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. Abstract

It is proved that the. famous Ankeny-Artia-Chowla conjecture on Pellian equation 

is equivalent to a conjedture on Hecke operator. ’

§ 1. Introduction and S ti l ts

For a prime (mod 4); there exists a famous ooajeoture due to N, O- 

Ankeny； E. Artini and S. Ohowla m as f o l l o w s . .

Conjecture 1,1. Lai ^ ^ l ( ni od 4) be a prima. Than for the had solution

e _  t+ u \/ jp  : '

2
of the PelUm equation 

we have that

Let 2V be the Heoke operator, i.

X T .N f m -

-py2

V 1 T t« + w \

= m^iV - \ m  / 
m>0 wCmodm)

for a positive integer ^  aiid a filnotidrL /  of a.

Foi_ a irfeial irba^ion^l tuini*be；f $ ， I6t

哪 ） :

Tc
S (  —l ) i+s吻， i f  无 is  e v e n，

. 0, if  ^  is odd,

where has & d<©^l〇pment of the simple oontinu^d fraiotaoiis

二? : ..：鄭 , |%  … ，％，， ， .… ，， I， . ,::. 

with, the basio p^ariod dlf *.?*, :

We oall W(/3) the Hirzebruoh i3um of $ 9 

W© have proved the following
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Theorem 1.2* lei {mod 4) he a prime. For the least solution 

of the PelUcm equation —4, the nonnegative integer 〇> is defined hy

Then we ham .； „ I u：,：：

(1) For m y novmegaiim ini0ger w  hme

. ..c y  .:1 . .

where ^0=1, md for b>X

with

g f
i f  〇<% <〇>,：

一 命 叻 ,

(2) For the Dirichlet series

-rl

Jp(s) = ^ j - ^ ,  Re(s).>3,, .y；„

we hme . . .

f l ,  ifco ^O ； ； ； ^

l- (p y -  l )  (pX)n,

with . . ；-；̂Kkv

Conjecture 1,3. Jp(s) ¢5 the Zeta function of
. 1 .. . . r ' j . . . .• ■'.... ...... -.-••••+. ' ' - ；.

Proposition 1.4. Oonjeoture lA^Oonjeotwe 1.3. 卜

J p ( s ) w ( l —入) - 1 ( l —逆2入)

«c

§ 2. The Action of Hecke Operator on Hirzebruch Sum

In our paper [4] ? the following results have been psroyed* ；;

Theorem 2.L Let the positive integer A ^ B 2̂ h4：AGVbe a non-square with three 

integers AtB and C saUsfying ih& following oondiUom:

i t > l  and g. ¢. d. (A y 0 ) - 1 .
jy  r f  \

Then, for a positive integer..N and the quadratic irrational number a — r

we hme 、

/ — 略 年 〇•(況) / ( 见 4 取 (《)，

m>0wCmodnO
•where cr(JV) is the sum of the positive Mvisors of N y and the positive integers J (N , d)

i' ... -- ；- _ • . •、 ,-

窃叽c Z /  (w, m ，切，a ) 窃 以 这 # 相 G r  :广 ， . 

t〇+ U〇\/ A  咖这 , + 铋 V  J  :
M , 2： Ci2 /

知 ％ 娜 綱 评 就 电 猶 「麵 砷 铲 J 2 f 办 2

--4： m\d a2— res於otiwly, TMn J(N .，A) is defi_d>細 itM4.oltowing eqmi物M
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t^u N sJ  A _  (  {0+ % n/ 4  ) 取 J)

w ，w ，06) = ¾ • 分. （j .d .  」■切2+ 5 娜 一Oti2)。

Thm V is 0 positive integer and it is easily seen that V2\ AN2u29 Let

J )= J ) ( j t iy  m } Wy os) =  ( ^ - 4 )F ""2.

Thm D is a non-sgmre positive mteger^ and we define the positive integers J  (n, m7 w9 

a) by the following equations

t+ V s / n

where t+ U \ / D- is the hast soluU(m of the PelVs equation a?2—J5?/2—4〇

Proposition 2.2> Let p ^ l  (mod 4) he a prime. Then we haw 

where gf^ is the same as in Theorem 1.2. ••• .

Theorem 2 .1  and Proposition 2 .2  are the Theorem 7 and Theorem 1 in  [4}

respectively.

Definition 2.3. For a non-sqmre positive! ifbteger B\ and a positive integer N } 

me defim a positive iiiteget J ^ J (D N 2; D) as follows. Let the hast solutions of the

JPelUm equations x2~rDN2y2^=4： and a?2—D?/2==4 be eDN» and eD} rezpeotively, then

■-Gi, 1. ©. let € jy-

__ tj+ u j\ / D
2

then J  is the Imst posiUve integer such that N dmides Uj

Thex-efpre,； Theorem 2 .1  can be r^wi^itten as follows：

Theorem 2*4. Let the posl-UDe integer J = 5 3+4J.(7 be a nont-square with th/ree 

integers A,B md G satisfpmg the following otkud̂ tion̂

， A ^ l  and g. 6. d. (A^ B j  〇t ) = 1 .

. V'
Then  ̂for a positive integer N and the real q m d ra ^  irr^Uoml number a= A

2 A ~ "

^we have

S  片 通 巧 游 气 & 匕 汰 （盔w 2, 及 切 ^ 5 ^ —CW3) —)mn=N
mtn>X

§ 3 . The Proof of sTheor em 1 ； 2
Lfcte bn； ftiy #S  ^ u m e ^ iia t  tiie prime (mod 4 ) ^  F(>r a nonnegallve

-：^v j:-..:， .、 ',’ ':'.:， • I：-
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T\
P

2  w (

. 2s/^p
w + —

P

We are going to prove

Proposition 3.1. For a rmmegaU^e integer k, we have
, • »

m d

whem
{ T ^ ) ( 2 s f ^ )  = ^ ( 2  > / F ) ,

and S  =
t>ss〇 n&i〇 f .

with g(̂  defiotkd tts in The&rem 1.2, "

Proof At first, it is easy to see thaij J

X〇= l  and

by using Proposition 2.2.

Secondly, putting J.=rl, B = 0 / 0 « ^  and == 2 in Theorem 2,4, we hay© 

A ^ 4 p y：a ,nA aj= ^/

S in o e  ‘

a ,  if  TO-2, ̂  = 1,；

夕• «Z ( 』L饥气 5 及 + 2 2 饥切， 忉2十 (?(r62)==_ 1, if  ^==2,

4, 7¾ 1 , m==2, <md

we get

锕 ( 2 V $ )  _ p ) f  i知 ) 职 ^ / ^ ) 。 （1 )

It is e a s y  to See that the length of the basic period for the devei6j)in©nt 6f the

Jsimple oontiiLued fraotions for \T f  is an odd, does f o r，."飞_ 冬

V T )

From ① 叫 d ⑶ ， we get

/ , .  - . . . . . . .

It is not diffieult to stee tKat

= = ^ (- 1 = )=  - w ( ^ - \

Therefore, according to (3) and (4) , ^  J^ave

, So ye baye

wbioM - " V： -n

⑶

⑶

(4)

(5)
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Let

g fy-

(6)

CO

^ fc)- 1 6 p ) ,  * > 0 . ' -

We need to prove thaii

if • ；. ；.- . • . s-.

if
T • - 'M

If jp=l (mod 8 ), *bhen the solution.苎土丨穸  for the Pellian equation x2—py2

= —4 satisfies x ^ y ^ O  (.mod 2). Hence, in  this ease, tli^least solution of the Pellian

equation 4 is e2, wheree == is the least solution of the P elliaa2
equation — 4, Wiien 8)y is easy to sob that the least solution

of the Pelliaa equation a;2—16p2/2= 4  is € 3. Therefore we hay© proved r{7) .

There exiists no difficulty in  showing that ■： ^ ■■：.

J (D (M N )2; D)r J (D (M N )2; DiV2).«/(iiV2; D), 。

for two positive integers M and N, so we get

,v ^ (1 6 p 2Js+t; 16pa+1) fbr ：.： ： (8)

Next, putting 4  = 1, 5  = 0? and N^=ph, h>2, in  Theorem 2 A. Then w©

have A — lQp and a = 2 \/  p .

For two integers and w suoh that m + n ^ k  and m} 76>0, we have

g. c. <2： , w

乂 … . .  if  m = 0 or p七w; '

p, if  jj I w and « = 〇, -m= ^ ；

W i-4p2(̂ *1,+1), if  p|w, aad；!»K>«>l.

T ^ f b r e  ^ g e t  . , ; ; . . ,v..

J 2 v  P  . ...

«+w=fc i 'y ......... ‘ .ntm>l
«Kmod,-1) 、p 一  .:.,

x w (  ^ 1 ^ - )  -  (T f.W) (2 V 7 )  r  i )  r  { f ~ \  乎 f 、

± W \ ， * r

?t+w=A;—2 
», m>C 

u)(mod])5

x / ( 1 6 / <fc-2)+1； IQ f ^ - ^ g .o A  ^ - 4 / ft+1) - 2)

蹲 雜 參 …

+ / ( 1 6 p 2fc+1; A p ) W ( ^ y / J )  -

by using (6 ) , (8 ) , etc., So we hav^. ?
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' . ( T =  ( T pn->W) (2- ̂ )  +  ：

1-
9?' •1 )

liTl jc-t 2 \ /  p
p

I, ^ ^ 2 . (9)

Next, putting A —p, B = 0 —4 and N ^ p  in  Theorem 2 .4 ; wo have zJ==16p

and a 2 V  p

P
Since 

W© get

g} o. d. (p y 0, 4p2) and g, o. d. (p s} 2p%, jpw2—4) =1,

. . .

2^/~p
w +

J (ie p s; ■ ■ ■ - 1 6 p ) w ( ^ - ) ,

which oombinied with (5) implies

^ ：p g ^ W (2 : V F ) ."：：'
P

(10)
Finally, putting A ^ p t 5 = 0 ,  0=-4 a n d J > 2 ,  in  Thearem 2.4. we hayo 

2y _ J?  /A—lQp and a-
P

For two integers m and n suoli that and m?,<r6>0? we have

g. c. A. (jp2m+i, pw2—4p2n)

■ 1 , ' ， . 卜

h  .

c

if  and m = ̂ ; 

if  抑；及 and m = 0, or 

n7 m > l  and p\w\

p2g. g. d. (^)2<m~1)+̂  if  m, n ^ l r p\w  and
• ••. • . . . •••*.'

… ' ： i - w ^ p w u

Hence we get

( f ) J ( 1 6 p ^ ;  1 6 p ) w { ^ - )  : :

w ( ； ' v

( S ^ f (  ) + J ( ^ f c+\ W k-lm f - 12 ^ j ) ： ■

+ J ( 1 6 ^ +i; 1 6 ^ - 1)  S  W ( P n~ ^ P ± ^ ..\ . :
n-̂ m-h \ p  /
n,tn>l

toCmodp̂ ) 'i • ’• +
+  S  ( / ( 1 6 p 2J(+̂ 1 6 p 2r 3:̂  e . 4 .  (J?3^ +1, 2p^~1)+tw , p u 2- ^ » - ^ ) - 2)

n̂ m-To '■- ' '■ ' - •' '
n,m>l

w(modpm-1)

'■■ X y ■

j ' ； r> y :■
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+ / ( 1 6 / fc+1; 16psfc-s), X  / ( 1 6 / s-8; 1 6 ^ - 3 g. c. d. (p2̂ ,  2pm+iw, pwa- 4 ^ n)- a)
»+tn=fc—2 n9m>0 
w(modpm).

w + pn 2 V 7

:护(

- / ( 1 6 ^ 2fc+1; 1 6 / ^ 1) S  (^/ifc = 2, this term= 0 )
n+«i=fe~3 > © /
. n,m>〇 v>(modpm)

/ w +

*=2» ( / ,  h C i S + J ^ l Q f ^ y  1 6 ^ ^ ) ( ^ - , ^ ) ( 2 ^ )
\ JP ,  ..

+ J ( 1 6 / fc+1; 1 6 / ft-8)cr( / - ：2 ) / ( 1 6 ^ - 3 ； l Q p ) w ( ^ ^ j

—/  (i6^ 2fc+1； 162̂ -1) (Tpk-»W) (2 \T f  ) (^/  == 2, i/his term = 0)

- / ( 1 6 / » +1; 1 ^ ~ X)T  { f ~ \  

which oombining with (5), (6) and (8) implies

r ( ^ " 2) - ^ - ) + ( / + / ^ ) ^ ( 2 V 7 )

：•； ( 2 ^ 1 ) ( 2 ^ 7 ) + ^  (2 V 观 ) ( 2 V 7 )  ' 1 '

( i f  h= 2f this term =0) , J ;> 2 . (11)

We have already seen that Proposition 3 .1 holds if ¢ = 0, 1 (i. e. A〇==l, ^ i =  

Pff(p}+1, At〇=»l and fA i^pg^  by (1 0 )). For h>2, we w ill prove it using the 

induotion. Aooording to (9) and (11), and the assumptions of the induotioa, for 

Jb> 2, we have

f^le^ S iz T) (^-ft-2 —^ft-1+ ^ - 3)  +  (p ^ + p ^ ^ g f^

= 多 (， 2, 2) - 广 1， 1) - / ， ” ) +

pm

2-j~p 
p

■-fdfy
and

h - 2 ^ - 1 + ( / + / - 1) ^

Jfc—2

S  r g f
ns〇

»»0

g f

’1- ^ T ) )  / -1砹_1) +

which finishes the proof of feropositibn . ： ; > r ： v |  ̂ ^

Proof of Theorem 1 .2 . From Pa-oposition 3.1, we get the olaim (1) of Theorem
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1 .2 。 According to this, we have

«= (1 — p~9y ^  /  2  ：p~n̂3，M，1^+ ^
\ 0<fKo> n>t».A /

*= (1  - 》 _s)  _1( ( 1一  jp-， -1)). (1  -p-O -1)) -1士 - 1) (1  -p -(’-2)) -1)

«= (1 ~p~s)  _1(1 ^ ( l  -^-(s-2)) -1(X - p 2p-$+p<a(p2- p )p - (<1>+1̂ )

f 1, if  6)=0,

I 1 -  (2? - l )  2  (p^)：ny if 6>>1, 
n~̂

with So we Have finished the proof of Theorem 1.2.

(1  一久广切一丨2入)

§4. The Proof of Proposition 1.4 and The 
Concluding Remark

I* is.olear that Proposition 1 ,4  is tru e.: u  ; …

( As a oonoluding remark^^.w poinis out that, similar to ； the proof ^  the 

Bamanujan-Pe-fc^rsjgpn oonjeature given by P. Delingo (see [3 ]), if  〇an proye 

that .IDiriohlet serios J p(s) is a zeta function foir an ： absolutely  ̂

projeqti^ variety, oyer： finite field Fp»- according to A. Weil-^P. B elinge

讲押yeirr wewill g昨 a proof of 雖q Ap；ke3^y 在i•垆这一Ohow每二〇o叫•〇〇仲巧•
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