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^-CONTEXT FOR NONSINGULARLY
RELATIVE PRIMITIVE gINGS

■
. >

WHI JlNODOm (魏 景 东 ) '

A b stract

In this paper the oonoept^-context is introduced, aa a generalization of Morita
■ Context； to give a characterization of nonsingularly relative primitive rings.

■ - - ■ ■

§ 0. Introduction
. : . \  r  : Y 八 ： . . . 广

Jacobson1133 gave a oharaoterizatipn for pidriaitiva rings with a nonzero soole by 
proving the existence and uniqueness of the corresponding dual ^paoe. Among 
many generalizations of thiiS thought the most famous one rdigM be

tised^i^ tb study the sti-ubture: of u class of rings^ Z el^
.... ..a ■ .. .. . . . ,  - .. . • . , ，_、 * ,

introdubed tlie oonbept Partial Gonteit generalizing : M  - order to» give ^
sti*ibter ofiaraoterlzation fox̂  nonsirtgaiai4^^ relative primitive i*liigk/ W© introduc

special Mnd of ^Partial Context, called • 21-6ont©xt, and ^  give
-existence and uniqu^iie^s of ^od iiteit for noiisingularljr rel^tiye pri riiigav

 ̂ § 1. Preliminaries and Definitions . ： r r

Through, out.this paper, A will denote a division ring, JS will ^not e  a, rin g 
VitH identity, will denote a riglit Gf-abriei tb^logy over ij. A ring iJ  is called a 
jddnsiriguiarly relative primitive rin g if  it is nonsingularly ^ p r im itiv e  some 
Gabi-iei topology M admits a faithful iaonsingular JP-o〇6rltioal^ m o d til^
For localization oonoepts and their propez t̂ieiS, the x*eadei° is refen-ed to [1] and 
[5]. Now w© recall some results given in  [7 ].

Proposition X.l.(C7：1,:l,5) Suppose M is a  faithful F-coGrUiocul R-module and 
A=EndR M is ihe oorrespondwg division rm g7 where M is the gmsi-mjeotiva hull of 
J f . Then

M \Z n(M )^ {ix>eM :3r£B } r^O , AMr^Axr}.
P ropositionl*2 .(W3» 2,12) Suppose It is a nmswgul<wly F-pTimitive rmg, anA
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■Bfi and are two faUhful F-G〇GriUoal\M-moduhs. Then Mt is suUsom&rphie io M s 
(i. e.j they hme isomorpMo nonzero submodules)  ̂ and ihe Gorrespmdmg division rings 
Ax — E<ndR M% and E7hdRM2 are isomorphio to emh other,

Now we give the basio definition. For a right JS-module Vr and a left 
iZ-module ^TF, V 0 R W will denote tiie tensor product of Vji aad RW.

. Def ini t ion 1.3. Let A be.a division ring,, A A-contexi is the septuple (B f Vr W r 
( ° }9)t [^ *])^  cohere B  is a rmg, ^Vn a are two-sided modules which are

, wpior spaces ov^r X ,is  a nomero left-JR^Hght-R-mlmodule of W^^V, ( • ,  〇  and
£• , *] are ituo_ two-sided module homomorphum^ ( * , • ) :  [•? 91* 4(V®^W)a

.
satisfying ths following oondiUom：'

■■ ：

( i )  I f  {wj v) is defined (i, e.,w (S)v^X)9 then for every wr in W}

切 !>， < !•
( i i )  I f  (wr v) is  defined, then for .evert/ vf in Vy vf(wf «
(iii) For every finite subset {wly wn} m.Wf there is a nonmro element v m  V  

such that aM(Wi9 v) are defined^
Such a  A-context iB called faithful^ i f  i i  satisfies two more conditions:.
(iy) V is a faithful right R-module.
( v )  For emry mn^ro ehment v m Vy there is m  element w in W smh^that

w\ =  0. . •
A C o n te x t  (B , V, Wf X ,  ->r [ % *])  is called full i f  X - W ^ V . ,

. . . .

Obviously a full ^-context is a Morita Context,
... . •

For ■〇«  w ill often deaote { t ) € F： (w, is defined}, wiiioh is a right-
i2-iSubmodule of V.

Lem m a 1.4. The following is trm for a faithful A-eoniesot (B, dF« , sWa,

( 8, 0 ， [v *]).. ' . '
( 1 )  I f  (w, v) =  0 then either w==0 or v=0 .
( i i  ) I f  for all v in V, [v, w] =  0, then w == 0.
(iii) Let v^V . I f  v (X )~ 0 , thm v—0, where ( X)  denotes the homomorphio 

4mage o f M m  H iunder(',t).,
(tv) W is a  faith ful left. R-module. . / ,
Proof (i) Suppose {w, ^) =̂ =0 and Foi* every ^  in W, wf] =

(to,v)wf^ 0 ,,thus {v,w'~] —0 since [v ,^ ]  is an element in the division rin g A, Now
» •* 

we know v—0 by l .B .(y ) .
' ' ；

( i i )  Let ^  be a:iionzero element ia  D ohoseis by 1,3. (idl). For every 4) in  F ,
=  henoe (w ,^) *=0 by 1 .3 .( iv ) . Then w^O by (i) .

( iii)  Suppoise ^ ( X ) = 0 .  For ©very oiidoae a nonzero element vf in
Then == 0. Henoe [t>/w] =  0 sino© J  is a division ring. Now v«= 0 by

(边 ) …

N<». lr WeU.D. ^-CONTEXT FOR PEIMITIVE RINGS 5S



5 6 OHIN.， ANN. OF MATH, Vol. 13 Ser. B ：

(iv) Let r €  R. If rW —Oy then for ©yery v in F, [w>IF] =  [vy rW] —〇* Heno^ 
vr^O  by 1.3* (v ), and f —0 by l ,3 . ( i v )〇

§ 2, Existence and Uniqueness Theorems
- - * _ •

Theorem  2.1. B i s  a nomingularly relalive primitive rmg i f  md only i f  R  
> • 

admits co faithful A-eontext for some division ring A.
Proof Necessity, Suppose JB is a nonsingularly jF-primitiye ring, where F  isr

：
a Gabriel topology, and F a a faithful nonsingular ^-oooritioal modul©〇 "WV 
may assume that F jb is quasi-injeotive by [7], 1 .2 . Let J^ E a d ijF , which is a- 
division r ia g； Let ]F —PH〇mie(F,iJ), the set of all partial linear fuiiotionals o f 
Vn* Then TT^0 by [9], Theorem 3 .2 . For let Dw be the domain of wy
which is a rtonzero submodule of Vjr. Let X  be the two-sided submodule o f 
jr(TT(S)jF ) b generated by all of the elements w £W y For
define (wy Obviously this definition oan be extended to a two-sided
module homombrpllism from X  to For let [^, w] be the-
h〇momoi*pliism from to F , [^, Q〇f) ^ v u u ^) =v(w f Since Vr

quasiinjeotive, this homomorphism oan be extended to an eudomorphism of Vn%
i.8., we may consider [v9 w] G A. It is not diffioult to verify that [ *T •] defined

. • . • ■ •

t^o^sided module homomorphism fx-〇m ^(F0j?TT)i to N ow we claim that wo* 
have oonstruoted a faithful /J-oontext. 1,3* (i) follows by definition. Let 
^ r^ W y ^ ^ D ^  t ^ { w 1to)^：R, d ^ [v , Then for every
(noting that V is  uniform), wd(%) —w(dz) ^w(\joy =^w(v(wfy^)) ^w(v) (uo\

Therefore w&^rw\ and this is 1 .3 .( i i) . Siooe VR is' uniform, p) DWî O^

for TT, i. ©., 1 .3 . (iii) holds. Vr iB faithful by definition. Now suppojge v is-
a nonzero element in  V. By l . l j  there exists an element r  in  B y such that F r  — 
Jw ^O .vLet / b e  the partial linear funotional defined on vrB^ / ( ^ r s ) —rs, 
Then/G TF, and ( / ,  w ) = r €  ( X ) .  Heuoe ^ (Jr) since w € ^ ( X ) .  It is ©asy 
to see that this implies that [^, = 0  is impossible, x,e.,1 .3 . (〇)) follows；

Suffioienoy. Suppose i? admits a faithful id-oontext (R y X f (*, *)j,
[ •> •])  for soino division ring A. We will prove that Vr is nonsingular an<J 
uniform. Then Vs is a faithful nonsingular ^-oooritioal module, where Gf denoted 
tlje Groldie topology, and henoe 12 is  a nonsigularly ^-prim itive ring. Fox* two 
nonzero elements %, v2 in  Vr ohoose an element wt i a  W such that [^ ,
"We may assume that [^i, W i]=l, for we may isubstitute Wi by -iwj]-1 i f
neoessary. Sim ilarly ohoose w2 i a  W such： that [v2, W2] =1 . By 1.3., ( iii)  there is 
nonzero element v in  F  suoh that botli (iv1} v) and (w2, v) are defined. Thexfc



x̂Qw±j ^). Therefoi?© a^d F b is uniform. F in ally  we
prove that F a is nonsingular. Let v be; a nonzero element in  F . Oiioose a nonzero 
element w in  W snoh that w] =^0, and a nonzero element vf in  D w. Then J=^ 
.{w, jB is a nonzero right.ideal of J?2. If w=Q. for ^
then ：lvy vfaf) ==̂ 0. Hence ^-==0, and ¢=0 , Thus ann^(-y) ( ] I ^ 〇  and
^nnR(v) is not essential in R, i. e., Z^(V) ^ 0 .

C orollary  2.2. M is a primitive rmg with a nomero soole %f and1 only i f  B  
admits a  faithful full A-oontext fo r some dimsion ring A.

Proof I f  JB is a primitive rin g  with a nonzero soole  ̂ then in  the n©oessity( 
part of tlie proof of Theorem 2；1, F b is simple, D W«=F for ©tery w in  W1 and h©noe 
X  =  W ®aV. Conversely,, assume the faithful J-oontext is also full. Wov two 
纸;rbitrayy nonzero elen^nts 外， v in F ， oiioose 似i in TT suoli that [%，Wi] = 1 . Then 

v)^v±B r i. ©., ViR^=Vf Hence Fj? is simple. Since is also nonsip.gularr 
We know R  is px-imitive .with a nonzero soole. ..

Noting that a faithful full J-oontext is two-sided faithful Morita Context, we
^©e that the suffioienoy of 2.2  is a direct oonolusion from the fact th^t; the class of
^all prim itive rings with nonzero socles is a normal olass1-43. The neoessity of r2 .2
oould also be constructed directly as in  the form (R, eR, Re) oyer the division
i*in.g eBe. Now we giy© two lommas before we disouss the uniqueness of the

.

opja^ext. . ,.•■：• . s "
Lem m a 2.3. Suppose (B, AVny rWm X y (% •)/ [•> •]) is a  faithful A~o〇7itext. 

"Then VR w quasi-mjeotiva and -
Prpof r We know Vr is nonsingular uniform by the pi^oof of tlie suffioienoy 〇f  

Theorem 2 .1 . Hence Vr is monoform. Assume /  is a partial Qndomorpjiisra of 
Refined on a nonzero submodule U of F« . Ohoose u^U i wGWf snoh that [u7 w] =1 . 
Since Vr is  uniform, w© may choose a nonzero element 411 17门 jPw, Let. dr= 
;£ /(m) ，w]。Noting 丨. = [m, «;].如= ^ (切，‘ 〇;)，we have,/(¾) = / (m.(w, 〇〇.)=-/(〇 ，. <u).=

'、 ：{ / ( « ) , w] v=dv. Since Vr is monoform, f  and d are identioal on C. T hua/ could be 
extended to F , i. e., Vr is  quasi-injeotiY© and EndB F=^l.

Lem m a S.4. Suppose (It, V, W, X ,  ( * ； •)> [•»"]) a faithful A-oontext and I  
m a nomero right ideal of B. Then there exist a nonzero element w in W and a nonzero 
submodule U of Vs. swh that (w, m) €  I  for every element u m U .

Proof Since V is faithful, F I^ O . Thus V I ( ^ )  ¥ > 〇  by 1 .4 . (iii), and J ( X )  i* 
4), i.e., there ai"e w ^W , ^ € F ,  such that I(w r,vr) =  (J.wr, v')=Q.  Now let w = a lw,^  
Iw r, a E l ,  w ^ 〇 , U —DWTkO. Then for every «G U , (w, u )= a (w f, u)QI.

Theorem  2.5. Suppose B i s  a ring, A± and A2 are two division rings, (R, aiVib, 
asV2r, BW2A2) are faithful Ax~ cmd A2-eoniext respeotively'. Then 

Vifi^Vsn (suHsomorphism), jtWm=Ws.
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Proof We know that V ir and V sr are nonsingular uniform quasi-injeotive 
modules, and J i= E n d j2F i,^ 2===End^F2 by 2 . 3 and the sufficiency proof of Theorem 
2 .1» Then by Theorem 1.2  At and are isomorphio and F ib and V n̂ are subisomorphio 
to eaoh other. Lat F #=:s:PHomB(F i,iJ)^ P H o m i2(F 2, B )  (noting that F i and F 2 are 
uniform modules and subisomorphio to ©aoh othex-). In order to prove rW i ^ rW sj 

we only need to prove rW x^ rV*^rW 2. For w Q W i, (^,〇 defines a homomorphism), 
from Dw to i2. By 1 .4 . ( i) , this gives a natural imbedding of RW t in MV*. Asigume/ 

1 is a nonzero element of F '  細 m* a noi^eiro submodule 17 of h  onto a nonzero right 
ideal I  of B .  Since V R iiS monoform, /  is an injeotiye map and is an isomorphism, 
from fj to I .  According to 2 .4, choose a nonzero submodule U / of suok
that (w} uf) €  I  for every uf ：̂U. We may consider w as an isomorphism from U r 

onto some nonzero right ideal V  contained in  I .  Let d bo the homomorphism:：

TJr — > V  -—■> U, ¢2= / -½ . Then dG Now it is easy to see under; tho embedding 
RWr^jtVy i. eM rW i ^ bV*. Sim ilarly rW z^ bV 1'. This ends the proof.
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