?—_r)- '(T;_,;-;w) (ev'p) +-'<T”-17 (Tp-¥) (2N P) |
(if k=2, thls term=0), k>2. D)

We have aheady seen that Ploposutlon 3.1 holds if k=0, 1 (1 e. ho—l A=
pgP+1, we=1 and wi=pgs® by (10)). For k>2, we will prove it using the
induction. According to (9) and (11), and the assumptmns of the mductmn for
k=2, we have

M= g(k—1) ~Thgy (Mon2 "}\'k-1+7hk—3) + (P +P ey

g‘iiﬁ’l) I8 gr-2g0» —p"'igﬁ“““p 249 ~2’)+(1o gty g
?

=p*g5°,
and .
A= Ag-s +(1;—9<—,f:—_—5) P+ (P ") g5
th—2

= 2 p ng( +(1_ m-z))P —ig(k—1)+<p +P -1) g(re)

=2p g(N)’ B et

which finishes the proof of Proposfolon 3.1 EETRIR RN
Proof of Theorem 1.2. From’ Proposltlon 3. 1, we get the olalm (1) of Theorem
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1.2. According to this, we have
= S r.h_k.z S —ka g n g
T = Z =R v 29
- S Brnmp Sy

— (1_p—8)~1< E p—n(s—1)+ 2 pn wp-n(s-'i))

== (1 ._p—s) —1((1 __p-lp(s—1)) (1 p—(s—l)) -1 +P-w’(s_1)<1 p_(,-g)) ...1)
= (1 _P-s) ~(1 —p~CD) ..1(1 —p =) ¢! —pp o+ Q’ __P)P-(wn)a)
19,»- T fo= 0

1=(p~= 1) Z‘. (pA)yr,  if w>1
with A=p"% So we have ﬁmshed the proof of Theorem 1 2.

e A O {

§4. The Proof of Proposmon 1.4 and The
Concludlng Remark

It is clear ﬁha.t Propomtlon 1 4 is true e .
A8 a. ooncludlng remark,.. we point - out that smula,r to the proof of the
Ramanujan-]?etelsson conjecture given by P. Dehnge (see [3]), if we can prove
that Dirichlet Serios Jy(s) is a zeta funotmn sfor an - absolutely -nonsgingnlar
plo;;eohve Va,rlety over finite field F,. then a,coordmg to. A. Weil-P, Delinge
theorem ¥, wewill get, a proof of the Ankeny Altm-Ohowla.—OonJeo’oure et
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